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CHAPTER 1

Introduction

Let us give some motivation for the main conceit of this text: that modern alge-
braic number theory ought to begin with the general study of Dedekind domains
and their finite extensions and then specialize to the Dedekind domains that are of
arithmetic interest.

Ancient number theory is the study of the integers Z: primes, divisibility, and
so forth. The Fundamental Theorem of Arithmetic is the assertion that every pos-
itive integer uniquely factors into a product of primes. Let us first reformulate
this in terms of unique factorization domains (UFDs) and principal ideal domains
(PIDs).

In this course, a “ring” means a ring that has a multiplicative identity, denoted
by 1, and is commutative. For a ring R, we denote the set of nonzero elements by
R®. More generally, if X is any set with a “zero element” and Y is a subset of X,
by Y* we mean Y \ {0}. For a ring R, we denote the group of units — i.e., elements
x € R for which there is y € R with xy =1 — by R*.

A domain is a nonzero ring without nonzero divisors of 0: that is, for x,y € R we
have zy = 0 if and only if at least one of x and y is 0. Here “nonzero” means that
we exclude the ring with a single element 0 = 1.

EXERCISE 1.1. For a nonzero ring R, show that the following are equivalent:

(i) R is a domain.
(ii) The set R® of nonzero elements of R is a submonoid of the multiplicative
monoid (R,-).
(iii) For all x € R®, the map xe : R — R given by y — xy is injective.

Every domain has a fraction field K: it is characterized as being a field K con-
taining R with the property that every nonzero element of K of the form £ for
xz,y € R*®. Later we will have occasion to review the construction of the fraction
field of a domain as a warmup to the more general concept of localization.

An ideal in a ring R is a subset I of R that is a subgroup of the additive group
(R,+) and such that for all z € R and y € I we have zy € I. An ideal I of R
is prime if I C R and for all x,y € R, if xy € I then at least one of z,y lies in
I. Equivalently, I is prime if and only if the quotient ring R/I is a domain. An
ideal m of R is called maximal if it is maximal among proper ideals of R: that is
m C R and there is no ideal I of R with m C I C R. Equivalently, I is maximal
if and only if the quotient ring R/m is a field. A standard Zorn’s Lemma argu-
ment shows that any proper ideal in a ring is contained in at least one maximal ideal.
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6 1. INTRODUCTION

For x € R, we define
(z) = {az | a € R}.
Then (z) is an ideal of R, called principal.

More generally, if z1,...,z, is any finite sequence of elements in R, then
(Z1,...,zn) ={a1z1 + ...+ anzp | a1,...,a, € R}

is an ideal of R, called the ideal generated by z1,...,z,. (It is indeed the unique
minimal ideal containing zi,...,x, in the sense that if I is any ideal containing
Z1y...,&p, then I D {(x1,...,2,).) More generally yet, for any subset S of R, the
set (S) of finite R-linear combinations of elements of S is an ideal of R, called the
ideal generated by S.

For ideals I,J of R, the product IJ is the ideal generated by all pairwise prod-
ucts zy with x € I and y € J. More precisely it is the set of all finite sums
r1Yy1 + ...+ Tpyn with z1,...,2, € I and y1,...,y, € J.

EXERCISE 1.2. Let R be a ring, and let x,y € R be such that (z) = (y).

a) Suppose R is a domain. Show: there is a unit w € R* such that y = uzx.
b) Find an example of a ring R and x,y € R such that there is no u € R*
for which y = ux.
(Examples are not so easy to come by. You may wish to consult https:
// math. stackezchange. com/ questions/ 35599/ .)

We say that the ring R is principal or a principal ideal ring if every ideal of
R is principal. A principal ideal domain (PID) is indeed a principal ideal ring
that is also a domain.

EXERCISE 1.3. a) Show: the ring Z is a PID.
(Suggestion: for a nonzero ideal I in Z we may choose x € I such that ||
is minimal among all nonzero elements of I. Show: I = (z).)
b) Let k be a field. Show: the polynomial ring k[t] is a PID.
(Suggestion: for a nonzero ideal I in k[t] we may choose f € I such that
deg f is minimal among all nonzero elements of I. Show I = (f).)

An ascending chain of ideals in a ring R is an infinite sequence of ideals
LCLC.. . CL,C....

We say that R satisfies the ascending chain condition on principal ideals
(ACCP) if there is no ascending chain of principal ideals. We observe that any
principal ideal ring satisfies ACCP: indeed, if we had an ascending chain

(a1) € (a2) © ... S (an) & -

I:= U (an)

n>1

then the union

is an ideal of R (indeed the union of any ascending chain of ideals in a ring is an
ideal of the ring) that cannot be principal: if T = (a) then we must have a € (ay)
for some N € Z* and then we have (a,) = (a) for all n > N.
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An element x in a domain R is irreducible if x is neither 0 nor a unit and when-
ever we have x = yz for y,z € R then one of y, z is a unit (indeed exactly one; if
both were units, then « would be a unit). Notice that for positive elements of the
ring Z this coincides with the classical deifnition of “prime number.” However, this
terminology obscures a key distinction. Namely, we say that p € R® is a prime
element if (p) is a prime ideal. To spell this out, it means that for all z,y € R,
if p| xzy, then p | z or p | y. In any domain, prime elements are irreducible: if
p = xy then p | z or p | y; if p | = then there is a« € R such that z = ap and
then p = xy = apy; cancelling p (as we may since R is a domain) gives 1 = ay,
so y € R*. Symmetrically, if p | y then 2 € R*. The more interesting question
is whether an irreducible element is necessarily prime: in the ring Z, the assertion
that an irreducible element (“prime number”) is a prime eleement — i.e., if a prime
number p divides xy then p divides x or p divides y — is called Euclid’s Lemma
and is the lion’s share of the proof of the Fundamental Theorem of Arithmetic.
Here is a generalization of this:

PROPOSITION 1.1. In a PID, irreducible elements are prime.

PROOF. Let p be an irreducible element of the PID R, and suppose that p | zy

and p{z. Then
(p,z) = {ap+ bz | a,b € R}

is an ideal of the PID R, so there is u € R such that (p,z) = (u). In particular u
divides both p and z. But in any domain, a divisor of an irreducible element p is
either a unit or a unit times p. If u were a unit times p, then u divides exactly what
p divides, so u does not divide x: contradiction. So u is a unit, meaning (u) = R.
Thus we have shown that there a,b € R such that ap + bx = 1. Multiplying by y
we get

apy + bxry = y.
Since p divides both apy and bzy, p divides the left hand side, so p | y, as desired. O

A unique factorization domain is a domain R satisfying:

(UFD1) For every nonzero nonunit @ € R, there are irreducibles by, . .., b, such that
a=by---b.; and

(UFD2) If by,...,by,c1,...,cs are irreducibles such that

bl...bT:CI...CS

then r = s, and there is a bijection o : {1,...,7} — {1,...,r} such that for all
1 <4 <r we have

(bi) = (co(s))-
In other words, a UFD is a domain in which every nonzero nonunit factors as a
product of irreducibles and for which this factorization is as unique as makes sense
in this contextd, namely up to reordering the irreducible elements and multiplying
them by unit factors.

Here is another way of phrasing it that may be a bit more elegant: let us say
that an atom of a domain R is an ideal that is generated by an irreducible element.
Then R is a UFD if and only if every proper, nonzero principal ideal of R factors as
a product of atoms, uniquely up to the order. Anyway, here is a characterization
of UFDs that is often useful:
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ProPOSITION 1.2. A domain R is a UFD if and only if R satisfies the ascending
chain condition on principal ideals and every irreducible element of R is pirme.

EXERCISE 1.4. Prove Proposition 1.2.
THEOREM 1.3. A PID is a UFD.

PRrOOF. Indeed we showed that PIDs satisfy (ACCP) and that irreducible el-
ements in PIDs are prime. ([

There is a reason that one learns about PIDs in any first graduate course in algebra:
they are a thoroughly pleasant class of rings. In particular, there is a wonderful
structure theorem for finitely generated modules over a PID: every finitely gener-
ated module over a PID is a direct sum of cyclic modules and thus a direct sum of
modules in which each summand is isomorphic either to R or to R/(p®) for some
prime element p of R and some a € Z*. However there are both number-theoretic
and algebraic reasons to move beyond PIDs. On the number theory side, many
natural Diophantine equations are best attacked by considering the arithmetic of
certain “higher rings of integers” that need not be UFDs. Here are two examples:

e Let N € Z*' be squarefree such that N = 1,2 (mod 4). Suppose one wishes
to consider the prime numbers p repesented by the quadratic form

an (@, y) = a® + Ny’
We say that gy represents an integer n if there are z,y € Z such that gy (x,y) = n.

EXERCISE 1.5. Let p be a prime that does not divide —4N. Show: if qn =

N

2% 4+ Ny? represents p, then (77 =1, i.e., —N is a nonzero square modulo p.

Thus for instance, taking N = 1, we see that if an odd prime p is represented by
22 + 92, then —1 is a square modulo p; equivalently, p = 1 (mod 4) (this is the
“First Supplement to the Quadratic Reciprocity Law” that one should learn in an
undergraduate number theory course; let’s assume it for now). The celebrated Two
Squares Theorem of Fermat asserts that conversely every prime p = 1 (mod 4) is
represented by 22 +%2. This result is easy to prove if we know that the ring Z[v/—1]
is a UFD:

EXERCISE 1.6. Suppose that the ring Z[/—1] is a UFD, and let p =1 (mod 4).

a) Using the First Supplement to QR, show that there are n,x € Z such that
np =22+ 1.

b) Using the factorization 22 +1 = (z + /—1)(z — v/—1), show that p is not
a prime element of Z[/—1].

c) Since Z[\/—1] is a UFD, it follows that there are nonunits o, 3 € Z[\/—1]
such that p = af. Show that an element v = a + b\/—1 of Z[\/—1] is
a unit if and only if a* +b*> = 1. Deduce that || = |8] = \/p and that
therefore p is represented by x2 + y2.

EXERCISE 1.7. Show: Z[/—1] and Z[v/—2] are PIDs.
On the other hand:

EXERCISE 1.8. Let N be an integer such that —N is not a square.

a) Let p be a prime number such that —N is a square modulo p. Show: if
Z|v/—N] is a UFD, then there are x,y € 7 such that x> + Ny? = p.
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b) Suppose N > 3. Observe that there are no x,y € Z such that x>+ Ny? = 2,
and deduce that Z[\/—N] is not a UFD.

Thus in addressing Diophantine equations via “higher integer rings,” one must deal
with the fact these rings need not be (and in certain regimes very much tend not to
be) UFDs. Once one develops tools for dealing with more general rings, the story
can continue: indeed, for the equation 22 + Ny? = p with N € Z1, this story is the
subject of an entire book [Co]. Here is one of the main results:
THEOREM 1.4. For N € Z%, let Sy be the set of prime numbers p represented
by 2 + Ny?.
a) The relative density of Sy within the set of prime numbers is positive:
i TP ESNlpsX} . #{pESN[p< X}
X—oo #{primesp < X} = X-oo X/log X

b) There is a finite commutative group Gy = PicZ[v/—N] attached to the
ring Z[v/—N] such that the relative density of part a) is precisely Q##GN

> 0.

For another example, let k € Z* be such that —k is not a square, and consider the
Mordell Equation:
v+ k=123

Then the left hand side factors over Z[v/—k] as (y + v—k)(y — vV—k). Let us first
suppose that k = 1, in which case we know that Z[y/—1] is a PID hence a UFD. In
any UFD we say that two nonzero elements are coprime if no nonunit divides both
of them. One can show that if y2 +1 = 23, then the elements y++/—1 and y—+/—1
of Z[y/—1] are coprime (cf. Exercise A.A). For n € Z=? if we have coprime elements
a,b of a UFD R such that ab = 2™ is an nth power, then there are u,,u, € R* and
A, B € R such that a = u, A" and b = u, B". In Z[y/—1] every unit is a cube, so if
y? + 1 = 23 then there are «, 8 € Z[y/—1] such that

y++v—1=A4%andy — V-1 = B>

This is a very strong condition, and it leads rather quickly to the fact that (z,y) =
(1,0) (cf. Exercise B.B).

Suppose k € ZT is squarefree with k = 1,2 (mod 4). Then it is not hard to show
that if y2 + k = 23, then the ideal (y +v/—k,y — vV—k) of Z[\/—Fk] is all of Z[/—k].
Thus the elements y++/—k are comaximal: (y++v/—k,y—+v/—k) = Z[/—k]. More
concretely, two elements a and b of a ring are comaximal if there are ¢,d € R such
that ac + bd = 1. In a UFD if a,b are comaximal then they are certainly coprime:
any element that divides both a and b must divide 1 so must be a unit. (In a
general UFD being comaximal may be stronger: e.g. the polynomial ring C[z,y]
is a UFD and the elements z,y are coprime but not comaximal. But in a PID the
two conditions coincide.)

Thus if Z[v/—k] were a UFD we could run the above argument and, it turns
out, use it to find all solutions to y? + k = x3. However, as we have already seen,
this only applies to Z[v/—1] and Z[y/—2]. However, it turns out that in order to
write each of y4+/—Fk as a unit times a cube, it suffices for Z[v/—k| to have a weaker
property: namely for any ideal I of Z[v/—k], if I® is principal, then I is principal.
We will see later that (with our conditions on k), the ring Z[v/—k| is a Dedekind
domain that has a finite ideal class group Cl1Z[v/—k|. For any n € Z* and any
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Dedekind domain R, the condition that for all ideals I of R, if I™ is principal then
I is principal is equivalent to the n-torsion subgroup (Cl R)[n] being trivial. Thus
in the finite commutative group ClZ[v/—k], the property that the cube of an ideal
is principal implies that the ideal is principal holds if and only if the class number
# C1Z[v/—k| is not divisible by 3. This condition holds for many integers k; con-
jecturally for a positive proportion.

Similarly, for N > 3 we have the famous Fermat equation
o 4y = N
Put Cy == 2™/N. Then in Z[(y] we have 2V + yN = [, (z + ¢*y), so similarly
one imagines that it would be helpful if Z[(y] were a UFD. If N =2 (mod 4) then
Con lies in the subgroup generated by (x and —1, so Z[(on] = Z[(n]. For N £2
(mod 4) we have that Z[(y] is a UFD if and only if
N €{1,3,4,5,7,8,9,11,12,13,15,16,17, 19, 20,
21,24, 25,27, 28,32, 33,35, 36, 40, 44, 45, 48, 60, 84 }.

However, again the ring Z[(xy] is a Dedekind domain with finite class group, and
already in 1847 Kummer showed that if the class number of Z[(,] is not divisible by
p —such primes are called regular and admit a more elementary characterization in
terms of Bernoulli numbers — then the Fermat equation 2P +yP = zP has no integer
solutions with zyz # 0. (The details of this are significantly more complicated than
for the Mordell Equation considered above.) Siegel conjectured that the relative
asymptotic density of the set of regular primes is e ~ .6065. In fact it is known
that there are infinitely many irregular primes, not known that there are infinitely
many regular primes, and — thanks to work of Wiles, Taylor and Ribet in the early
1990’s — that for all N > 3 the Fermat Equation has no integer solutions with
xyz # 0, but still: not bad for the 1847!

1. Introducing Dedekind Domains

As we hoped to indicate in the previous section, once we are given a PID we are
just about maximally pleased, but the issue is that the condition of a domain to be
a PID is in many respects too delicate. Moreover, in number theory one naturally
wants to pass to certain “extensions” of the domain that one is given, but the class
of PIDs does not behave at all well under this extension process.

Before we dial in on this, let us further clarify the connection between PIDs and
UFDs. As we know, every PID is a UFD. The converse is certainly not true: a well-
known result essentially going back to Gauss shows that if R is a UFD then so is the
polynomial ring RJ[t], so for instance since C[z] is a PID, the ring Clz, y] = (C[z])[y]
is a UFD, and it is easy to see that the ideal (z,y) is not prinicpal: « and y are not
both multiples of any nonconstant polynomial. The criterion for when a UFD is a
PID involves the concept of Krull dimension. A ring R is said to have finite Krull
dimension if there is some d € N such that for every ascending chain

PoCPL & ... Chn

of prime ideals of R, we have n < d, and in this case the least such d is called the
Krull dimension. Alternately, for every prime ideal p of R, the height of p is the
maximum of lengths of ascending chains of prime ideals terminating at p, assuming
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this maximum exists; otherwise p is said to have infinite height. Then the Krull
dimension is the maximum of the heights of its prime ideals, again assuming this
maximum exists.

In truth, although we wanted to give the general definitions of dimension and
height, in our course we only need to look at rings of dimension 0 and 1. A ring
has dimension 0 if there are no proper containments among prime ideals. Since in a
domain the zero ideal is prime and evidently contained in every other prime ideal,
a domain has dimension zero if and only if it is a field. Similarly, a domain has
Krull dimension 1 if every nonzero prime ideal is maximal. Now here is the desired
result.

THEOREM 1.5. For a UFD R, the following are equivalent:

(i) R is a PID.
(ii) R has dimension at most 1.

PRrOOF. (i) = (ii): Let R be a PID that is not a field. Then every nonzero
prime ideal of R is generated by a prime element p. For prime elements p and g, it
is not possible to have (p) C (¢): indeed, if (p) C (¢) then p = aq for some a € R;
since p is prime it is irreducible, and thus ¢ € R* and (p) = (¢). Thus there is no
proper containment among nonzero ideals of R, so R has dimension 1.

(i) == (i): Since a field is a PID, we may assume that R is a one-dimensional
UFD. Let p be a nonzero prime ideal of R, and let € p® be a nonzero element.
Then z is a finite product of prime elements and p is a prime ideal, so p contains
some prime element p: thus we have a containment of prime ideals (0) C (p) C p,
and because R has dimension 1 we must have p = (p). That is, every nonzero
prime ideal of R is principal; the zero ideal is also principal, so every prime ideal is
principal. By a result of Cohen [CA, Thm. 4.32], this implies that R is a PID. O

Now we come to one of the key definitions, which is a generalization of the passage
from Z to rings like Z[v N] and Z({x). Let R C T be an extension of rings. An
element x of T is integral over R if there is a monic polynomial

p(t) =t" + an_1t""" + ... + a1t + ag € R[t]

such that p(z) = 0. Thus for instance the complex number VN is integral over
7Z because it satisfies the monic polynomial equation t> — N = 0 and the complex
number (y is integral over Z because it satisfies the monic polynomial equation
tV —1 = 0. We say that an extension of rings R C T is an integral extension
if every element of T is integral over R. When R is a field, any nozero polynomial
equation can be rescaled to give a monic polynomial equation, so a field extension
L/K is integral precisely when it is algebraic. It turns out that for any extension
R C T of rings, the set IT(R) of elements of T that are integral over R is a subing
of T (clearly containing R; every = € R is a root of the polynomial ¢ — z) that is
caled the integral closure of R in T.

ExXAMPLE 1.6.

a) The integral closure of Q in C is Q, the field of all algebraic numbers. In
general, the algebraic closure of a field in an algebraically closed extension
field is algebraically closed.
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b) The integral closure of 7Z in C is denoted Z and is called the ring of all
algebraic integers. All of the “higher rings of integers” we saw above are
subrings of Z.

c) The integral closure of Z in Q is just Z. Indeed, let x = ¢ be a nonzero
rational number, written in lowest terms and that p(x) = 0 where

p(t) =t" +an_1t" '+ ...+ ait +ao € Z[t].
Plugging in © and clearing denominators, we get
a4+ ban_1a" "+ ...+ 0" taga + b"ag = 0.

Bringing a™ to the other side we see that b | a™. If b were not £1, then it
would be divisible by some prime number p, and then p | a™, hence p | a,
and the fraction § has both numerator and denominator divisible by p so
is not in lowest terms, contradiction.

d) The integral closure of Z in Q(v/—1) is Z[/=1]. This is not obvious. It’s
clear that v/—1 is integral over Z — it satisfies the polynomial t* —1 — and
since the set of elements that are integral over Z form a Z-subalgebra, it
follows that every element of Z[\/—1] is integral over Q, but we still need
to show that no other elements of Q[v/—1| are integral over Z.

e) The integral closure of Z in Q(v/=5) is not Z[/—5|. Indeed, it is clear
that Z[/=5] is an integral extension of Z, but how do we know that no
other elements of Q(v/—5) is integral over Z? In fact, the golden ratio

1++5
=

is integral over Z, since it satisfies the polynomial t> —t — 1. Please
first check that this is true and then remind yourself of the high school
algebra needed to find this polynomial. This is an important cautionary
tale: integral elements can “have denominators.”

Let R be a domain with fraction field K. We say that R is integrally closed if
its integral closure in K is R itself, i.e., every element of K that satisfies a monic
polynomial equation with coefficients in R already lies in R.

PRrROPOSITION 1.7. A UFD is integrally closed.

EXERCISE 1.9. Prove it.
(Hint: the proof we gave that Z is integrally closed really works in any UFD.)

Wouldn’t it be nice if after taking the integral closure we always got something
integrally closed? Just because the terminology suggests something doesn’t make
it true,! and there is something to show here: essentially that being integral over
an integral extension of a ring R is the same as being integral over R. It is indeed
true that if A C B C C' are ring extensions, B is integral over A and C is integral
over B, then C is integral over A [CA, Cor. 14.5], and indeed that implies the
desired fact [CA, Cor. 14.11]:

THEOREM 1.8. Let A be a domain with fraction field K, let L/K be any field
extension, and let B be the integral closure of A in L. Then B is integrally closed.

1At the end of [CA, Chapter 14] I discuss the concept of complete integral closure and
completely integrally closed domains. It is unfortunately not the case that when one takes
the complete integral closure, one necessarily gets something that is completely integrally closed!
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PROOF. See [CA, Cor. 14.11]. O

We can now make the most important definition of classical algebraic number the-
ory: let K be a number field; that is, a finite-degree field extension of Q. Note that
we are in characteristic 0, so the Primitive Element Theorem applies here: every K
is of the form QJt]/(f) for an irreducible polynomial f € Q[t]. We define the ring
of integers of K to be the integral closure of Z in K and denote it Zy . Note that
we have Zxg = K NZ.

Okay, let me spoil things a bit, for clarity:

THEOREM 1.9.
a) Let d be an integer that is squarefree, not a square, and congruent to 2 or
3 modulo 4. Then the ring of integers of Q(\/d) is Z[\/d].
b) Let d be an integer that is squarefree, not a square and congruent to 1
modulo 4. Then the ring of integers of Q(+/d) is Z[@].
c) Let N € Z*. Then the ring of integers of Q((n) is Z[(n]-

Thus the concept of integral closure is what is taking us from the PID Z to the sort
of “higher rings of integers” that intervene (for instance!) when one is studying cer-
tain Diophantine equations. More precisely, some of the higher rings of integers we
considered were proper subrings of Zx with fraction field K that are not the full ring
of integers Zg of K. This is actually related to the failure of Z[v/—N] to be a UFD
for certain values of N > 3. Namely, if N =3 (mod 4) then —N =1 (mod 4), so
the element @ € Q(V/N) is integral over Z[y/—N] but does not lie in Z[/—N],
so Z[v/—N] is not integrally closed and therefore cannot be a UFD. The word for
this kind of subring is nonmaximal order and we will come back to it later. But
if N is squarefree and congruent to 1 or 2 modulo 4 then Z[v/—N| = Zg /=, and
still we saw that it is not a UFD, so being integrally closed is necessary but not
sufficient for a domain to be a UFD.

Next I want to mention some important and general “spectral properties” of inte-
gral extensions. For a ring R, let Spec R be the set of prime ideals of R and let
MaxSpec R be the set of maximal ideals of R. If ¢ : R — T is a ring homomorphism
and P is a prime ideal of T, it is easy to see that

U (P) = "H(P)
is always a prime ideal of R. In general though if P is maximal, then (= (P) need
not be maximal: e.g. take ¢ : Z — Q be the natural inclusion map. Since Q is a

field, the zero ideal (0) is maximal; its inverse image in Z is just the zero ideal (0)
of Z, which is prime but not maximal. However:

THEOREM 1.10. Let R C T be an integral extension of rings.

a) The map v* : SpecT — Spec R by P — P N R is surjective.

b) For P € SpecT, the ideal P is mazimal if and only if the ideal P N R is
maximal.

¢) R has finite Krull dimension if and only if T has finite Krull dimension,
and if so the Krull dimension of R is equal to the Krull dimension of T.

Since Z is a PID that is not a field, it has dimension 1, so by the previous theorem
so does Z g for any number field K. Thus Zg is a one-dimensional integrally closed
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domain. We are getting close to the definition of a Dedekind domain. To get a
hint of what is missing, consider the ring Z of all algebraic integers. For exactly
the same reasons discussed above, this is also a one-dimensional integrally closed
domain. However, I claim that not only do nonzero nonunit elements not uniquely
factor into irreducibles in Z, they do not factor into irreducibles at all...because
there are no irreducibles! Indeed, let 2 be any nonzero nonunit in Z. Then there is
y € Q such that y? = x, and y satisfies the equation t> —x =0, so y € Z. y is cer-
tainly nonzero, and if it were a unit, then so would be z = 2, so x is not irreducible.

This is striking evidence that the ring Z is “too big” in a basic algebraic sense.
We want to impose the single most important finiteness condition in commutative
algebra: a ring R is Noetherian if all ideals of R are finitely generated.

EXERCISE 1.10. Show: a ring R is Noetherian if and only if there are no
ascending chains
LCLC...CI,C
of ideals in R.

Earlier we worked a little bit to show that a principal ring satisfies the ascending
chain condition on principal ideals (ACCP). With the preceding exercise, this is
clear: in a principal ring every ideal is singly generated, hence finitely generated,
hence principal rings are Noetherian, so there are no ascending chains of principal
ideals, hence certainly no ascending chains of principal ideals.

EXERCISE 1.11. A domain R is called atomic if every nonzero unit factors
as a (finite!) product of irreducibles. (Notice that this is one of the two defining
properties of a UFD).

a) Show: if R satisfies (ACCP), then R is atomic.”
(Suggestion: whether an element x factors into irreducibles depends only
on the principal ideal (x). If there are principal ideals without this property
in an (ACCP) domain, there must be a maximal such ideal...)

b) Deduce: the ring Z is not Noetherian.

c) Eghibit an explicit ideal in Z that is not finitely generated.

We can now make the definition that begins modern algebraic number theory: a
Dedekind domain is a Noetherian domain that is integrally closed and of Krull
dimension at most one: nonzero prime ideals are maximal. This definition allows
fields to be Dedekind domains...which is good, but for almost everything we are
doing we are interested in Dedekind domains that are not fields: these are the in-
tegarlly closed Noetherian domains of dimension one.

Here is one thing that is clear from the definition:
ProrosiTiON 1.11. A PID is a Dedekind domain.

PrOOF. We may assume that R is a PID and not a field. As we saw, R
is Noetherian and a one-dimensional UFD, hence a Noetherian, one-dimensional
integrally closed domain. (I

2The converse is not true, but this is by no means obvious. Rather it is a theorem of Grams:
[GrT74].
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Thus a Dedekind domain is a certain kind of generalization of a PID. In order
to try to understand the relation, we next want to introduce a certain kind of
specialization of a PID:

PROPOSITION 1.12. For a domain R that is not a field, the following are equiv-
alent:

(i) There is an element 7 such that every nonzero ideal of R is of the form
(") for a unique n € Z2°.
(ii) R is a local PID: that is, a PID with a unique mazimal ideal.

A ring satisfying these equivalent conditions is called a discrete valuation ring
(DVR).

PRrROOF. (i) = (ii): We’ve assumed that all the ideals of R are principal...so
R is a PID. And we’ve assumed that the nonzero ideals form a descending chain:

R=(m")2@@H2@H2...2(#")2...

so the unique maximal ideal is (7).

(i) = (i): To say that R is a local PID is to say that it has a unique prime
element, up to units. Since every nonzero proper ideal in a PID is generated by
a finite product of prime elements, every such ideal must be of the form (7™) for
some n € Z*. O

Soon enough we will see that every Dedekind domain generates many examples of
DVRs, but let us give some initial examples.

ExXAMPLE 1.13.

a) Let p be a prime. We denote by Z,) the subring of Q consisting of rational
numbers ¢ with a,b € Z and p{b. In this ring, the units are the fractions
in which (when written in lowest terms) p does not divide the numerator.
The nonunits are therefore the elements divisible by p so form an ideal (p),
and it is clear that every element in Zzp) can be written as a unit times a
power of p. Now let I be any nonzero ideal of Z,); as above, every x € I*

may be written as u - pF®@) with u € Z(Xp) and k(z) € N. Let K be the

minimum of k(x) as x ranges over nonzero elements of I. Then pX € I
and every element of I is divisible by p™, so I = (p*). It follows that Zp)
ts a DVR.

b) Let k be a field, and let R = E[[t]] be the ring of formal power series with
coefficients in k: that is, elements are formal expressons f =Y o0 a,t"
with a, € k for all n € N and addition and multiplication are as in cal-
culus. In this ring, the units are the elements with ag # 0. The nonunits
are therefore the elements divisible by t, so form an ideal (t), and again
it is clear that every element in k[[t]]* can be written as a unit times a
power of t. Arguing as in part a) we find that k[[t]] is a DVR.

EXERCISE 1.12. Let k be a field, and let k(t) be the field of rational functions
in the indeterminate t — this is just the fraction field of the polynomial ring k[t).
a) Let Ry be the subring of k(t) of rational functions of the form % with
g(0) # 0. Show: Ry is a DVR with mazimal ideal (t).
b) Let Ry be the subring of k(t) of rational functions of the form O ith,

g(t)
g # 0 and deg(f) < deg(g). (Here we use the convention that the 0
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polynomial has degree —o0.) Show: Reo is a DVR and find a generator of
its mazimal ideal.

Let R be a one-dimensional Noetherian domain that is local, with unique maximal
ideal m. I claim that R is a Dedekind domain if and only if R is a PID. Indeed,
there is a result in commutative algebra [CA, Thm. 17.8] that says many “nice”
properties of a one-dimensional local Noetherian domain are equivalent, including;:
(i) R is a PID; (ii) m is principal; (iii) R is integrally closed; and (iv) R is regular:
dimpg m/m? = 1. The coincidence of the last two conditions in particular is a
miracle of dimension one: for any local Noetherian ring, being “regular” means
that dimpg/m m/m? = dim R. Regularity is a “nonsingularity” condition of a geo-
metric sort; it always implies integral closure (“normality”), which is a condition
of a much more algebraic flavor. Starting in dimension 2, integally closed domains
need not be regular, and this is a main source of the additional complication in the
study of higher-dimensional algebraic varieties versus algebraic curves. Anyway, (i)
<= (iv) establishes our claim that a local Dedekind domain is a PID.

So we have DVR = PID =— Dedekind.

My contention is that PIDs sit somewhat awkwardly in the middle of these two
classes of rings, which I will try to preliminarily explain in at least two ways. First,
for any domain R with fraction field K, a multiplicative subset of R is a subset
S C R*® that contains 1 and is closed under multiplication: S-S = S. To such
an S we can define a localization of R: a more principled and general definition
will come later, but in this case S~'R is the subring of the fraction field K of R
obtained by adjoining the inverses % of the elmeents s € S. (If we take S = R*®
then we adjoin the inverses of all nonzero elements of R, so we get the fraction field.
Thus we can think of localization as a sort of “partial ring of fractions” construc-
tion.) Localization is one of the fundamental operations in commutative algebra: it
is equally as important as passing to quotient rings and in some ways complemen-
tary to it. Among fundamental operations in commutative algebra, localization is
certainly the most benevolent.

EXERCISE 1.13. Let R be a domain, and let S C R® be a multiplicative subset.
Recall ST'R = R[ | s € S].
a) Show: if R is a PID, so is S™'R.
b) Show: if R is a UFD, so is S™'R.

Also if R is a Dedekind domain, then so is every localization S~'R. This is an
example of the benevolence of localization: (i) the localization of a Noetherian
ring is Noetherian; (ii) the localization of an integrally closed domain is integrally
closed (and this is true because being integrally closed is in a certain sense a local
property), and (iii) localization preserves or decreases Krull dimension. So if all
of UFDs, PIDs and Dedekind domains behave well under localization, what’s the
issue?

There is a special kind of localization that is especially important: for an ideal
I of a domain R, I looks like a multiplicative subset: it is certainly closed under
multiplication. However, our definition of multiplicative subset excluded 0: we do
not want 0 as a denominator. (The more general definition of localization in a ring
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that is not a domain does allow the presence of 0, but if 0 € S then in S™'R we
have 0 = 1: it is the zero ring.) However, the complement R \ I is a multiplicative
subset if and only if I is a prime ideal, so for a prime ideal p of R, we denote by R,
the localization at S :== R\ p: that is, we allow every element of R lying outside of
p to serve as a denominator. It is part of the basic theory of localization that R,
is a local ring of dimension equal to the height of p. So if R is a Dedekind domain
then for any nonzero prime p of R, the localization R, is a local Dedekind domain,
hence a DVR. Again though exactly the same holds for any PID: so what?

Here’s what:

THEOREM 1.14. Let R be a Noetherian domain such that for every mazimal
ideal p of R, the local domain Ry is a DVR. Then R is a Dedekind domain.

We will discuss this in more detail later: again it is a quick consequence of the
benevolence of localization. The consequence is: a Noetherian domain is locally a
PID if and only if it is a Dedekind domain. This means that (among Noetherian
domains, which not asking too much) Dedekind domains are precisely the global
analogues of DVRs. This suggests that certain results about Dedekind domains
could be attacked by reduction to the case of DVRs, and we will see in the course
that this is absolutely correct. It turns out though that being locally a PID is a
more basic and robust property than being globally a PID: the latter is great when
you have it but is most often too much to ask.

We now move on to the next and more important reason that Dedekind domains
are a more robust class of rings than PIDs. As we saw in §1, though Z is a PID,
the ring Zg of integers in a number field may not be and in certain regimes will
usually not be. In contrast, there is the following remarkable result:

THEOREM 1.15. Let A be a Dedekind domain with fraction field K, let L/ K be
a finite degree field extension, and let B be the integral closure of A in L. Then B
is a Dedekind domain.

Theorem 1.15 immediately implies that the ring of integers Z i of a number field is a
Dedekind domain. Similarly, for any field &, the polynomial ring k[t] is a PID, with
fraction field k(t). Let L/k(t) be a finite degree field extension. Then the integral
clsoure B of k[t] in L is a Dedekind domain. In arithmetic geometry, one learns
that B = k[C?] is the affine coordinate ring of a regular, integral affine algebraic
curve C°/k and that conversely, for any regular integral affine curve C° over a field
k with fraction field k(C'), there is ¢t € k[C°] such that B is the integral closure of
k[t] in k(C). (You should think about how to prove this if and only if you know
about affine and projective curves and the Riemann-Roch Theorem.) In contrast,
whether there are infinitely many number fields K such that Zy is a PID has been
an open problem since Gauss’s time.

In our course we will prove Theorem 1.15 under the additional hypothesis that
L/K is separable, which is automatic in characteristic 0. Under that hypothesis,
the arugment will also show that B is finitely generated as an A-module, which
need not be true in the general case. From this it follows easily that if A is a PID
and [L : K] = n, then B is free of rank n as an A-module, i.e., isomorphic to the
direct sum of n copies of A. In the case A = Z this will show that the ring Zx has
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an integral basis: there are a1,...,a, € Zg such that every element of Zy can
be written uniquely as a Z-linear combination of ay, ..., a,.

In truth about half of our course will be concerned with the “ANTI square”: A is
a Dedekind domain with fraction field K, L is a finite degree separable field exten-
sion, and B is its integral closure in L. This is the context in which we will study
splitting / inertness /ramification of prime ideals of A, the discriminant ideal and
the different ideal. However, there are some results of classical algebraic number
theory that hold for the rings Z i that absolutely do not hold for arbitrary Dedekind
domains, as we will now explain.

Let R be a Dedekind domain. Then, obviously, R may fail to be a PID precisely
in that there may be ideals of R that are not principal. However, this failure of
ideals to be principal can be made much more precise: as mentioned before, every
Dedekind domain has a class group Cl R. Here is a quick and dirty definition: we
will give a better one later. For any domain R, let Int(R) be the set of nonzero
ideals of R. On Int(R) we introduce an equivalence relation: I ~ J if there are
x,y € R® such that (z)I = (y)J. Let C(R) be the quotient Int(R)/ ~. It is not
hard to see that the multiplication of ideals descends to a well-defined binary oper-
ation on C'(R) that makes it into a commutative monoid with identity element the
class of R = (1). It turns out that C(R) is a group if and only if R is Dedekind: in
simpler terms, in a Dedekind domain, for every nonzero ideal I there is a nonzero
ideal J such that I.J = (z) is principal, and then in C(R) J becomes the inverse of
1. This is one definition of Cl R for a Dedekind domain. Even this definition makes
clear that R is a PID if and only if the class group is trivial.

THEOREM 1.16.

a) For any number field K, the class group ClZg is finite.
b) Let Fy be a finite field, let L/F,(t) be a finite degree field extension, and
let B be the integral closure of Fy[t] in L. Then ClB is finite.

We will prove part a) in our course. Most approaches to part b) use some geome-
try: indeed, it is morally equivalent to the fact that an algebraic curve over a fintie
field IF; has only finitely many IF,-rational points. It is possible however to give an
algebraic approach roughly in parallel with the number field case; if time permits,
I will make some exercises about this.

On the other hand:

THEOREM 1.17 (Claborn [C166]). Let G be a commutative group. Then there
1s a Dedekind domain R such that C1R = G.

Thus Claborn’s Theorem says that, up to isomorphism, any commtuative group
whatsoever can serve as the ideal class group of a Dedekind domain. A second
proof of Claborn’s Theorem was given by Leedham-Green [LGT72], whose argu-
ment showed that the Dedekind domain R can be taken to be the integral closure
of a PID in a quadratic field extension. I gave a third proof of Claborn’s Theorem
[C109] (and Leedham-Green’s refinement) using elliptic curves, following a 1976
paper of Rosen who had treated the case of countable groups.

Thus there is more to the number theory of Zg than the algebra of Dedekind
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domains. In the last portion of the course we will come back to earth and prove the
remaining three fundamental finiteness theorems of number theory: the finiteness
of the class group (mentioned above), Dirichlet’s Theorem on the finite generation
and structure of the unit group Zj, and Hermite’s Theorems on number fields with
prescribed ramification.






CHAPTER 2

Some Background Algebra

In these notes all rings are commutative with 1. All modules are left modules.

In this first chapter we review some key definitions and results from commuta-
tive algebra. Sufficiently short and enlightening proofs will be given, but the text
[CA] provides a common reference for all of this material.

1. Chinese Remainder Theorem

Two ideals I and J in a ring R are comaximal if no proper ideal of R contains
both of them: equivalently, the ideal I + J = R. A set of ideals is called pairwise
comaximal if any two distinct ideals in the set are comaximal.

THEOREM 2.1 (Chinese Remainder Theorem). Let Iy,..., 1. be pairwise co-
mazximal ideals in a ring R. Then:
a) We have I -+ I, = (\i_, ;.
b) The natural map ® : R — [[._, R/I; is surjective, and thus — applying
part a) — we get an isomorphism

®: R/(I ﬁ R/I;.

PRrROOF. This is [CA, Lemma 4.19 and Thm. 4.20]. |

2. Prime and Maximal Ideals; Krull Dimension
Recall that an ideal I of R is prime if I C R and:
Ve,ye R, zy€el < xc€loryel.
Equivalently, T is prime if and only if R/I is a domain.

For a ring R, we denote by Spec R the set of prime ideals of R. It is partially
ordered under inclusion. It also carries a natural topology, the Zariski topology
[CA, Chapterl3], but we will have no need of that in these notes. A maximal
ideal is defined to be an ideal that is maximal among all proper ideals of R. An
ideal I is maximal if and only if R/I is a field, so it follows that maximal ideals are
prime and moreover the maximal ideals are the maximal elements of Spec R. We
denote the partially ordered set of maximal ideals as MaxSpec R. Note though that
MaxSpec R is in general much less interesting than Spec R as a partially ordered
set: in MaxSpec R any two distinct elements are incomparable.

A standard Zorn’s Lemma argument shows that every proper ideal is contained
in at least one maximal ideal.

21
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A ring R has finite Krull dimension if there is some number d such that for
every finite chain of prime ideals pg C p1 € ... € pr we have ¢ < d. In this case
the maximal length of such a chain is called the Krull dimension of R and de-
noted by dim R. If R does not have finite Krull dimension it is traditional to put
dim R = o0.?

EXERCISE 2.1.

a) Show that a field has Krull dimension 0.

b) Show that a finite ring has Krull dimension 0.

¢) Show that Z has Krull dimension 1.

d) More generally, let R be a principal ideal domain (PID) that is not a field.
Show: dim R = 1.

3. Chain Conditions

Let (X, <) be a partially ordered set. We say X satisfies the ascending chain
condition (ACQ) if there is no infinite sequence {z,,}52; of elements of X with
Ty < Tpy foralln € Z7T.

In a partially ordered set (X, <), a maximal element if an element x € X such
that for no element x’ in X do we have x < z’. Since X is only partially ordered,
this is not as strong as saying that for all 2’ # x we have 2’ < x: such an element
would be called a top element.?

EXERCISE 2.2. Show: a partially ordered set (X, <) satisfies ACC if and only
if for every nonempty subset has a mazximal element.

Although we already have a perfectly good name for this condition, it is helpful to
give it another one: a partially ordered set is Noetherian if it satisfies ACC.

Working in this level of generality it is clear that we ought to make a second,
“dual” definition. Namely, we say that a partially ordered subset satisfies the de-
scending chain condition (DCC) if there is no infinite sequence {z,}5>; of
elements of X with z,, >z, for all n € Z+.

EXERCISE 2.3. State and prove the analogue of Exercise 2.2 for the descending
chain condition (DCC).

Again we give a second name to this: a partially ordered set (X, <) is Artinian if
it satisfies (DCC).

For any partially ordered set (X, <) we can define the dual ordering <* in which
x <* y if and only if y < x. Evidently a partially ordered set is Noetherian if and
only if its dual is Artinian, and a partially ordered set is Artinian if and only its
dual is Noetherian, so at this level of generality we really have “the same concept.”

IFor a ring R, one could define the cardinal Krull dimension carddim(R) as the supremum
of the set of cardinalities of totally ordered subsets of Spec R: this is a cardinal number that may
be infinite. This definition is made for instance in [C117]. We will certainly not need it here.

2Some people say “maximum element” where we say “top element.” To me this seems terrible:
we change an adjective to the corresponding noun and the meaning changes. As Serge Lang once
said: the terminology should be functorial with respect to the ideas.
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However, in practice the two concepts separate themselves, as we will now see.

Let R be a commutative ring, and let M be an R-module. The set of all R-
submodules of M is a partially ordered set under inclusion. We say that M is a
Noetherian module if this partially ordered set is Noetherian: i.e., if there are
no infinite ascending chains of submodules.

PRrROPOSITION 2.2. An R-module M is Noetherian iff every submodule of M is
finitely generated.

EXERCISE 2.4. Prove Proposition 2.2.

A ring R is Noetherian if R is a Noetherian R-module: in other words, if every
ideal of R is finitely generated. A ring R is Artinian if R is an Artinian R-module.

PROPOSITION 2.3. Let R be a ring.
a) R is Noetherian iff every finitely generated R-module is Noetherian.
b) R is Artinian iff every finitely generated R-module is Artinian.

Proor. This is [CA, Exc. 8.4]. (It looks a little weird to refer to an exercise
as a proof, so let me note that the content here is [CA, Thm. 8.4] — which is proved
in the notes! — from which this follows very quickly.) (]

So far Noetherian and Artinian still look like “dual” conditions on a ring, but that
is really not the case, as the following result shows.

THEOREM 2.4 (Akizuki-Hopkins). For a ring R, the following are equivalent:
(i) R is Artinian.

(ii) R is Noetherian and dim R = 0.

PRrROOF. See [CA, Thm. 8.35]. O

Thus the class of Artinian rings is a tiny subclass of the class of all Noetherian rings.
A ring R is local if it has a unique maximal ideal.

It is clear that every finite ring is Artinian: indeed, a finite ring is has only finitely
many ideals, and obviously finite sets are both Noetherian and Artinian. So for
instance Z/NZ is any Artinian ring. If we factor N = p{*---p%" then the ideals
(p1'), ..., (per) of Z are pairwise comaximal, so the Chinese Remainder Theorem
gives an isomorphism

Z/NZ 5 1] 2/p} 2.
i=1
Each ring Z/p;*Z is finite local, with maximal ideal generated by the class of p.
In fact this kind of CRT decomposition extends to all Artinian rings:

THEOREM 2.5. Every Artinian rming is a finite product of local Artinian rings.
Thus an Artinian ring has finitely many prime ideals, all of which are mazimal.

ProOF. This is [CA, Thm. 8.37). O

EXERCISE 2.5. Let R be an Artinian ring, with prime ideals p1,...,p,.. Show
that the following are equivalent:
(i) The ring R is finite.
(il) For all 1 <4 <, the field R/p; is finite.
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4. Prime Avoidance

LEMMA 2.6 (Prime Avoidance). Let R be a ring, and let Iy, ..., I,,J be ideals
of R. Suppose that all but at most two® of the I;’s are prime ideals and that J C
Ui, Ii. Then J C I; for some i.

ProoOF. This is [CA, Lemma 8.51]. O

5. Annihilators
Let M be an R-module, and let m € M. The annihilator of m is
ann(m) = {z € R | zm = 0}.

This is an ideal of R. If R is a domain, we say an R-module M is torsionfree if
for all m € M*® := M \ {0} we have ann(m) = 0.

More generally, if S is any subset of M then we can define
ann(S) ={zx € R|xzm =0 Vz € S}.

In fact we have

ann(S) = ﬂ ann(m),

mesS

so ann(S) is also an ideal of R.

EXERCISE 2.6. Let M be an R-module, let S C M be a subset, and let (S)r
denote the R-submodule generated by S. Show:

ann S = ann(S) g.

The extreme case is ann M, the set of elements x € R such that x acts on M as
the zero endomorphism. A module M is called faithful if ann M = 0.

EXERCISE 2.7. Show that every R-module M 1is, in a canonical way, a faithful
R/ ann(M)-module.

An R-module M is cyclic if it can be generated by a single element.
EXERCISE 2.8. Let M be a cyclic R-module. Show:
M = R/ann(M).

An R-module M is simple if it is not the zero module and it has no nonzero proper
submodules.

EXERCISE 2.9. Let M be a simple R-module. Show: there is a unique mazximal
ideal m of R such that M = R/m.

3That one or two of the ideals I; are allowed not to be prime is what the proof gives. But I
know of no application of this extra generality, and it seems easier to remember the result under
the hypothesis that every I; is a prime ideal.
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6. Jordan-Holder Series

Recall that a Jordan-Holder series for a finite group is a finite chain of subgroups,
each normal in the next, with simple successive quotients. The simple quotients
are called Jordan-Hélder factors, and we count them with multiplicity. For
instance, the Jordan-Holder factors of Z/p{* ---pZ are Z/mZ,...,Z/p,Z, with
multiplicities a1, ..., a,.

Much the same holds for modules. A Jordan-Hdélder series for an R-module
M is a finite chain of R-submodules, each of whose successive quotients is a simple
R-module. A module admits a Jordan-Ho6lder series iff it is both Noetherian and
Artinian [CA, Thm. 8.14]. (Thus for instance a module over an Artinian ring
admits a Jordan-Hoélder series iff it is finitely generated.) Such modules are said
to be of finite length. The Jordan-Hélder Theorem still holds here: in any two
Jordan-Holder series for the same finite length module, the same simple modules
(up to isomorphism, of course) appear, with the same multiplicities. Again we call
these the Jordan-Hoélder factors. In particular the number of Jordan-Hélder fac-
tors — equivalently, the length of any Jordan-Holder series — is an invariant of the
module, which is called its length.

7. Projective Modules

THEOREM 2.7. For an R-module P, the following are equivalent:

(i) There is an R-module Q such that P @ Q is free.
(ii) Ifm: M — N is a surjection of R-modules and ¢ : P — N is an R-module
map, then there is a “lift” of ¢ to ® : P — M : that is, ¢ = wo .
(iii) The functor Hom(P, ) is eazct.
(iv) Fach short exact sequence of R-modules terminating at P — that is:

0ON->M3pP—o0

splits: there is an R-module map o : P — M such that qoo = 1p. This
gives an internal direct sum decomposition M = N @ o(P).

A module satisfying these equivalent conditions is called projective.
For an R-module M, we put M := Hompg(M, R); this is again an R-module.

THEOREM 2.8. For an R-module A, the following are equivalent:
(i) A is finitely generated projective.
(ii) For all R-modules B, the natural map

®: AV ®@r B — Hompg(A, B)
induced by (f,b) — (a+— f(a)b) is an isomorphism.
PRrROOF. This is [CA, Thm. 7.32]. O
EXERCISE 2.10.

a) Show: if M = R™ for some n € ZT, then also MY = R™.
b) Show: if P is finitely generated projective, so is PV.

If R is a domain with fraction field K, then to a finitely generated projective module
P we can attach a rank:

rk(P) = dimg (P ®gr K).
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(We only speak of the rank for finitely generated projective modules, so when we
say “P has rank n” then it is understood that P is finitely generated.) If it helps
you to hear this, we can think geometrically of P as a vector bundle on Spec R
and the rank is, well, the rank of the vector bundle, i.e., the common dimension of
the fibers. In particular we can think of rank 1 projective modules as line bundles.

EXERCISE 2.11. Let R be a domain, and let I be a nonzero ideal of R.

a) Show: I is principal <= I is a free R-module <= I =g R.
b) Show: if I is projective, then it has rank 1.

Still in the case that R is a domain, it is easy to see that for two finitely generated
projective modules P; and P, we have

I'k(Pl EBPQ) = I'kPl +ka2, I‘k(Pl RRr Pl) = (I‘kPl)(I'kPQ)

Thus the tensor product of two rank one projective modules is another rank 1
projective module. Thus ®p gives a binary operation on isomorphism classes of
rank one projective R-modules. Since P®gr R = P, the free rank 1 R-module — i.e.,
R — gives an identity for this operation. If we believe the analogy between rank 1
projective modules and line bundles, we should expect that there are also inverses:
i.e., for every rank one projective R-module P, there i rank 1 projective R-module
P’ such that PQr P = R.

I claim that PV serves this role: for any rank 1 projective R-module P, we have
P ®pr PV 2 R. To see this, the first step is to apply Theorem 2.8: we get

PY ®@g P = Hompg(P, P) = Endg(P).

It remains to show that if P is rank 1 projective, then Endg(P) & R. This is true
if R is free. We will deduce the general case using localization...as we now discuss.

8. Localization

8.1. Localization of Rings. The concept of localization of a commutative
ring stems from the construction of the field of fractions of a domain. Namely we
formally introduce ordered pairs (a,b) of elements of R with b € R®, and we form
the fraction field by imposing the equivalence relation

(a,b) ~ (¢,d) <= ad = bc

and checking that the familiar formulas for addition and multiplication of fractions
a1bs + bia aja

(a1,b1) + (a2, be) = —————2, (a1,b1) - (az, ba) = 7

) b1ba
are well-defined on equivalence classes. The ring F' that we get is certainly a field,
because when a; # 0, the inverse of (a1,b1) is (b1,a1). Moreover we have R — F

via a +— (a,1). Of course we write ¢ for the equivalence class of (a,b).

More generally, for a domain R it makes sense to invert some but not all elements
of R\ {0}. To do this, we can just take any subset B\ R® and form R[} | b € B],
the subring of F' generated by r and the inverses of elements of B. However, it
is to our advantage to be a bit more careful: e.g. if R = Z and B = {2,3}, then
the subring Z[%, 1] can be described more precisely as {505 | a € Z, b1,by € N},
Because the units in any ring form a group, if we invert 2 and invert 3 we must also
invert 2°13%. This leads us to the idea of a multiplicative subset S C R: this
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is a subset containing 1 and closed under multiplication: SS C S. If we start with
such a set, then indeed

1
R[|SES}={Q| aeR,seS},
s s

while if we start with an arbitrary subset B C R® as above, then we can take Sp to
be the submonoid of R® generated by B — i.e., the set consisting of 1 and all finite
products of elements of B — and then

R[HbeB}:RFsesB]:{“|seS}.
b s s

If for an arbitrary ring R we performed this construction with S a multiplicative
subset of nonzerodivisors of R — i.e., elements r € R with annr = 0 — then every-
thing holds as above. In particular, if we take R° to be the set of nonzerodivisors
of R, then this is the largest such multiplicatively closed subset, and the ring that
we get in this way is called the total fraction ring of R. When we move on to
inverting zero-divisors, things get one step more complicated: one would like to
define ST R as the set of ordered pairs (a, s) with a € R and s € S, with

(al,sl) ~ (GQ,SQ) < S2071 = S1Q9.
However it turns out that this need not be an equivalence relation!

EXERCISE 2.12. Find a commutative ring R and a multiplicative subset S C R
such that the relation ~ on R x S defined by (a1,$1) ~ (az,$2) <= s201 = S1a2
is not an equivalence relation.

To fix this, we put
(a1,81) ~ (a2, 82) <= s € S such that ssqa; = ssjas.

(If no element of S is a zero divisor, then ssaa; = ssjas <= ssa; = s1as, so this
definition is equivalent to the old one.)

EXERCISE 2.13. Let R be a ring, and let S be a multiplicative subset.

a) Define a relation ~ on R x S as above:
(a1,81) ~ (az,82) < s € S| ssaa1 = ss1as.

Show: this is an equivalence relation.

b) Show: + and - are well-defined on equivalence classes, which makes the
set of equivalence classes into a commutative ring, denoted S™'R.

c) Show: ST1R is the zero ring (i.e., with one element 0 = 1) if and only if
0esS.

(Because of this, the case in which 0 € S is often tacitly excluded.)

d) Show: there is a ring homomorphism  : R — STIR defined by a g =
[(a,1)]. Also show: the kernel of ¢ is the set of elements r of R whose
annihilator meets S: ann(r) N S # &.

e) Show: ¢ is surjective if and only if S C R*, in which case ¢ is an isomor-
phism.

EXERCISE 2.14 (Universal Property of Localization). Let S be a multiplicative
subset of a ring R. Show that the homomorphism ¢ : R — S™'R is universal for
homomorphisms ¢ : R — T in which ¢(S) C T*: that is, for any such homomor-
phism, there is a unique homomorphism ® : ST'R — T such that p = ® o1.
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Localization at a prime ideal: Let I be an ideal of a ring R. Then [ is a multi-
plicative subset...but not an interesting one: since 0 € I, the localization ™' R is
the zero ring. Notice however that the complement R\ I is a multiplicative subset
if and only if I is a prime ideal. Thus for p € Spec R, we define the localization
of R at p as
R, = (R\ p) 'R

We claim that R, is a local ring. We will deduce this from some more general
recalled spectral properties of the localization map ¢ : R — S™1R.

For any ring homomorphism f : A — B, we may use f to “push forward” ideals of
A to get ideals of B: for an ideal I of A, we put
J.I) = 1B = (f() | i € D.
We may also use f to “pull back” ideals of B to get ideals of A: for an ideal J of
B, we put
F() =) ={zeR| f(x) € J}.

EXERCISE 2.15. If f : A — B is a ring homomorphism and p is a prime ideal

of B, show that f*(p) is a prime ideal of A. Thus we get an induced map

f* : Spec B — Spec A.

LEMMA 2.9. Let t: R — S7'R be a localization map. Let I be an ideal of R.

a) We have 1,(I)={%2 € ST'R|z €I and s € S}.
b) The following are equivalent:

(i) We have INS = @.

(i) We have 1.(I) € ST'R.

PRrROOF. Part a) is [CA, Lemma 7.2]. Part b) is [CA, Lemma 7.4]. O

PROPOSITION 2.10. Let S C R be multiplicatively closed, and let 1 : R — S™'R
be the localization map. If J is an ideal of ST'R, we have

J =0
PrOOF. This is [CA, Prop. 7.3]. O

Thus using ¢*, we may view the set of ideals of S™!R as a subset of the ideals of
R. Tt would be desirable to characterize the image of +*. Combining the last two
results, we see that the only proper ideals of R lying in the image of :* are those
that are disjoint from S. If we restrict to prime ideals, this turns out to the only
condition:

PROPOSITION 2.11. Let S C R be multiplicatively closed, and let v : R — S™'R
be the localization map.
a) Ifp € SpecR is a prime ideal that is disjoint from S, then v.(p) is a prime
ideal of ST'R. Moreover we have
U (eap) = p.
b) The maps 1. and 1* give mutually inverse bijections from Spec SR to
the set of prime ideals of R that are disjoint from S.

Proor. This is [CA, Prop. 7.5] and [CA, Cor. 7.6]. O
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These considerations apply especially nicely to the case in which S = R\ p for
a prime ideal p of R. In this case, Spec R, consists of prime ideals q of R that
are disjoint from R\ p, i.e., such that ¢ C p. Thus we find that R, is a local
ring with unique maximal ideal pR, (often this is notationally shortened to just
p). Overall, to any commutative ring R we have attached a family of local rings
parametrized by the prime ideals of R. This is a useful construction, to say the least!

This example also shows that localization is “roughly dual” to taking quotients:
that is, let is try to compare a localization map

t:R— SR
to a quotient map attached to an ideal I of R:

q:R— R/I

Quotient maps also have the “pull-push property” — for all ideals J of R/I we have
q«(g«J) = J [CA, §1.5]. Moreover, under ¢* the ideals of R/I correspond bijec-
tively to the ideals of R that contain I. Thus whereas quotienting by an arbitrary
ideal I “cuts off the lattice of ideals of R below I,” making I the smallest element
of the new lattice, localizing at a prime ideal p “cuts off the lattice of prime ideals
of R above p,” making p the largest element of the new lattice. The analogy is not
perfect, but it seems close enough to be helpful.

There is also a useful compatibility between quotients and localization:

LEMMA 2.12. Let R be a ring, let S C R be a multiplicatively closed subset, and
let T be an ideal of R. Let q : R — R/I be the quotient map, and put S = ¢(S).
Then there is a canonical isomorphism

STR/IST'R=~S 'R/I.
PrROOF. This is [CA, Lemma 7.7]. |

EXERCISE 2.16. Let m be a maximal ideal in a ring R.

a) Use the universal property of localization to show that the quotient map
q: R — R/m factors through the localization map t : R — Ry, i.e., there
is a unique ring homomorphism « : Ry — R/m such that ¢ = ao¢.

b) Show: Ker(a) = mRy,. Deduce that o induces an isomorphism

Ru/mRy = R/m.
¢) Show: For all a € Z* we have a canonical isomorphism
Ru/(mRy)* = R/m®.

EXERCISE 2.17 (Semilocalization). Let py,...,p, be prime ideals in a ring R,
none containing any of the others. Let
S =R\ ).
i=1
a) Show: S is a multiplicatively closed subset. We define the semilocaliza-
tion of R at p1,...,p, as

RPly--qPr =S5"'R.
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b) Show: under the identification of Spec S~ R with the elements of Spec R
that are disjoint from S, we have

MaxSpec Rp,,...p, = {P1,-.., s}
Suggestion: use Prime Avoidance (Lemma 2.6).

8.2. Localization of Modules. Let S C R be a multiplicative subset. To an
R-module M, we want to define an S~!R-module S~'M and a homomorphism of
R-modules tp; : M — S™'M. In order to define these maps, the minor complica-
tion is that there are two perfectly good contructions that present themselves:

e We observe that the localization construction makes sense on M just as well
as on R: i.e., we take the quotient of M x S under the equivalence relation
(mq, 1) ~ (ma, s9) if there is s € S such that ssom; = ssyma.

e Or we could put S™'M =S 'R®gr M.

In order to check that both of these constructions work, perhaps the cleanest ap-
proach is to identify the following desired properties of S™'M and up;: S™'M
should be an R-module on which each element of s acts bijectively, and among all
R-module maps f: M — N for which N is an R-module on which each element of
S acts bijectively, tas : M — S~'M should be the universal such map: i.e., there
should be a unique R-module homomorphism F : S~'M — N such that f = Fouy,.
As usual, this determines ¢j; up to a unique isomorphism. So it suffices to check
that both of the above constructions satisfy this universal mapping property. We
leave this as an exercise.

Here is a closely related remark: an R-module M can be endowed with the struc-
ture of an S~! R-module compatibly with its R-module structure if and only if each
s € S acts bijectively on M, in which case this S~!R-module structure is unique:
indeed, we can and must define % as 571 oz (where s~! denotes the inverse of
s as an endomorphism of M). Thus for instance a Q-vector space is precisely a
commutative group in which mutiplication by n is bijective for all n € Z \ {0}.
By the way, this is also analogous to the case of quotients: for an ideal I of R,
an R-module M can be given the compatible structure of an R/I-module if and
only if each element of I acts on M as the zero endomorphism, in which case the
compatible R/I-module structure is unique.

EXERCISE 2.18. Let S C R be a multiplicatively closed subset. Show: the kernel
of tsg : M — STYM s the set of m € M such that ann(m) NS # @.

EXERCISE 2.19. Let R be a domain, with fraction field K, and let M be an
R-module.

a) Let R be a domain with fraction field K. Let M be an R-module. show:
Ker(M — M ® K) = M]tors].

b) Suppose that M is finitely generated. Show: the following are equivalent:
(i) M is torsionfree.
(ii) M embeds in a finitely generated free module.
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8.3. Local Properties.

ProrosIiTION 2.13. Let f: M — N be a homomorphism of R-modules. Then
f s injective (resp. surjective, resp. bijective) if and only if fu 1 Myn — Ny is
injective (resp. surjective, resp. bijective) for all m € MaxSpec R.

PRrROOF. This is [CA, Prop. 7.14]. O

EXERCISE 2.20. Let R be a ring, M and R-module and let N1, N2 be R-
submodules of M.
a) Show: Ny C Ny if and only if (N1)m C (Na)m for all m € MaxSpec R.
b) Show: N1 = Ny if and only if (N1)m = (N2)m for all m € MaxSpec R.

PRrROPOSITION 2.14. Let R be a domain with fraction field K, let V' be a finite-
dimensional K-vector space, and let A be a finitely generated R-submodule of V.
Then inside V' we have

|  Aw=A

meMaxSpec R
PRrROOF. This is [CA, Thm. 7.16]. O

8.4. Localization and Projective Modules. One of the most important
properties that is not local is being freeness of modules. This is highly relevant to
us, because a nonzero ideal I in a domain R is principal if and only if it is free, in
which case it is free of rank 1. We cannot check locally whether ideals are principal:
as we will soon see, in any Dedekind domain that is not a PID, every ideal is locally
free but not every ideal is free. However, what we can check locally is projectivity,
at least with some fine print.

THEOREM 2.15. Let R be a ring. Suppose that R is either Noetherian or a
domain. Let M be a finitely generated R-module. The following are equivalent:
(i) M 1is projective.
(ii) M is locally free: My is free for all m € MaxSpec R.

ProorF. When R is Noetherian this follows from [CA, Thm. 7.29]. When R
is a domain this follows from [CA, Cor. 13.36]. O

COROLLARY 2.16. For a domain R and a rank 1 projective module P, we have
Endgr(P) = R.

PrOOF. For any R-module M, we have a homomorphism of R-modules f :
R — Endg(M). By Proposition 2.13, we have that f : P — Endg(P) is a bijection
if and only if fm : Rm — Endg(P) ® Ry = Endpg,, (M), so we are reduced to the
case in which R is a local ring. But then by Theorem 2.15 we have that M = R,
and as mentioned before we certainly have Endg(R) = R. O

Thus we have shown that for a domain R, isomorphism classes of rank 1 projective
R-modules form a group under ®. This group is called the Picard group of R
and denoted Pic R.

Digression: Over an arbitrary ring R, a finitely generated module M has a rank
function: for p € Spec R, let ky :== Ry /pRy,. Then we put rk, (M) = dimg, M@ rk,.
This function is continuous, so is constant on the connected components of Spec R.
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If R is a domain then Spec R is connected, so we get a constant function, and
evaluating at p = (0) we get our previous definition of the rank. In general define a
rank 1 projective module to be a finitely generated projective module whose rank
function is constantly 1, and then once again Pic R is the group of isomorphism
classes of rank 1 projective modules under ®.
In turn this is a special case of the Picard group of a locally ringed space....

However, since R is a domain we can give a more down-to-earth description of Pic R
in terms of certain ideals of R. We do this next.

9. Fractional Ideals

Let R be a domain with fraction field K. A fractional ideal of R is a nonzero
R-submodule I of K for which there is a € R® such that al C R (equivalently,
I C %R) Then al is a nonzero ideal of R, so a good way to think about a
fractional ideal is as a (nonzero) ideal divided by a (nonzero) principal ideal.

REMARK 2.17. One can extend the notion of “fractional R-ideal” to commuta-
tive Tings with zero divisors. First one replaces the fraction field K with the “total
fraction ring” of R, i.e., the localization at the set of all nonzerodivisors. Second,
instead of nonzero ideals one works with ideals containing a regular element: that
18, a nonzerodivisor. In principle this is the right level of generality. Maybe I will
do this in a future version of these notes, but for now I will restrict to domains.

EXERCISE 2.21. Let R be a domain with fraction field K.

a) Show: every finitely generated R-submodule of K is a fractional R-ideal.
b) Show that the following are equivalent:

(i) R is Noetherian.

(ii) Ewery fractional R-ideal is a finitely generated R-submodule of K.

We denote the set of all fractional R-ideals by Frac(R).

If I and J are fractional R-ideals, then all of following are also fractional R-ideals
[CA, Thm. 19.1]:

e /NJ.
el+J={x+ycaxeclycJ}=(I,J)g.
o [J = {Z?zl TiYj | x; € I, Y; € J}
e ([:J)={zeK|zJ CI}.
EXERCISE 2.22. Let R be a domain, and let S C R be a multiplicatively closed
subset. Let I and J be fractional R-ideals. Show:
a) STHINJ)=(S7)n(S~1J).
b) STY(I+J)=S"1T+S"1J.
c) STY1J)=(S7tD1)(S71J).
d) If J is finitely generated, then S™*(I: J) = (S~ :S~1J).
EXERCISE 2.23. Let R be a domain, and let I and J be fractional R-ideals.
Show that the map
(I:J)— Hompg(J,I), 2~ (y— zy)

is an isomorphism of R-modules.
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EXERCISE 2.24. Let R be a domain. For fractional R-ideals I and J, show that
the following are equivalent:

(i) I and J are isomorphic as R-modules.
(ii) There is x € K* such that J = (x)I.

Certainly we have RI = R for all I € Frac(R), so Frac(R) forms a commutative
monoid under multiplication of ideals. A fractional ideal is invertible if it has an
inverse in this monoid: i.e., if there is another fractional ideal I’ such that I’ = R.
Thus Frac R is a group if and only if every fractional R-ideal is invertible. When
does this happen? In the next chapter we will identify the class of domains for
which this holds.

EXERCISE 2.25. Let R be a domain, and let J be an invertible fractional R-
ideal. Show: for all I € Frac(R) we have

(I:J)y=1J""

This provides some intuition for the colon ideal construction: when J is invertible,
(I :J) is literally I divided by J. But — intriguingly — this definition makes sense
even if J is not invertible. To follow up on this, for I € Frac(R), we put

I =(R:1).
EXERCISE 2.26. Let R be a domain, and let I € Frac(R). Show: I1I* C R.
Now we have a very important lemma:

LEMMA 2.18. Let R be a domain.

a) For a fractional R-ideal I, the following are equivalent:
(i) I is invertible.
(ii) We have IT* = R.
b) (To contain is to divide) If I C J are fractional R-ideals with J in-
vertible, then

I=J(I:J).

PROOF. See [CA, Lemma 19.8]. (I encourage you to read the proof.) O

Let ¢ : IT* — R be the inclusion map, an injection of R-modules. Whether ¢ is
a bijection can be checked locally! It follows that invertibility of fractional ideals
can also be checked locally. There is one kind of fractional ideal that is rather
obviously invertible: namely, a fractional R-ideal is principal if it is monogenic as
an R-module: that is I = (a) := Ra for some a € K*. Indeed, we have

(@~ =(@").
So it follows that a fractional ideal is invertible if it is locally principal. Since a
nonzero ideal in any domain is principal if and only if it is free if and only if it
is free of rank 1 as an R-module, we deduce from Theorem 2.15 that a finitely
generated fractional R-ideal is locally principal if and only if it is projective if and
only if it is projective of rank 1.

So finitely generated projective fractional ideals are invertible. It turns out that
the converse is also true, so we get:
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THEOREM 2.19. Let R be a domain, and let I be a fractional R-ideal. Then I
is tnvertible if and only if I is finitely generated projective.

ProoF. This is [CA, Thm. 19.11]. O

Thus over any domain, a fractional R-ideal is invertible if and only if it is finitely
generated projective as an R-module, in which case (by Exercise 2.11) it has rank 1.

Furthermore:

THEOREM 2.20. Let R be a domain, and let I and J be invertible fractional
R-ideals.

a) Multiplication induces an isomorphism of R-modules I @g J = I.J.
b) Let P be a rank 1 projective R-module. Then there is a fractional ideal I
of R such that M =g I.

PRrROOF. Part a) is [CA, Thm. 19.14]. Part b) is [CA, Thm. 19.16]. O

By Theorem 2.20, every rank 1 projective R-module is isomorphic to a fractional
ideal I. By Exercise 2.24 this ideal I is well-determined precisely up to multipli-
cation by a principal fractional ideal, so the set of isomorphism classes of rank 1
projective modules gets identified with the set of invertible ideal classes. To make
that last part more precise, we denote by Inv(R) the group of invertible fractional
R-ideals (this is the unit group of the commutative monoid Frac(R)). The principal
fractional R-ideals form a subgroup of Inv(R) that we denote Prin(R).
Now (but not for long!) we define the Cartier class group as the quotient

CaCl(R) := Inv(R)/ Frac(R).

But the point is that we have named the same group twice: we have just explained
that the canonical map CaCl(R) — Pic R that associates to every invertible ideal
class the isomorphism class of the underlying rank 1 projective module is an iso-
morphism, and by Theorem 2.20b) it is an isomorphism of groups.

This is an exciting result: the general trend in commutative algebra is to move
from the study of rings to the study of ideals to the study of modules. But here we
have managed to come back the other way: for any domain R, rank 1 projective
R-modules can be completely understood in terms of invertible fractional R-ideals.

Aside: we spoke of the Cartier class group of R rather than just the class group.
As you might surmise, there is another kind of class group. If R is a Noether-
ian integrally closed domain, then there is a divisor class group denoted Cl(R):
see [CA, §19.4] for one possible definition. There is a canonical injective group
homomorphism
Pic R — CI(R)

that can fail to be surjective: in algebraic geometry this corresponds to the fact
that every Cartier (= locally principal) divisor is a Weil divisor, but not necessar-
ily conversely. These two groups however do coincide whenever we have that Ry,
is a UFD for all m € MaxSpec R. In turn this happens whenever R is a regular ring.

In our course we are only interested in one-dimensional Noetherian domains, in
which case as mentioned before, integrally closed is the same as regular, so we
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only have one kind of class group. Nevertheless the notion of a Weil divisor in a
Dedekind domain is indeed a familiar and important one: it is a finite formal Z-
linear combination of height 1 (= maximal, here) prime ideals. Thus Weil divisors
correspond to fractional ideals and “every Weil divisor is Cartier” is a fancy way of
saying that all fractional ideals are invertible.

We will also be interested in one-dimensional Noetherian domains that are not
integrally closed, especially in the case of non-maximal orders O in a number field.
In this case the Picard group Pic O is still meaningful and important, but its non-
triviality is no longer the sole obtruction to O being a PID.

10. Integral Extensions

10.1. Basic Properties. Let A C B be a ring extension. We may also write
“let B/A be a ring extension.”

EXERCISE 2.27. Let B/A be a ring extension. Show: B is a faithful A-module.
An element a € B is integral over A if there are ag,...,a,_1 € A such that
a"+an_1a" '+ .. +aja+ag =0.

In other words, a € B is integral over A if there is a monic polynomial P € A[t]
such that P(a) = 0.

THEOREM 2.21. Let B/A be a ring extension. For a € B, the following are
equivalent:

(i) « is integral over A.
(ii) Ala] is a finitely generated A-module.
(iii) There is an intermediate ring A C C C B such that o € C and C is
finitely generated as an A-module.
(iv) There is a faithful Ala]-submodule of C that is finitely generated as an
A-module.

PRrROOF. This is [CA, Thm. 14.1]. O

We say a ring extension B/A is integral if every element of B is integral over A.
Notice that a field extension is integral if and only if it is algebraic.

LEMMA 2.22. Let A C B C C be a tower of rings.

a) If B is a finitely generated A-module and C is a finitely generated B-
module, then C is a finitely generated A-module: indeed, if {5;}7", gen-
erates B as an A-module and {;}}_, generates C as a B-module, then
{aiBji<i<m, 1<j<n generates C as an A-module.

b) If B is integral over A and C is integral over B, then C is integral over

A.
PrOOF. a) This is [CA, Lemma 14.4]. b) This is [CA, Lemma 14.3]. O

A good intuition for integral extensions B/A is that they are the ring extensions
of A that are “locally finitely generated as A-modules.” The following result shows
that under integrality, the weaker finiteness condition of being finitely generated
as an A-algebra is equivalent to the stronger finiteness condition of being finitely
generated as an A-module.
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COROLLARY 2.23. Let B/A be a ring extension.

a) If B is finitely generated as an A-module, then B is integral over A.
b) If B is integral over A and finitely generated as an A-algebra, then it is
finitely generated as an A-module.

PRrROOF. (i) = (ii): If B is finitely generated as an A-module, let o € B.
Condition (iii) of Theorem 2.21 applies with C' = B, so « is integral over A.
(il) = (i): Since B is finitely generated as an A-algebra, we may write B =
Alag, ..., ay]. Since oy is integral over A, by Theorem 2.21, A[ay] is finitely gen-
erated as an A-module. Since as is integral over A, it is also integral over Afaq],
so Alaq, as] is finitely generated as an A[a;]-module. By Lemma 2.22a), A[aq, as)
is finitely generated as an A-module. Continuing in this manner, we get that
Alag, ..., ay] is finitely generated as an A-module. O

10.2. Integral Extensions of Domains. If B/A is a ring extension, then
the integral closure of A in B is the set of all elements of B that are integral
over A. We will denote this by Ig(A). It is a subring of B [CA, Cor. 14.6].

PRrROPOSITION 2.24. Let A C B be domains, let K be the fraction field of A and
let L be the fraction field of B.
a) The fraction field of Ig(A) is I1,(K).
b) In particular, if L/K is an algebraic extension, then the fraction field of

PROOF. a) This is [CA, Prop. 14.10]. b) If L/K is algebraic, then I, (K) = L,
so this follows from part a). O

EXERCISE 2.28. Let A be a domain with fraction field K, let L/K be an al-
gebraic field extension, and let B be the integral closure of A in L. Show: for all
« € L, there is a € A® such that ax € B.

The following result tells us that localization commutes with integral closure.
THEOREM 2.25. Let B/A be an extension of domains, and let S C A be a
multiplicatively closed subset. Then
Ig-1g(S™rA) = S~ 1Iz(A).
PRrROOF. This is [CA, Thm. 14.9]. O
If B/A is a ring extension, A is integrally closed in B is Ig(A4) = A: that is, if

every element of B that is integral over A arleady lies in A. If A is a domain with
fraction field K, we say that A is integrally closed if A is integrally closed in K.

PROPOSITION 2.26. A unique factorization domain (UFD) is integrally closed.

ProOOF. Let A be a UFD with fraction field K, and let & € K be integral over
A, so there are ag,...,a,_1 € A such that
A"+ an_1a™ .+ a4+ ag=0.
Certainly we may assume that x # 0. Then, since R is a UFD, we may write o =
with 7, s € A®* and with ged(r, s) = 1. Substituting this in gives

r\" ryn—1 r
(*) +an_1 (*) +...+a1 (*)4’0,0:0,
S S S
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and clearing denominators, we get
4 an 15t 4+ s tar + s"ag = 0.

This shows that s | 7™. If s is not a unit of A it is divisible by some prime element
p, and thus p | ¥ and then p | r, contradicting the coprimality of r and s. So
s € R* and thus a = © € A. O

THEOREM 2.27. Let A be a domain with fraction field K. Let L/K be a field
extension, and let a € L be integral over A. Let P € K]|t] be the minimal polynomial
of a.

a) We have P(t) € Ix(A)]t].
b) If A is integrally closed, then « is integral over A if and only if P € A[t].

PROOF. This is [CA, Thm. 14.18]. O

THEOREM 2.28 (Local nature of integral closure). For a domain R, the follow-
ing are equivalent:
(i) R is integrally closed.
(ii) For all p € Spec R, the ring Ry is integrally closed.
(iii) For all m € MaxSpec R, the ring Ry is integrally closed.

Proor. This is [CA, Thm. 14.19]. O
10.3. Spectral Properties of Integral Extensions.

THEOREM 2.29. Let t: A < B be an integral ring extension. Then:

a) The pullback map * : Spec B — Spec A is surjective.

b) If I C A is a proper ideal of A, then v.(I) C B is a proper ideal of B.

c¢) Forp € Spec B, we have that p is mazimal if and only if t*(p) is mazimal.
d) The pullback map * : MaxSpec B — MaxSpec A is surjective.

e) We have dim A = dim B.

PRrROOF. a) This is [CA, Thm. 14.13].

b) By Zorn’s Lemma, I is contained in a maximal ideal m of R. Since ¢, (1) C ¢, (m),
it suffices to show that ¢.(m) is a proper ideal of B. By part a) there is a prime
ideal P of B such that :*(P) = m. This means that PN A =m, so P is an ideal of
B containing m, so t,(m) C P C B. ¢) This is [CA, Cor. 14.16].

d) Let m € MaxSpec A. By part a), there is P € Spec B such that :*(P) = m. By
part ¢), P is maximal.

e) This is [CA, Cor. 14.17]. O

If B/A is an integral extension and p is a prime ideal of A, then a prime ideal P of
B is said to lie over p if 1*(P) = p, or in other words if P = p.

10.4. Normalization Theorem.

THEOREM 2.30 (Normalization Theorem). Let A be an integrally closed Noe-
therian domain with fraction field K, let L/K be a finite degree separable field
extension, and let B be the integral closure of R in L. Then:

a) B is finitely generated as an A-module.
b) If A is a PID, then B =2, AIFK]

ProoF. This is [CA, Thm. 18.1]. O
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The proof of Theorem 2.30 given in [CA] is a classic algebraic number theory
argument: it involves traces, discriminants and so forth. We will give a (different,
but not that different) proof of Theorem 2.30 later on: see Theorem 5.20.

10.5. The Ring of Integers of a Number Field. Let K be a number field,
i.e., a finite degree extension of Q, say of degree n. We denote by Zy the integral
closure of Z in K. By Theorem 2.30, Zx a free Z-module of rank n. Moreover Zg
is a Noetherian ring: indeed, since Z is Noetherian and Z is finitely generated as
a Z-module, by Proposition 2.3 Z is a Noetherian Z-module. This means that Zy
satisfies (ACC) on Z-submodules, so certainly it satisfies (ACC) on Z i -submodules.
Finally, by Theorem 2.29¢), we have that dimZx = 1. In the next chapter we will
define a Dedekind domain to be a Noetherian, one-dimensional integrally closed
domain; thus Zg is a Dedekind domain.

The proof of Theorem 2.30 does not actually compute a Z-basis for Zx. In general
to do so is a nontrivial problem. We will present an algorithm for this later in the
course. For now, we treat the case of n = 2:

Every quadratic number field is of the form K = (@(\/&) for a squarefree d €
7\ {0,1}. We will compute Zg. First, we observe that v/d € Zg: indeed v/d sat-
isfies the monic polynomial t* — d € Z[t]. Tt follows that Z[v/d] C Zk. Notice that
Z[\/d] is itself a free Z-module generated by 1 and v/d. So the only honest first guess
is that Zx = Z[\/a] It turns out that this may or may not be true, depending on d.

Indeed, an arbitrary element of K can be written as a = a + byv/d with a,b € Q.
Since (a — a)? = db?, we have found the minimal polynomial of a: it is

P(t) = t* — 2aa + a® — db*.

The ring Z is a PID, hence a UFD, hence integrally closed. So by Theorem 2.27b),
we get that a € Zy if and only if P(t) € Z[t], hence if and only if 2a,a? — db* € Z.

Suppose first that a € Z. Then we get that db? € Z. Since d is squarefree, this
happens if and only if b € Z

Now suppose that 2a € Z but a ¢ Z, so that a = § with ¢ an odd integer.

Then a? — db® = % € Z, so there exists an integer e with ¢? — 4db? = 4e.
Such an e exists only if ordy(b) = —1 and d = 1 (mod 4). We conclude that if
d = 2,3 (mod 4) Zx = Z[Vd], whereas if d = 1 (mod 4), Zg is the set of all
a+bv/d where a, b are rational numbers which are either both integers or both half-
integers. A little thought shows that this latter case can be written more cleanly
as Lk = Z[H—z\/g].

In summary:

THEOREM 2.31. Let d be a squarefree integer not equal to 0 or 1, and put

K = Q(vd). Then:

Zlvd ~ d=2,3 (mod4)
Zy = Z{l+\/ﬁ} d=1 (mod 4).
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11. The Dual Module

If Ris aring and M and N are R-modules, the set Hompg (M, N) of R-module maps
from M to N itself has the structure of an R-module: for fi, fo € Hompg(M, N)
and a € R, we put

(af1 + f2) = (m— afi(m) + fa(m).
Note that we are using here that R is commutative.
EXERCISE 2.29. Let M, My, M2, N, N1, No be R-modules. In the following ex-

ercise we state equalities; they are actually canonical isomorphisms that ist is your
task to define.

a) Show: Hompg(R,N) = N.

b) Show: Homg(M; & M, N) = Hompg(M;, N) ® Homg(Ms, N).

C) Show: HOIDR(M, Nl D NQ) = HOHIR(M, Nl) (5 HOI’IlR(M, Ng)

d) An R-module map ¢ : My — My induces an R-module map

¢* : Homp (M2, N) — Hompg(M;y, N).
If ¢ is surjective, then ©* is injective.
e) An R-module map 1 : Ny — Ns induces an R-module map
¥« : Hompg(M, N1) — Hompg(M, N3).
If ¢ is injective, then 1, is injective.

ProproSITION 2.32. If R is Noetherian and M and N are finitely generated,
then Hompg (M, N) is also finitely generated.

PROOF. Since M is finitely generated, there is n € ZT and a surjective R-
module map R™ — M, which by Exercise 2.30d) induces an injective R-module map
Homp(M,N) — Hompg(R", N). By Exercise 2.30 b) and a) we have Hompg(R", N) =
Homp(R, N)™ = N™ is finitely generated. Since R is Noetherian, the submodule
Homp(M, N) of N™ is also finitely generated. O

EXERCISE 2.30. Let R be a ring, and let I be an ideal of R.

a) Show: Hompg(R/I,R) = ann[.

b) Find an example of R and I such that annl is not finitely generated.
For a ring R and an R-module M, we put

M"Y = Hompg (M, R).
This is also an R-module, via a € R, f € MY + (z € M — af(z)). It follows from
Exercise 2.30 that a map ¢ : M7 — M, induces a map ¢¥ = ¢* : My — My’ that is
injective if ¢ is surjective. Moreover by Exercise 2.30 we have
(M @ My)Y = MY ® My .

By Proposition 2.32, when R is Noetherian and M is finitely generated, MV is also
finitely generated. (Moreover, by Exercise 2.30, there is an ideal I in a ring R such
that the dual (R/I)Y of the cyclic module R/I is not finitely generated.)

There is a natural bilinear pairing

<~,->2MXMV~>R,<$,f> :f(x)
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As a general rule, we should consider duals of infinitely generated modules only if
we are interested in set-theoretic issues. Even for a vector space V over a field K, if
dim V is infinite, then dim V¥ > dim V in the sense of cardinal arithmetic. Similar
but wilder things can happen for infinitely generated modules over rings.

EXERCISE 2.31. Let R be a ring, and let F be a finitely generated free R-module,
with basis e1,...,ey.
a) For 1 < i < n, show that there is a unique e} € FY such that for all
1 <7 <n, we have

1 ifi=j
0 otherwise

e (e;) = 0(i,j) = {

b) Show: €l,... e" is a basis for FV, called the dual basis.
¢) Deduce: F¥ = F.

EXERCISE 2.32. Let R be a ring, and let P be a finitely generated projective
R-module. Show: PV is also finitely generated projective.

For any R-module M we have a natural map
v M — MY (z,f) € M x MY — f(x) € R.

We say that M is torsionless if 1), is an injection and that M is reflexive if ¢y,
is an isomorphism.

LEMMA 2.33. For an R-module M, the following are equivalent:

(i) M is torsionless.
(ii) There is a set I such that M is a submodule of R' :=T],c; R.

PROOF. Suppose there is an R-module embedding ¢ : M — R! for some set
I. For each i € I, let m; : R! — R be projection onto the ith factor and let
t; = mior € MY. For x € M®, since ¢ is an injection there is ¢ € I such that
ti(z) # 0. Thus M is torsionless. Conversely, if M is torsionless then the natural
map M — RMY given by x +— (f(z))semv is an injection. |

In particular, every submodule of a free module is torsionless.

LEMMA 2.34. Let R be a Noetherian domain, and let M be a finitely generated
R-module. The following are equivalent:

(i) M is torsionless.
(ii) M is torsionfree.
(iii) M is a submodule of a finitely generated free module.

EXERCISE 2.33. Show that the additive group (Q,+) of the rational numbers is
a torsionfree Z-module that is not torsionless.

EXERCISE 2.34. Let G :=ZN be the direct product of countably infinitely many
copies of the Z. Show: G is a torsionless Z-module that is not free.

EXERCISE 2.35. a) Show: a projective module is torsionless.
b) Show: a submodule of a torsionless module is torsionless.
¢) Show: a finitely generated free module is reflexive.
d) Show: a finitely generated projective module is reflexive.



12. EISENSTEIN’S CRITERION 41

12. Eisenstein’s Criterion

Let A be a UFD with fraction field K. A nonzero polynomial f = a,t"+...+ait+
ap € R[t] is primitive if for all © € A®, if x| a; for all 0 < i <n, then x € A*. If
A is a PID, a polynomial is primitive if and only if (ag,...,a,) = A, but in general
the latter condition is stronger: e.g. in the UFD A = CJ[z, y], the polynomial zt 4y
is primitive but its coefficients generate a maximal ideal (x,y).

The following is one of the results that goes under the name Gauss’s Lemma:
in [CA] it is derived as a corollary of another result that bears that name.

PROPOSITION 2.35. Let A be a UFD with fraction field K, and let f € A[t] be
a polynomial of positive degree.

a) The following are equivalent:
(i) f € Alt] is irreducible.
(i) f is primitive and f € K]Jt] is irreducible.

b) The following are equivalent:
(i) f € K|t] is reducible.
(ii) There are g, h € A[t] such that deg(g),deg(h) < deg f and f = gh.

PrOOF. This is [CA, Cor. 15.25]. O

If Ais a domain, f = aqt?+...+ait +ag € A[t] is a polynomial of positive degree
and p € Spec A is a prime ideal such that ag ¢ p?, for all 0 < i < d we have a; € p
and aq ¢ p, we say that f is Eisenstein at p.

THEOREM 2.36 (Schénnemann-Eisenstein Criterion). Let A be a UFD with
fraction field K and let

f=agt?+ ...+ at+ag € Alt]
be a polynomial of positive degree. If there is p € Spec A such that f is Eisenstein
at p, then f is irreducible in K|[t].

PROOF. uppose to the contrary that f € K[t] is reducible. Then by Proposition
2.35 there are g, h € A[t] with deg(g), deg(h) < deg f and gh = f. Write

g=but™ + ...+ bt +by and h = ¢, t" + ... + c1t + ¢¢ withb,, ¢, # 0.
Since ag = boco € p \ p?, t follows that exactly one of by and cq lies in p: without

loss of generality, we may suppose that by ¢ p and ¢o € p. Since ag = by, ¢ p, we
have ¢, ¢ p. Let 0 < k < n < d be minimal such that ¢; ¢ p. Then

bocr. = ay, — (blck,1 + ...+ bkCQ) €p.

Since p is prime, one of by and ¢ lies in p, which is a contradiction. (I

For a domain A, a polynomial f € AJt] of positive degree and p € SpecA, we say
that f is locally Eisenstein at p if f € A,[t] is primitive and Eisenstein with
respect to the maximal ideal pA, of the local ring A,. Since the fraction field of A,
if K, if f is locally Eisenstein at p, then Theorem 2.36 applies to show that f € K]t]
is irreducible. The following exercise shows that in a PID, being Eisenstein at p is
the same as being locally Eisenstein at p.

EXERCISE 2.36. Let A be a PID, and let f € A[t] be a polynomial of positive
degree. Let p € MaxSpec A.
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a) Show: f € A[t] is primitive if and only if f € Ay[t] is primitive for all
p € MaxSpec A.

b) Let p € MaxSpec A. Show: f is Fisenstein at p if and only if f € A,[t] is
Fisenstein at pA,.



CHAPTER 3

Dedekind Domains

1. PIDs and DVRs

Let R be a PID: a domain that is not a field and for which each ideal is principal.
Let K be the fraction field of R.

Then R is certainly Noetherian: indeed, every ideal is generated by a single el-
ement. By Exercise 2.1 a PID has Krull dimension 1.

Moreover R is a unique factorization domain (UFD). This is a well-known un-
dergraduate level result that can be established e.g. by first establishing that the
ged of any two elements can be expressed as a linear combination of those elements
and then proving “Euclid’s Lemma” that irreducible elements generate prime ideals.
Here is a slightly more sophisticated approach:

THEOREM 3.1 (Kaplansky). For a Noetherian domain R, the following are
equivalent:

(i) R is a UFD.
(ii) Ewery height 1 prime of R is principal.

PRrROOF. See [CA, Cor. 15.2]. O

The module theory of PIDs is also especially simple and pleasant.

THEOREM 3.2. Let R be a PID. Let M be a finitely generated R-module, and
let N be any R-module.

a) M is isomorphic to a direct sum of cyclic R-modules.
b) M is torsionfree if and only if M is free.
¢) The following are equivalent:
(i) N is free.
(ii) N is projective.
(iii) N is a submodule of a free module.
d) The following are equivalent:
(i) N is torsionfree.
(ii) N is flat.

PrOOF. a) This is [CA, Thm. 16.11]. b) This is [CA, Prop. 3.62].
¢) Certainly (i) implies both (ii) and (iii). That (iii) = (i) is part of [CA, Thm.
3.60]. Suppose N is projective. If N is finitely generated, then finitely generated
projective implies finitely generated torsionfree implies finitely generated free, the
latter by part b). It is a general result of Bass that over any Noetherian domain
R (or more generally, any Noetherian ring R without nontrivial idempotents) that

43
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every infinitely generated projective module is free [CA, Thm. 6.11].
d) This is [CA, Cor. 3.96]. O

For a module over any domain R we have
free = projective = flat = torsionfree.

Theorem 3.2 says that all of these conditions coincide for finitely generated modules
over a PID. For infinitely generated modules we still have that free = projective and
flat = torsionfree, but these two classes remain distinct: e.g. the additive group of
(Q, +) is a torsionfree but not free Z-module. In fact:

EXERCISE 3.1. Let R be a domain that is not a field, with fraction field K.
Show: the R-module K is flat but not projective.

The Z-module (Q, +) is also not a direct sum of cyclic modules. In fact, by a result
of Cohen-Kaplansky, the rings R over which every R-module is a direct sum of
cyclic modules are precisely the principal Artinian rings.

All this is to say that PIDs are a truly wonderful class of rings. If you encounter a
ring R “in real life”, you would be delighted to learn that it is a PID, as this will
make whatever you are trying to do with it much easier. The only catch is that it
is usually difficult to show that a ring is a PID. (In a first course on the subject
you learn about Euclidean rings, a subclass of Euclidean rings, and a good way
to show that rings like Z and k[t] for a field k are PIDs is to show that they are
Euclidean. But this is highly unrepresentative: most of the time it is even harder
to show that a ring is Euclidean.) As I will now try to explain, the class of PIDs is
a “delicate” class of rings that is intermediate in size between two more “robust”
classes: namely discrete valuation rings and Dedekind domains.

EXERCISE 3.2. Let R be a PID, and let I be a nonzero fractional R-ideal. Show:
there are distinct p1,...,p, € MaxSpec R and unique aq,...,a, € Z such that

I = p(lll .. .p;}?‘.
Let p € MaxSpec R. We use Exercise 3.2 to define a map v, : K* — Z: namely, for

each z € K* we factor the fractional ideal (z) into products of primes and define
vp(x) to be the power of p that appears.

For any field K, a map v : K* — Z is a discrete valuation if:

(VO) There is € K* such that v(z) # 0,

(V1) For all z,y € K*, we have v(zy) = v(x) + v(y), and

(V2) For all z,y € K* with « +y # 0, we have v(z + y) > minv(z), v(y).

We say that v is normalized if v(K*) = Z. By (VO0) and (V1), a discrete valuation
is in particular a nontrivial group homomorphism K* — Z, so if it is not surjective
then its image is of the form eZ for some e € ZT. Then iv is a normalized discrete
valuation. So we don’t miss out on much by restricting to normalized valuations.

In this context it is convenient to extend v to all of K by formally putting v(0) = oo;
i.e., some element that is larger than every integer.

EXERCISE 3.3. Let R be a PID with fraction field K, and let p € MaxSpec R.
Show: the map v, defined above is a normalized discrete valuation of K.
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EXERCISE 3.4. Let K be a field, and let v : K* — Z be a normalized discrete
valuation on K. Put

R={zxe K*|v(z) >0}U{0}.
a) Show that R is a domain with fraction field K.

b) Let w be an element of K with v(w) = 1. Show that R is a local PID with
mazximal ideal m = (7).

Let S be a multiplicatively closed subset of our PID R. Then the localization S™'R
is a PID: indeed, for any localization map ¢ : R — S™'R and any ideal J of S™'R
we have J = 1,.*J, so every ideal in a localization comes by pushing forward an
ideal of R. The pushforward of a principal ideal is principal.

Let’s consider the special case in which we localize at a nonzero prime ideal p = ()
of R. Then R, = (R\ p)~'R is a local PID. By Exercise 3.2, every nonzero frac-
tional ideal of K is of the form (7™) for a unique n € Z. Indeed R, is nothing else
than the valuation ring attached to the discrete valuation vy,.

A discrete valuation ring (DVR) is a local PID. For a field K, it follows from
our discussion that there is a bijective correspondence between DVRs with fraction
field K and normalized discrete valuations on K. In fact, if R is a PID with fraction
field K, then the discrete valuation rings R with RC R C K are precisely R, for
p € MaxSpec R.

In summary, a DVR is a local PID, so it is in particular an integrally closed Noe-
therian local domain of Krull dimension 1. It turns out though that all these other
conditions ¢mply that ideals are principal. In fact, among Noetherian local domains
of Krull dimension 1, there are many equivalent “nice” conditions:

THEOREM 3.3 (DVR Recognition Theorem). Let (R, m) be a one-dimensional
Noetherian local domain. The following are equivalent:
(i) R is a PID.
(ii) R is a UFD.
(iii) R is integrally closed.
(iv) m is principal.
(v) R is a regular local ring: dimp/, m/m? = 1.

PROOF. This is [CA, Thm. 17.21]. O

For those who are geometrically minded, the last condition is probably the key
one. We can view any one-dimensional Noetherian domain R as being a kind of
“generalized affine curve” (or rather, as the ring of functions on such a curve, but
there is a categorical equivalence here), and condition (v) at a maximal ideal p of
R is telling us that the curve is “nonsingular at p.” Thus all the other conditions
are necessary and sufficient for this nonsingularity in the one-dimensional case.
In particular being integrally closed is what geometers call “normal.” In general
normality is weaker than nonsingularity but they coincide in dimension 1. It is
an extremely important foundational fact that nonsingularity makes the maximal
ideal principal after localization.

This result provdes all-important motivation for us: it allows us to see that while
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PIDs are nice, in some sense the condition that ideals be “globally principal” is
more than we need in order to deduce most of the other facts about PIDs of this
section. Suppose instead that we consider the class of Noetherian domains R such
that Ry, is a DVR for all m € MaxSpec R. Such a domain must be one-dimensional:
since some R, is not a field, R is not a field, and if there were a maximal ideal m of
height at least 2, then R, would have dimension at least 2 so not be a DVR. But
here is a key point: by Theorem 2.28, in order for each R, to be integrally closed,
it is necessary and sufficient for R itself to be integrally closed. So we have shown:

THEOREM 3.4. For a Noetherian domain R, the following are equivalent:

(i) R is one-dimensional and integrally closed.
(ii) For all m € MaxSpec R, the local ring Ry is a DVR.

2. Dedekind domains

Theorem 3.4 allows us to make the single most important definition of this text: a
ring R is a Dedekind domain if it is an integrally closed Noetherian domain of
Krull dimension 1.

Let R be a Dedekind domain, and let I be a fractional R-ideal. Then for all
p € MaxSpec R we have that I, := I R, is a fractional Rp-ideal. Since R, is a DVR,
necessarily I, is principal. Thus I is locally principal, hence projective, hence in-
vertible (cf. Theorem 2.19).

Actually this is a characteristic property of Dedekind domains:

THEOREM 3.5. Let R be a domain. The following are equivalent:

(i) R is a Dedekind domain.
(ii) Every ideal of R is a projective module.*
(iii) FEwvery fractional ideal of R is invertible.

PROOF. (ii) < (iii) was 2.19. We just showed (i) = (ii). For (iii) =
(i) see [CA, Thm. 20.1]. O

THEOREM 3.6. Let R be a Dedekind domain, and let I be a nonzero, proper
ideal of R. Then there are distinct p1,...,p, € MaxSpec R and ay,...,a, € Z*
such that I = p{*---por.

T

PROOF. Of course, if an ideal factors into a product of not necessarily distinct
prime ideals, then just by grouping together instances of the same prime ideal we
get a “standard form factorization” as in the statement of the theorem.

Let S be the set of nonzero, proper ideals of R that do not factor into products
of primes, partially ordered under inclusion. We want to show that S is empty,
so seeking a contradiction we assume that it is nonempty. Then because R is
Noetherian there is a maximal element I € §. Then [ is contained in some maximal
ideal p of R. We just saw that all nonzero ideals are invertible, so “to contain is to
divide” (Lemma 2.18): we have I = p.J for some ideal J. Then .J := p~'I strictly
contains I (the ideal I is invertible too; alternately, in any Noetherian domain, the

1A module is called hereditary if every submodule is projective. (Seems like “hereditarily
projective” would be better, no?) Thus Dedekind domains are precsiely the domains that are
hereditary rings: all ideals are projective.



2. DEDEKIND DOMAINS 47

equality I = pI would violate the Krull Intersection Theorem), so there are prime
ideals q1, ..., qs such that

p_lqul...qs,
SO
I'=pqi---qs,
and I is a product of prime ideals after all: contradiction. O

EXERCISE 3.5. Let R be a Dedekind domain.

a) Show that the factorization of an ideal into primes is unique: if we have
not necessarily distinct prime ideals p1,...,p, and q1,-..,qs such that

Pr-Pr=4d1--9s,
then there is a bijection o : {1,...,7} = {1,...,s} such that for all 1 <
i < r we have qg(;) = Pi-

b) Let I be a fractional R-ideal. Show that there is a unique function a :
MaxSpec R — Z such that a(p) = 0 for all but finitely many mazimal
ideals p and I = HpeMaXSpecRp“(p). Show also that I is integral if and
only if a(p) > 0 for all p € MaxSpec R.

EXERCISE 3.6. Let R be a Dedekind domain with fraction field K.

a) Let p € MaxSpec R. Define a function vy, : K* — 7Z as follows: vy(x) is
the power to which p appears in the prime factorization of the fractional
ideal (x). Show: v, is a normalized discrete valuation on K. Show that
the corresponding valuation ring

f € K | vylx) > 0} U {0}
is Ry.
b) Show: r];JEMaxSpecRFEFJ =R

EXERCISE 3.7. Let I, J be fractional ideals in a Dedekind domain R, and write

I=]Je>, J=]]»".

(Of course for all but finitely many p we have ay, = b, =0.)
a) Show: I+ J = [[pminarbe,
b) Show: IJ =T], prthe,
¢) Show: INJ =T], pmaxap.bp

EXERCISE 3.8. Let I and J be fractional ideals in a Dedekind domain. We say
that I'| J if JI7* C R.
a) Show that the following are equivalent:
(i) I|J.
(i) J C 1.
(iii) For all p € MaxSpec R we have vy (I) < vy (J).
b) Show that the set Frac R of fractional R-ideals, partially ordered by inclu-
sion, is a lattice, with the least upper bound (or “join”) of I and J being
I+ J and the greatest lower bound (or “meet”) of I and J being I N J.
¢) Show: IJ=(INJ)I+J).

Again it turns out that the factorization of ideals into primes characterizes Dedekind
domains among all domains:
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THEOREM 3.7 (Matusita, 1944). Let R be a domain in which every nonzero,
proper ideal is a product of prime ideals. Then R is a Dedekind domain.

ProOF. This is [CA, Thm. 20.8]. O

3. Moving Lemma

For a fractional ideal I in a Dedekind domain, we define the support supp I
to be the set of maximal ideals p of R for which v,(I) # 0: this is a finite set.
We say that two fractional ideals I and J of R are coprime if their supports are
disjoint: in other words, no maximal ideal p appears with nonzero exponent in the
factorization of both I and J.

LEMMA 3.8. Let R be a Dedekind domain, and let S = {p1,...,pn} be a finite
set of maximal ideals of R.

a) Let I be a fractional ideal of R. There is x € I such that
(1) Vli<i<n, Um(fv)zvm(f)~

b) [Moving Lemma] Let a be a fractional ideal of R. Then there is an integral
ideal b of a with support disjoint from S lying in the same class as a.

PROOF. a) Step 1: Suppose that I is an integral ideal. We may write
rqb s
I=pf - pirayt - qf
where the q;’s are the maximal ideals containing I other than py,...,p, and a; >0

for all 7 and b; > 1 for all j. By the Chinese Remainder Theorem, the diagonal
ring homomorphism

R~ [[ R < [] Rjay™
i=1 j=1

is surjective. From this it follows that there is € R such that
Vi, o€ pf \pit and Vi, z € g7 \ g7 "

Equivalently, this element x satisfies

Vi, vy, (z) = a; = vy, (I) and Vj, vg,(x) = bj = vq,(J).
This latter condition first of all ensures that x is an element of I and second of all
gives (1).
Step 2: Now suppose that [ is a fractional ideal; we may write I = % for J an
integral ideal and b € R®. By part a), there is x € R® such that for every prime
divisor p of J we have ord,(z) = ord,(J), which once again ensures that =z € J.
Then the element ;7 does what we want: it lies in % =TI and

Vi, v, (7) = 0, (@) = 05, (6) = 03, (J) = 0y, () = v, ().

b) Applying part a) with I = a~!, there is x € a~! such that for all 1 <i << n we
have vy, (z) = vp,(a™*). Then the fractional ideal a~'z~! has support prime to S
and
atz ' Data )t =R
It follows that xza has support prime to S and is contained in R. (I
COROLLARY 3.9. Let R be a Dedekind domain.
a) Ezactly one of the following holds:
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(i) R is a PID.
(ii) R has infinitely many nonprincipal prime ideals.
b) If R is semilocal — i.e., MaxSpec R is finite — then R is a PID.

PrROOF. Let K be the fraction field of R.

a) Conditions (i) and (ii) are certainly mutually exclusive, so it suffices to assume
that there is a finite subset S C MaxSpec R such that every p € (MaxSpec R) \ S
is principal and show that every fractional ideal of R is principal.

Let I be a fractional ideal of R. By Lemma 3.8b), there is € K* such that
the support of x[ is disjoint from S. By assumption, this means that xI is of the
form ]_[‘;:1 q;’ with each q; a principal prime ideal and b; € Z. But this means that
xl = (y) is principal, so I = (£) is principal.

b) This follows immediately from part a). O

Here are some further applications:

PROPOSITION 3.10. Let I be a nonzero ideal in a Dedekind domain R. Then:
a) The ring R/I is a principal ring.
b) The ring R/I is Artinian. More precisely: if
=g b,
then the ideals of R/I correspond bijectively to the ideals plfl ~opbr of R

with 0 < b; < a; for all 1 < 4 < r. In particular, there are precisely
[T (a; + 1) ideals of R.

PROOF. a) The ring R/I is also a quotient of the semilocalization Ry, . .,
which by Corollary 3.9 is a PID. Thus R/I is a quotient of a principal ring, hence
principal.

b) This follows immediately from the fact that the ideals of R containing I are
precisely pl{I ~~~plr’r with 0 <b; <a; forall 1 <i<r. [l

For r € N, we say that a ring R has the r-generation property if every ideal of
R can be generated by at most r elements. We say that a ring R has the (r + ¢)-
generation property if for every nonzero ideal I of R and every nonzero element
x € I, then there are y1,...,y, € R such that I = (z,y1,...,Yr)R-

EXERCISE 3.9. Let r € ZZ°. Suppose that a ring R has the r-generation prop-
erty (resp. the (r + €)-generation property). Show: every localization S™'*R of R
has the r-generation property (resp. the (r + €)-generation property).

THEOREM 3.11 (Asano-Jensen). For a domain R, the following are equivalent:
(i) R is a Dedekind domain.
(ii) R has the (1 + €)-generation property.

PRrROOF. (i) = (ii): let I be a nonzero ideal of R, and let x € I\ {0}. We
have a short exact sequence of R-modules

0= ()= I—=1/(x)—0.
By Proposition 3.10 the R-module I/(z) is cyclic; let 7 be any generator, and lift
it toy € I. Then I = (z,y).
(i) = (ii) Suppose R has the (1 4 €)-generation property. In particular every
ideal is finitely generated, so it is a Noetherian domain, so it suffices to show that
for each nonzero p € Spec R we have that the localization R, is a DVR. By the
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preceding exercise, R, has the (1 + €)-generation property. Let I be a nonzero,
proper ideal of R,. Then p is generated by any nonzero element x € Ip together
with some other element y € p, so

p=1Ip+yR,.

It follows that I +p = yR, + p, and by Nakayama’s Lemma we have I = bR,. So
R, is a local PID, hence a DVR. O

4. Modules Over a Dedekind Domain
4.1. Structure Theory for Finitely Generated Modules.

THEOREM 3.12. Let R be a Dedekind domain, and let M be a finitely generated
R-module. Then:
a) P := M/M|tors] is finitely generated projective, say of rank r.
b) (i) If r =0, then M = M][tors].
(ii) If r > 1 then there is a nonzero ideal I of R such that

M = Mitors] © P = M|tors| ® R" ' & I.

¢) The class [I] of I in Pic R is an isomorphism invariant of M. Thus for
each r > 1, the set of isomorphism classes of rank r projective R-modules
is in bijection with Pic R.

d) If M[tors] is nontrivial, then there are N,ny,...,ny € Z% and maximal
ideals p1,...,pN of R such that

N
MTtors] = @ R/pi.
i=1

The proof of Theorem 3.12 is not especially difficult, but it is a bit lengthy. Let us
try to separate it out into steps:

Step 1: We show: each finitely generated torsion R-module is a direct sum of cyclic
modules with prime power annihilator.

Step 2: We show: each finitely generated torsionfree R-module P is projective.
Step 3: We show: each rank n projective module P is isomorphic to a direct sum
of rank 1 projective modules and thus to @?:1 I, for nonzero ideals I, ..., I, of R.
Step 4: We show: for nonzero ideals I and J of R, we have I & J = 1J.

Step 5: From Steps 3 and 4, it follows that if P is a rank n projective module then
P =~ R"! @ I for some nonzero ideal I of R. Finally, we show: the class of I in
Pic R depends only on the isomorphism class of P.

Step 1: Let M be a finitely generated torsion R-module. If M = (x1,...,2,)
then ann M = (), ann(z;) 2 []!; ann(z;) 2 (0), since in any domain the prod-

uct of nonzero ideals is nonzero. So we may write

ann M = pyt .- por

T
factors through the semilocalization Ry, . ., M is also an Ry, .., -module. Since

MaxSpec Ry, ....p, = {P1,...,pr} is finite, by Corolalry 3.9 we have that R, . ..
is a PID. This allows us to completely reduce to the structure theory of finitely
generated torsion modules over a PID: M is isomorphic to a direct sum of cyclic
modules with prime power annihilator, i.e., to a direct sum of modules of the form

and thus M is an R/pj* -+ - p* module. Since the homomorphism R — R/pj* -+ - p2r
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Ry, p, /97" = R/pi.

Step 2: Let P be a finitely generated torsionfree R-module. By Theorem 2.15, P
is projective if and only if it is locally free: for all p € MaxSpec R we have that P,
is a free Rp-module. But this is easy: for any domain R and multiplicative subset
S C R, if M is a finitely generated torsionfree R-module, then Mg := M ®g S™'R
is a finitely generated torsionfree S~—!R-module. So P, is a finitely generated tor-
sionfree module over the local PID R,...so P, is free.

Step 2 allows us to establish the following important fact:

ProOPOSITION 3.13. Let R be a Dedekind domain with fraction field K. For a
finitely generated R-module M, the following are equivalent:
(i) M 1is projective.
(ii) There is a finite-dimensional K -vector space V' and an injective R-module
map M — V.

Proor. (i) = (ii): If M is projective, then it is torsionfree, so the map
M — M ®p K is injective (see Exercise 2.19). Take V := M ®p K; then V is a
finite-dimensional K-vector space, and we have an injection M — V.
(i) = (i): Since V is a K-module, it is an R-module on which each nonzero
element of R acts invertibly, hence a torsionfree R-module. Since we have an
injective R-module map M < V., we conclude that M is a finitely generated
torsionfree R-module, hence projective by Step 2 above. (]

Step 3: Let P be a finitely generated projective R-module of rank r > 1. Then
V = P®pr K is an r-dimensional K-vector space. Let A\ : V — K be a surjective
K-linear map. Then @ = A(P) is a finitely generated R-submodule of K, hence
projective by Proposition 3.13, and clearly of rank 1. Let K be the kernel of
Alp : P — K; then we have a short exact sequence of R-modules

0->K—=>P—=>Q—0.

Because @ is projective, this sequence splits, and we have shown that P = K & Q.
It follows that K is projective of rank r — 1, so an evident inductive argument allows
us to write P as a direct sum of r rank one projective modules.

Step 4: The proof here is less conceptual, and for now we will just cite the result:

LEMMA 3.14. Let I, ..., I, be fractional ideals in a Dedekind domain R. Then
the R-modules EB?:l I and RY @ I, ---I, are isomorphic.

PROOF. See [CA, Lemma 20.17]. O

Step 5: Finally, suppose that I and J are fractional ideals of a Dedekind domain
R. We want to show that for all n > 1, if R & I 2 R™ ¢ J, then I and J lie in
the same ideal class (the converse is immediate). Using Lemma 3.14 we have

RM'oR=R""ZRoel'=2(R"eJ)eol ‘=R gt
This means that JI~' is a rank 1 projective module that is stably free: after
taking the direct sum with a finitely generated free module, it becomes isomorphic

to a finitely generated free module. By [CA, Prop. 7.17] we conclude that JI~1 is
free, i.e., principal, hence J and I lie in the same ideal class.
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This completes the proof of the structure theorem for finitely generated modules
over a Dedekind domain. To summarize: whereas a finitely generated module M
over a PID is classified up to isomorphism by a finite sequence of ideals (a4, ..., a,)
— such that Mtors] = @._, R/a; — together with a natural number (M), its rank,
to classify a finitely generated module M over a Dedekind domain, one needs one
further invariant: we may write M /M [tors] = R~ & I, and then that invariant is
the class of I in Pic R. We call this the Steinitz class St(M) of M. In particular:

COROLLARY 3.15. For a finitely generated module M over a Dedekind domain,
the following are equivalent:
(i) M is free.
(il) M is torsionfree with trivial Steinitz class: St(M) = 0.

4.2. The Characteristic Ideal. Let R be a ring, and let M be a finite length
R-module. As discussed in Chapter 1, any two Jordan-Hdélder series for M have
the same associated finite multiset of simple modules, and any simple R-module
is isomorphic to R/m for a unique m € MaxSpec R, so the “invariant data on
M?” obtained by considering Jordan-Hdolder series is precisely a finite multiset of
maximal ideals my, ..., m, (it is convenient to write it as a finite sequence, with the
understanding that the sequence is well-defined up to permutations of the terms).
From this data we define the characteristic ideal of M:

X(M) :=my ---m,.

EXERCISE 3.10. Let M be a finite length R-module.

a) Show: x(M) annihilates M.
b) Deduce: M is an R/x(M)-module. Show by example that M need not be
a faithful R/x(M)-module.

EXERCISE 3.11. Let 0 — M; — My — M3 — 0 be a short exact sequence of
R-modules.
a) Show: My has finite length if and only if both My and Ms have finite
length.
b) If My has finite length, show: x(Msy) = x(M1)x(Ms3).
EXERCISE 3.12. Let R be a domain, and let M be an R-module.

a) Suppose that M has finite length. Show: M is finitely generated torsion.
b) Find a domain R and a finitely generated torsion R-module M that does
not have finite length.

For the rest of this section we again assume that R is a Dedekind domain.

EXERCISE 3.13. Let R be a Dedekind domain, and let M be an R-module.

a) Show: M has finite length if and only if M is finitely generated torsion.
b) Suppose M is finitely generated torsion. As we know, we may write

M = ETBR/IZ-.
=1

Show: x(M) =1 ---I,.
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How should we think of the characteristic ideal x (M) of a finitely generated torsion
R-module M? By Exercise 3.10, we know that x(M) C ann M, but the inequality
may be strict. Indeed, if we write M = @;_, R/I;, then whereas x(M) = I -+ I,
we have ann M = lem I - - - I,.. It follows that every nonzero ideal of R is a charac-
teristic ideal, and a nonzero ideal I of R is the characteristic ideal of a unique (up
to isomorphism) module if and only if I is squarefree (a product of distinct primes).

To get a little more insight, let us consider two special cases:

EXAMPLE 3.16.

a) Suppose R =7. Then a Z-module M has finite length if and only if it is
finite. When this occurs, we have M = [[;_, Z/n;Z and then x(M) is the
ideal generated by ny ---n,. = #M. Thus one interpretation of x(M) is a
measure of the “size” of M. Like the cardinality of a finite Z-module, the
characteristic ideal is multiplicative on short exact sequences.

b) Let k be a field, let R = k[t] be the univariate polynomial ring, and let
M be an R-module. Then M is finitely generated torsion if and only if
it is finite-dimensional as a k-vector space. Suppose that M is finitely
generated torsion. After choosing a k-basis we may identify M with k™
for some n € Z*, and the R-module structure is determined by the k-
linear map te, which we may represent as a matrix m € My(k). The
characteristic ideal x(M) has a unique monic polynomial generator P(t),
which is nothing else than the characteristic polynomial det(t —m). (See
e.g. [CI-IS, Thm. 9.2].) This should help to explain “characteristic ideal.”
That x(M) annihilates M is a version of the Cayley-Hamilton Theorem.?

This example should serve to show that in general x(M) is measuring
something more refined than the “size” of M, since in this case the k-
dimension n sems to be a purer measure of the size of M. In general,
the length £(M) is also measuring its size (in a different way from the k-
dimension). The following exercise formalizes the fact that x(M) is “the
universal additive (on short exact sequences) invariant of M.

EXERCISE 3.14. Let R be a Dedekind domain. Show: mapping a finite length
R-module to its characteristic ideal induces an isomorphism from the Grothendieck
group of the category of finite length R-modules to the group Frac R.

EXERCISE 3.15. Let R be a Dedekind domain, and let I C J be fractional
R-ideals. Show: J/I has finite length and

x(J/I)=1J"".

EXERCISE 3.16. Show that over a Dedekind domain R, the characteristic ideal
can be computed locally: let M be a finitely generated torsion R-module. For p €

MaxSpec R, let M, := M Qg R,.
a) Show: M, is a finitely generated torsion R,-module.
b) Since Ry, is a DVR, we may write x(M,) as p** R, for some a, > 0.
Show: we have ay, = 0 for all but finitely many p € MaxSpec R, and

x(my = [ ™

pEMaxSpec R

20ne could argue that in this approach to Cayley-Hamilton, most of the content resides in
showing the equivalence of our two descriptions of the characteristic polynomial.






CHAPTER 4

Quadratic Lattices over a Dedekind Domain

1. Lattices: Basic Definitions

Let R be a Dedekind domain with fraction field K, and let V' be a finite-dimensional
K-vector space. An R-lattice in V is a finite-dimensional R-submodule A of V
that spans V as a K-vector space: the last condition is equivalent to the natural
map A ® g K — V being an isomorphism. By Proposition 3.13, every lattice A is
finitely generated projective, and conversely every rank r projective module A is a
lattice in A ®@p K.

EXERCISE 4.1. Show: R-lattices in K are precisely fractional ideals of K.

EXERCISE 4.2. Let V' be a finite-dimensional K -vector space, and let Ay C Ao
be R-lattices in' V. Let M be a subset of V' such that Ay C M C Ay. Show that the
following are equivalent:

(i) M is an R-lattice in V.
(ii) M is an R-submodule of V.

Our definition of lattice makes sense for any domain R, but for any domain R
that is not Dedekind (and not a field) there will be nonprojective lattices: indeed,
already in K itself, by the previous exercise. Over a more general domain, the
theory of R-lattices in K-vector spaces does not get very far without some further
assumptions on the underlying R-modules.

Let V be an n-dimensional K-vector space. Choose a K-basis (eg,...,e,) and
let £ := (e1,...,en)R, a free R-lattice in V. We will call the lattice £ standard.
This definition, I hope, feels slightly wrong: in what way is £ actually distin-
guished from all other free lattices in V'? It isn’t, of course.! What is happening is
a bit more subtle: to compare lattices with each other, it will help to compare to a
fixed lattice...any fixed lattice. So we fixed one.
Now let A be any R-lattice in V. Because A spans V as a K-vector space, it con-
tains some K-basis A1,..., A, of V, and then each e; is a K-linear combination of
the \;’s. Clearing denominators, there is d € R® such that for all 1 < i < n we
have that deq,...,de, is an R-linear combination of the \;’s hence lies in A. On
the other hand, let z1,...,xy generate A as an R-module. We may write each z;
as a K-linear combination of e1,...,ey, and let D be the product of all the de-
nominators of the coefficients in each of these combinations. Thus we have shown
that there are d, D € R® such that

1
2 CAC =€
(2) dECAC SE

IMoreover, the fact that £ is free will not actually be used!

55
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EXERCISE 4.3. Let A1, Ay be R-lattices in V. Show: there is d € R® such that

dA1 C Ay C 21\1-

2. Action of Autg (V) on Lattices

Again let V be a finite-dimensional K-vector space. The group Autg (V') of K-linear
automorphisms acts on the set of R-lattices in V. This is by no means surprising:
quite generally, if R is a ring and M is an R-module, then the group Autr(M) acts
on the set Subg(M) of R-submodules of M, just by g-N := {gn | n € N}. The map
g: N — gN is an R-module isomorphism. Since V' is moreover a K-module and
K is the fraction field of R, every R-linear endomorphism of V' is also a K-linear
endomorphism, so Endg (V) = Endg (V) and thus

AutR(V) = EndR(V)X = EHdK(V)X = AutK(V).

Thus Autg (V) acts on all R-submodules of V', and the action takes each submod-
ule to an isomorphic submodule, so finitely generated submodules get mapped to
finitely generated submodules.

As above, we choose a K-basis eq,...,e, of K and consider the standard lattice
& = {(x1,...,x,). This choice of basis allows us to identify Autx (V) with GL, (K).

PROPOSITION 4.1. Let V' be a finite-dimensional K -vector space with K-basis
€ly--y€n, and put £ = (e1,...,e,).
a) The orbit of GL,(K) on & is the set of all free R-lattices in V.
b) The stabilizer of £ is GL,(R).
c¢) It follows that the set of free R-lattices in K is isomorphic as a GL, (K)-
set to GL,,(K)/ GL,(R).

EXERCISE 4.4. Prove Proposition 4.1.

This is a good description of the free R-lattices in V. What about the others? Here
is an important observation

PROPOSITION 4.2. Let V be a (nontrivial) finite-dimensional K -vector space.
Then every R-lattice in V is free if and only if R is a PID.

PROOF. Lattices are finitely generated torsionfree R-modules, so if R is a PID
they are all free. Conversely, suppose that R is not a PID, so there is a nonprincipal
ideal I. Choose a basis e1,...,e, for V, and consider the lattice

A:=Re,®Rey...®Ile, 2R 1.

Then the Steinitz class St(A) is [Z], the class of I, which is nontrivial, so by Corollary
3.15 the lattice A is not free. O

Let A be any R-lattice in the n-dimensional K-vector space V. By Theorem 3.12,

there is an isomorphism
n—1
©: (@ R> ® 1 — A.

i=1
If we tensor with K we get an isomorphism

QDK:KTL—)V.
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Let ey, ..., e, be the standard basis vectors for K™, and let vq,...,v, be their im-
ages under . If I = («) were principal, then vy,...,v,_1,av, is a basis for A. If
I is not principal, then A has no basis, but we still get something rather close: A
is the direct sum of its submodules Ruvq, ..., Rv,_1, ITv,.

From this we can deduce the following:

COROLLARY 4.3. Let V be a finite-dimensional K-vector space.

a) Let Ay and Ay be two R-lattices in V. Then Ay and As lie in the same
Autg (V)-orbit if and only if they have the same Steinitz class: St(A1) =
St(Az).

b) Thus the set of Autg (V)-orbits on lattices in V' is naturally in bijection
with Pic R.

EXERCISE 4.5. Let I be a fractional R-ideal, and let n > 2. Find the subgroup
of GL,,(K) that stabilizes the R-lattice R"~' & I in K.

The above considerations also serve to motivate the following definition: if A is
an R-lattice in an n-dimensional K-vector space, then a pseudobasis for A is a
K-basis z1,...,z, for which there are fractional R-ideals ay,...,a, such that

A:alxl@...®anxn.

Above we showed that every lattice has a pseudobasis of a very particular form.
But if we take the more permissive approach, we get analogues of the Hermite and
Smith normal forms:

THEOREM 4.4. Let V be an n-dimensional K-vector space.

a) [Hermite Normal Form] Let yi,...,yn be a K-basis for V, and let A be
an R-lattice in V. Then there are x1,...,x, € V and fractional R-ideals
ai,...,a, such that

M:alxl@...@anxn

and for all 1 < j <n, we have xj € (y1,...,Y;) K-
b) [Smith Normal Form] Let A1 and Ay be R-lattices in' V. There is a K -basis
T1,...,Tn of V and fractional ideals ay,...,a,,b1,...,b, such that

Al =mr1 D...DaTy,,

Ao =b121®...0b,2,.

If for all i we put d; = aibfl, then we may further require that 91 C ... C
0., in which case the fractional ideals 01,...,0, are uniquely determined
by A1 and As.

PROOF. A future version of these notes will give a full proof. For now: a
complete proof of part b) (Smith Normal Form) can be found in [O’M, §81D].
Given this, a complete proof of part a) (Hermite Normal Form) can be found in
[Ch96]. Cohen’s article also takes an algorithmic approach that is very useful e.g.
in the case in which one wishes to do computations in number fields in the “relative
case”: i.e., when the bottom number field is not Q. [
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3. The Frohlich Invariant

Now to a pair of R-lattices Ai, As in V we will associate a fractional R-ideal
X(A2,A1). Suppose first that we have a containment A; C A of R-lattices in V.
Since Ay C dA; for some d € R®, the quotient Ay/A; is a finitely generated torsion
R-module, hence it has a characteristic ideal x(A2/A1).

In general we choose o € R® such that aA; C Ag; we put

X(A2, A1) = (@) "x(Az/ady).

EXERCISE 4.6.

a) Show that x(Aa, A1) is well-defined: it does not depend upon the choice of
o used to scale A1 inside As.

(b) If x(Aa, A1) is an integral R-ideal, does it follow that Ay C Ao ?

EXERCISE 4.7. Let I and J be fractional R-ideals, viewed as lattices in the
one-dimensional R-vector space K. Show:

x(I,J)=JIt.

(Comment: One might have expected it to come out to be IJ~1 instead. The
inversion is however clearly present in the defintiion: e.g. if I € Int R, then

X(R,I)=x(R/I)=1=1IR'.)

EXERCISE 4.8. Let A1 and As be R-lattices in the n-dimensional K -vector space
V. Then Smith Normal Form (Theorem 4.4b) supplies us with a K-basis x1,..., Ty
and fractional ideals aq,...,a,,b1,...,b, such that

A1 =T @“-@anx'ru
A2 = blxl @@bnxn
For1<i<n, put0; = aibi_l. Show:
X(AQ, Al) = 01 e Dn

PRrROPOSITION 4.5. Let A1, Ao, Ag be R-lattices in the n-dimensional K -vector
space V. Then:

a)
X(Az, A1) = x(As, A2)x(Ag, Aq).
b)
xX(Ag,Ar) = x(Ar, Ap) 7"
c) For o € K*, we have
X(Az,a1) = (a™)x(Az, Ay)
and
X(a2, A1) = (@7")x(Az2, A1).
EXERCISE 4.9. Prove Proposition 4.5.

ProproOSITION 4.6. Let V' be an n-dimensional K-vector space. Let M &
Autg (V) and let A be an R-lattice in V. Then:

(3) X(A, MA) = (det M).
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PROOF. Both sides of (3) can be computed locally, so we reduce to the case
of R a DVR. We may therefore assume that A is free: let x1,...,2, be an R-basis
for A. Then zy,...,z, is also a K-basis for V, which we may use to represent M
by a matrix in GL,,(K). Now let « € K*. Under replacement of M by aM, both
(det M) and x(A, MA) scale by (a™): the former is a well-known linear algebra fact
and the latter is Proposition 4.5¢). Thus the result holds for M if and only if it holds
for aM, so by a suitable choice of @ we may assume that M € M, (R) N GL,(K):
i.e., the entries of M lie in R and the determinant is nonzero.

The classical version of Smith Normal Form — see e.g. [C-L, Thm. 5.3.10] —
tells us that there are matrices P, Q € GL,(R) such that PMQ is diagonal. Since
det P,det @ € R*, we have (det PMQ) = (det M). Moreover, since P and @ are
bijective lienar maps we have MA = PMQA. Thus we may assume that M is
diagonal, say with diagonal entries dy,...,d, € R®*. Then MA is free with basis
diz1,...,dp2y,, so M/(MA) 2 @._, R/d;R. Moreover, since M € M,(R) we have
MA C A, so the Frohlich invariant is the characteristic ideal of the quotient:

XA MA) = X(A/MA) = XD R/diR) = (du -+ dn) = (det M). O

4. The Local-Global Principle

Again we have a Dedekind domain R with fraction field K, a finite-dimensional
K-vector space V. After choosing a basis ey, ..., e, of V, we get a standard lattice

E={e1,...,en)R.
Let A be a lattice in V. For any multiplicatively closed subset S of R, the localiza-
tion A := ST'R is an S~!R-lattice in V. For each p € MaxSpec R we put
an Ry-lattice in V. We have
ACA, CV.
Each A, is a simpler object than A: since R, is a DVR, the Ry-module A, is

free. So it is natural to ask to what exent we can study the “global” lattice A in
terms of the “package of local lattices” {A }pemaxspec r- The answer is: completely!

First of all, as a special case of Proposition 2.14 we have

A= () A

peMaxSpec R

This ensures that the mapping

L:A— {AP}PGMaXSpecR

that sends a global lattice to its local package is injective. It remains to determine
the image of L.

When n = 1 and MaxSpec R is infinite, the map £ is not surjective. Indeed,
when n = 1 a lattice is a fractional ideal I, and for each p outside the support
supp ! we have I, = R,. Conversely, if for each p € MaxSpec R we are given a

2If R is a domain with fraction field K and R C K, then GLy(R) € Mp(R) N GLy(K): the
right hand side consists of matrices with entries in R whose determinant lies in R®, while the left
hand side consists of matrices with entries in R whose determinant lies in R*.
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fractional Ry-ideal I(p) in such a way that I(p) = R, for all but finitely many
p € MaxSpec R, then there is a fractional R-ideal I such that

Vp € MaxSpec R, IR, = I(p).

Indeed, we may write I(p) = (pR,)* and our assumption is that a, = 0 for all but
finitely many p, so we may (and must!) take

I= [ e

peMaxSpec R
In order to generalize this to n > 2 we use our standard lattice &£, as follows:
THEOREM 4.7 (Local-Global Principle for Lattices). With notation as above,
let {A(p)}pespec v e a package of local lattices in V. The following are equivalent:

(1) For all but finitely many p € MaxSpec R we have A(p) = &,.
(ii) There is an R-lattice A in' V' such that A, = A(p) for all p € MaxSpec R.

When these conditions hold, the lattice A is uniquely determined: it is (\,craxspec R AP)-

PrOOF. (ii) == (i) For any R-lattice A we have A, = &, for all but finitely
many p € MaxSpec R. Indeed, by 2 there are d, D € R® such that

1
dE CAC =
ECAC Dé'
from which it follows that A, = &, for all p lying outside the support of (dD).
(i) = (ii): Put A ==\, cnmaxspec r A(P). We first observe that there are d, D € R*

such that
1
Vp € MaxSpec R, d€, C A(p) C 55,,.

For each p we can certainly find d, and D, in R® such

1
dp€y C A(p) € jpgp

and because of Condition (i) we can choose d, = D, = 1 for all but finitely many
p. Then we may take d = [[, d and D =[], Dy. It follows that

a€ = (d&, = AG) € ) 5 = 5E.
p p p

Thus A = ((A(p) is an R-submodule of V' that is intermediate between two R-
lattices, so it is an R-lattice. Let p € MaxSpec R. Since A(p) is an Ry-module
containing A, it also contains (A)r, = A,. Conversely, let 2 € A(p). Then z
lies in d&, for all but finitely many ¢, so also lies in A(q) for all but a finite set

d1,-- -, of prime ideals. There are elements fi,..., f. € R®, each prime to p such
that = € %A(qz) for all 4. (Indeed, by The Chinese Remainder Theorem, for each

1 <4 < r there is an element m; € R such that vy, (m;) = 1 and vy(m;) = 0, and we
may take f; to be any sufficiently large power of m;.) Then f := f;--- f, is prime
to p and fa € (), A(q) = A. It follows that z € %A C Ap. Thus A(p) = A,. O
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5. Lattices in a Quadratic Space

5.1. Bilinear Forms on a Vector Space. Let K be a field, and let V be a
finite-dimensional K-vector space. A bilinear pairing on V is a map

():VxV—>K
such that
Vr,y,z €V, Va € K, (ax +y,2) = oz, 2) + (y, 2)
and
Va,y,z € V, Va € K, (z,ay + z) = alz,y) + (z, 2).
Because of this, we get induced mappings
OV VY, Fop(z) v (2,)): V = K,
Op:V VY Og(x)— (,1):V = K.

Because V is finite-dimensional, we have V'V & V', so @, is injective if and only if
it is surjective if and only if it is an isomorphism. When these equivalent conditions
hold, we say that the bilinear form is left-nondegenerate. Similarly, we say that
the bilinear form is right-nondegenerate if ®p is an isomorphism (equivalently,

is injective, equivalenty, is surjective).

Let eq,...,e, be a K-basis for V. Using this basis we define the Gram matrix of
(+,-): it is the matrix G € M,,(K) with (¢, 7) entry G(3, j) = (e;, €;).

EXERCISE 4.10. Using the basis ey, ..., e, we identify V with K™. Show: for
all v,w € K™ we have
(v,w) = vT Gu.

Thus the Gram matriz of a bilinear form completely determines the bilinear form.

ProprOSITION 4.8. With notation as above, the following are equivalent:
(i) The bilinear form (-,-) is left-nondegnerate.

(ii) The bilinear form (-,) is right-nondegenerate.

(ili) The Gram matriz G is nonsingular: det G # 0.

Proor. We will identify V' with K™ using the basis e1,...,e,.
Suppose first that G is singular, so there is 0 # w € K™ such that Gw = 0.
Then for all v € K™ we have

(v,w) =vTGw =vT0=0,

so w is a nonzero element of ®x and thus the bilinear form is right-degenerate.
Also det GT = det G = 0, so there is a nonzero v € K™ such that GTv = 0, so

0= (GTv)T =7aq,
from which it follows that for all w € K™ we have
0=0v"Guw = (v,w),

S0 v is a nonzero element of ®;, and the bilinear form is also left-degenerate.

Next suppose that G is nonsingular. Then for all nonzero w € K™ we have that
Gw is nonzero; if i is a nonzero component of Gw then (e;, w) = el (Gw) # 0, so w
does not lie in the kernel of ®r and thus the bilinear form is right-nondegenerate.
And again, GT is nonsingular, so for all nonzero v € K™ we have that GTv is
nonzero, hence vI'G = (GTv)T is nonzero; if j is a nonzero component of v'G
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then (v, e;) # 0, so v does not lie in the kernel of ®;, and thus the bilinear form is
left-nondegenerate. ([

The proof shows that we can just say nondegenerate or degenerate; there is no
need to distinguish between left and right. Synonyms here include regular and
nonsingular.

EXERCISE 4.11. Let K be a field. Fori=1,2, let (V;,(-,-);) be a bilinear form
on a finite-dimensional K -vector space. Put
V=Viel,
and define
() VXV K
by: for x1,y1 € V1 and zo,ys € Vo,
((z1,22), ((y1,42)) = (x1,y1)1 + (22, Y2)2.
We call V the orthogonal direct sum of the bilinear spaces Vi and Vy.3
a) Fori=1,2, let B; be a K-basis for V;. Viewing V1 and Va2 as subspaces
of V wia v1 = (v1,0) and vy — (0,v2), B :== By U By is a K-basis for V.
Fori=1,2, let G; be the Gram matriz for (-,-); with respect to the basis
B;. Show that the Gram matriz for (-,) is the block diagonal matriz

Gy 0
0 Go |-

b) Deduce: V is nondegenerate if and only if both Vi and Vs are.

EXERCISE 4.12. Show that for a bilinear form (-,-) on a finite-dimensional
K -vector space V, the following are equivalent:
(i) The bilinear form is symmetric: for all x,y € V we have (x,y) = (y, x).
(ii) The Gram matriz G is symmetric: GT = G.

If we have a nondegenerate bilinear form (-,-) on a finite-dimensional K-vector
space V, then to a K-basis ei,...,e, we attach the dual basis e!,...,e" of V

characterized by:
. 1 2=71
VL<ij <, (enel) =0(i,]) = S
0 otherwise
One way to see the existence is to take e',...,e™ to be the images of the dual
basis €Y, ..., ey of V¥ under the isomorphism ®3' : VV — V. The uniqueness is

immediate from the nondegeneracy.

Although we could continue to develop the theory of not-necessarily-symmetric
bilinear forms, in all of our applications we will have a symmetric form, so let us
impose that condition now. In this case there is an associated quadratic form

q:V = K, q(z) = (z,z).
When the characteristic of K is not 2, one can recover the bilinear form from the
associated quadratic form g, so the two structures are equivalent. We don’t actually

need to discuss this, but just mention it because one often speaks of the structure
(V,{(-,-)) as a quadratic space (rather than as a symmetric bilinear space).

30ther common terminology: orthogonal sum.
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5.2. Bilinear Forms on a Free Module. Now suppose that in place of a
field K we take a commutative ring R, and in place of a finite-dimensional K-
vector space we take a finitely generated free R-module M. Then some of the
above discussion goes through verbatim: namely, the definition of an R-bilinear
form (-,-) : M x M — R is a map that is R-linear in each variable for each fixed
value of the other variable. And again, a choice of a basis e1, ..., e, for M gives us
a Gram matrix

Ge(z’j) = <eiaej>'
Note that we have put a subscripted “e” on G to remember the dependence on the
basis; this will be further discussed shortly.

However, the notion of degeneracy becomes more complicated here: if R is
not a field, then an R-linear endomorphism of R™ can be injective without being
surjective: e.g. take R = Z; then multiplication by 2 on Z™ is injective but not
surjective. It is still true that a surjective R-linear endomorphism must be an iso-
morphism [CA, Thm. 3.45]. So we need more careful terminology: we say that
the pairing is left-nondegenerate (resp. right-nondegnerate) if the associated
map ®7, : M — MY (resp. Pg: M — M) is an injection. We say that the pairing
is left-perfect (resp. right-perfect) if ®;, (resp. ®r) is an isomorphism.

At least in the case where R is a domain, it is not so hard to sort this all out:

PRrROPOSITION 4.9. Let R be a domain, let M be finitely generated, free R-
module, and let {-,-) : M x M — R be a bilinear form. Letey,..., e, be an R-basis
for M.

a) The following are equivalent:
(i) The pairing is left-nondegenerate: ®p, : M — M.
(ii) The pairing is right-nondegenerate: ®r : M — M.
(iii) The Gram matriz G (with respect to eq,...,e,) has nonzero deter-
minant.
b) The following are equivalent:
(i) The pairing is left-perfect: ®r : M = M.
(ii) The pairing is right-perfect: ®g : M = M.
(iii) We have det G, € R*. (In other words, G, € GL,(R).)
(iv) There are elements el,... e" of M such that:

V1<i,j<n, (ee’)=0d(ij).

PROOF. a) The proof in the case where R is a field still works to show this.
b) (ii) < (iv): Again, if ®p is an isomorphism then we take e/ to be @gl(ey).

Conversely, if el ..., e" satisfy (iv) and £ € MV is an R-linear functional, then
Vo €V, () = (z,0(e1)e! 4+ ...+ Le,)e™).
(Indeed, both sides agree at = ey, ..., ey, so they are equal.)

(iv) = (iii): If (iv) holds, then let H € M, (R) be the matrix with jth column e’.
Then one can check that H is the inverse of the Gram matrix G, so det G, € R*.
(iii) = (ii): Similarly, if det Ge € R* then G. is invertible; if H is its inverse,
then we can take e’ to be the jth column of H.

(i) <= (ii): Similarly to the above, left-perfection holds if and only if G7 is
invertible. The adjugate equation G.GL = (det G.)I,, shows that this happens if
and only if G, is invertible if and only if right-perfection holds. O
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In particular we don’t need to say left-perfect or right-perfect, so we won’t: we will
just say perfect. We may also say unimodular, referring to the fact that the
determinant of the Gram matrix is a unit in R.

Our next order of business is to examine what happens to the Gram matrix when
we change the basis: let fi,..., f, be another R-basis for M, and let P € GL,(R)
be the change-of-basis matrix, i.e., the unique matrix such that Pe; = f; for all
1 <i < n. Let G¢ be the Gram matrix for ey, ..., e, and Gy be the Gram matrix
for f1,..., fn. Then:

V1 <i,j <n, (fi,f;) = (Pei, Pe;) = (Pe;)TG.(Pe;) = el PTG, Pe;.
This shows that
Gy = PTG.P.
Taking determinants, we get
det Gy = det(PTG.P) = det(G,)(det P)%.

Since P € GL,(R), we have det P € R*. This shows that the “determinant” of
(-,-) is not well-defined — it depends on the choice of basis — but the class of the
determinant in R/R*? is well-defined. We call this class the discriminant &(M)
of the bilinear module (M, (-, -)).

5.3. Bilinear Lattices. We now wish to expand the definition of a bilinear
lattice in two ways.

First let A be a finitely generated free R-module, which we view as an R-lattice in
Vi=A®prK. Let (-,-) : VxV — K be a K-bilinear form. Then if we restrict
(,) to A, we do not necessarily get an R-bilinear form because we may not have
(A, A) C R. If this occurs we say that the lattice is integral with respect to the bi-
linear form. But it can be natural and useful to consider the case of not necessarily
integral lattices in bilinear spaces. A little thought shows that in this case, associ-
ated to any R-basis eq,...,e, of A we still have a Gram matrix G, which however
now lies in M,,(K) (and in GL,(K) iff the bilinear form is nondegenerate). The
above discussion about change of R-basis goes through verbatim. In particular, we
still have a well-defined notion of discriminant here: the discriminant is 0 iff the
bilinear form is degenerate; otherwise the discriminant is a well-defined element of
K*/R*, so in particular defines a principal fractional idea 0.

Our final generalization is probably not surprising. Namely, suppose that we have
a symmetric bilinear form (-,-) on a finite-dimensional K-vector space V and that
we have a (projective, but) not necessarily free R-lattice A in V. Again we define
A to be integral if (A, A) C R. We say that A is maximal if it is integral and not
strictly contained in any other integral lattice in V.

What is clear is:

EXERCISE 4.13. Let (-,-) be a bilinear form an a finite-dimensional K -vector
space V.
a) Show: being integral for (-,-) is a local property of lattices: A is R-integral
if and only if A, is Ry-integral for all p € MaxSpec R.
b) Show: being mazximal for (-,-) is a local property of lattices: A is mazimal
if and only if A, is mazimal for all p € MaxSpec R.
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¢) Show: for any bilinear form (-,-) on a finite-dimensional K -vector space
V', there is an integral R-lattice in V.

We would naturally next like to show that every integral lattice in a bilinear space
V' is contained in a maximal lattice. It may at first seem that this is a standard
Zorn’s Lemma argument, but that is not quite true. Notice that if R C K then if
we ignore the bilinear form there are no maximal R-lattices in V: if A € £(V') and
D € R*\ R* then A C L A. The proof that every integral lattice in a nondegener-
ate K-space is contained in maximal lattice uses the next key concept that we now
define, namely the discriminant.

Let A be an R-lattice in the bilinear space (V,(-,-)). If the bilinear form is de-
generate, we put (A) := 0; now we assume that the bilinear form is nondegenerate.
Then, as always when we are working with fractional ideals in a Dedekind domain,
we may proceed locally: let p € MaxSpec R, and look at the Ry-lattice A, in V.
Since R, is a DVR, this is is a free lattice, so has a discriminant, which is a frac-
tional Rp-ideal, which we may identify with p% ) for some well-defined &, (A) € Z.
We then wish to define
JOVE |

peMaxSpec R
but there is one thing to check: that 6,(M) = 0 for all but finitely many p. We
can see this as follows: take any K-basis eq,...,e, for V, and define £ to be the
“standard” lattice
E={e1,...,en).

Then there is a finite subset S of MaxSpec R such that for all p € MaxSpec R\ S,
we have & = A,, so it suffices to show that 6(€,) = R, for all but finitely many
p € MaxSpec R\ S. For all such p, §(&,) is the determinant of the Gram matrix G,
with respect to the basis eq, .. .,,. Since the bilinear form is nondegenerate we have
det G, # 0, and it then follows that for all but finitely many p € MaxSpec R\ S we
have that G € GL,,(Ry), so §(&) = Ry.

EXERCISE 4.14. Let R be a Dedekind domain with fraction field K. Fori=1,2,
let V; be a finite-dimensional K-vector space endowed with a bilinear form {-,-);.
Let V :=V; @ V; be the orthogonal direct sum of the biilnear spaces Vi and Vo (cf.
Ezercise 4.11). Fori=1,2, let A; be an R-lattice in V;.

a) Show: A=Ay ® Az is an R-lattice in V.
b) Show: §(A) = 6(A1)d(A2).

It is also possible to give a “global” definition of the discriminant. For this, we first
observe that for any n-tuple of elements 1, ..., x, in a symmetric K-bilinear space
(V,{-,-)) we may define the discriminant

3z, .., x,) = det(x;, ;).

EXERCISE 4.15. With notation as above, show:

a) If the space is degenerate, then §(x1,...,2,) =0 for all x1,...,x, € V.
b) If the space is mondegenerate, then for xi,...,x, in V, we have that

0(x1,...,xn) Z0iff x1,..., 2, is a K-basis for V.

Now we can give our global definition of the discriminant:
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ProproOSITION 4.10. Let R be a Dedekind domain with fraction field K, let
V' be a finite-dimensional K -vector space equipped with a symmetric bilinear form
(,+), and let A be an R-lattice in K. Let D be the fractional R-ideal generated by
(z1,...,xn) as x1,...,T, Tanges over all n-tuples of elements of A. Then

0(A) = D.
EXERCISE 4.16. Prove Proposition 4.10.

EXERCISE 4.17. Let (V,{(-,-)) be a finite-dimensional K-vector space equipped
with a nondegenerate bilinear form.

a) Show: if A is an integral lattice, then disc(A) is an integral ideal of R.
b) Let {(-,-) be the standard inner product on K? (in other words, the “dot
product”; in other words, the bilinear form whose Gram matriz is the
identity). Suppose R is not a field, and let d € R*\ R*. With e; = (1,0)
and es = (0,2), put
A:=de; ® %62.
Show: A is not integral, but disc A = R.

THEOREM 4.11. Let (V,(-,-)) be a nondegenerate bilinear K -vector space, and
let A1, Ay € L(V) be two R-lattices in V. Then:
a) We have §(A1) = §(As)x (A1, Ag)?.
b) If Ay C Ay, then §(As) = §(A1)a? for an ideal a of R.

PROOF. Once again both sides can be computed locally, so we may assume
that R is a DVR, so A; and A, are free R-lattices. Let x1,...,z, be an R-basis for
Ay and y1,...,yn be an R-basis for Ag, and let P € GL,,(K) be such that y; = Px;
for all .. Let G; be the Gram matrix for the basis z1,...,z, and let G be the
Gram matrix for the basis y1,...,¥,. Then Go = PTG P, so

(4) 5(As) = (det P)*5(Ay).

Moreover we have Ao = PAq, so by Propositions 4.5 and 4.6 we have

(5) X(A1,A2) = x(A1, PAy) = (det P).

Combining (4) and (5) we get part a). Part b) follows: indeed a = x (A1, Az), which
is an integral ideal since Ao C Aj. O

COROLLARY 4.12. Maintain the notation of Theorem 4.11. Let A be an integral
R-lattice in V. Then A is contained in a mazimal R-lattice in V.

Proor. If Ay C A is a proper containment of integral R-lattices in V', then
Theorem 4.11b) gives a proper containment of integral R-ideals disc A1 C disc As.
Thus the ascending chain condition on ideals of R (which holds: R is Noetherian!)
implies the ascending chain condition holds on integral R-lattices in V. ]

EXERCISE 4.18. Let (V,{(-,-) be a degenerate quadratic K-vector space. Show:
there is an integral R-lattice in V that is not contained in any mazimal R-lattice.

EXERCISE 4.19. Let (-,-) be a nondegenerate symmetric K-bilinear form on a
finite-dimensional K -vector space V', let A be an R-lattice in V', and let 6 € Frac R
be the discriminant of A.
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a) Let [0] be the class of § in Pic R. Show that [0] is a square: i.e., there is
I € Frac R such that [§] = [I)2.
b) Let St(A) be the Steinitz class of A. Show:

[6] = St(A)2.

EXERCISE 4.20 (Compability of Discriminants with Localization). Let R be a
Dedekind domain with fraction field K, and let S C R be a multiplicatively closed
subset. Let (V,{-,-}) be a bilinear K-space, and let A be an R-lattice in V, with
discriminant dn € Frac R. Then S™'A is an S™'R-lattice in V, with discriminant
dg-15 € FracST'R. Let 1 : R < ST'R be the localization map. For I € Frac R, we
have that S™'I € Frac(S™'R). Show:

dg-15 = S_l(SA.

6. Dual Lattices

Throughout this section: R is a Dedekind domain with fraction field K, and a
quadratic K-space is a finite-dimensional K-vector space V equipped with a
nondegenerate symmetric bilinear form (-,-) : V x V — K.

To an R-lattice A in a K-bilinear space we may attrach its dual lattice
AN ={z eV |(z,A) CR}.

We will show shortly that A* is actually an R-lattice in V', but first of all we observe
that A* is certainly an R-submodule of V.

EXERCISE 4.21. FEquip K itself with the bilinear form (x,y) = xy. Let I €
Frac R. Show: I* = I~1.

EXERCISE 4.22. Let A,A1,Ay € L(V) and let a € K*.
a) Show: (aA)* = LA*,

T«

b) Show: A C A**.
c) Show: Ay C Ay = A5 C A7

PROPOSITION 4.13. Letey, ..., e, be a K-basis for V, and put € :== (e1,...,en).
Let €, ..., e, be the unique elements of V such that for all 1 < i,5 < n we have

’r n

(ei,el) = 6(i,j). Then £ = (... e")g is a free R-lattice.

PrOOF. As we know, the R-span of any K-basis of V' is a free R-lattice, so it
suffices to show that £* = (e!...,e"). Half of this is immediate: for all 1 < j <n
we have (A, el) € {(e;,el) | 1 <i<n)r=R,so0 {el,...,e") C E*. Conversely, let
v € E* and write v = Z;L:lajej for ay,...,a, € K. For all 1 <7 <n we have

n
a; = (ei,Zajej) = (e;,v) € R,
j=1

sov € {(el,...,e"g. O

THEOREM 4.14. Let A be an R-lattice in V. Then A* is an R-lattice in V that
is isomorphic as an R-module to AV := Hompg (A, R).
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PROOF. Step 1: We can choose free R-lattices & and & such that
E1 CACE.
By Exercise 4.22 we have
E C A C &

By Proposition 4.13, both & and &5 are (free) R-lattices; since A* is an R-
submodule, by Exercise 4.2, also A* is an R-lattice in V.
Step 2: We define a homomorphism of R-modules

0: A =AY,z (m— (z,m)).

We claim that the R-module homomorphism
YA SV, fe Y flee
i=1

is the inverse of ¢. First we need to check that for all f € AV we have ¥(f) € A*,
so let f € AV and let m = Z;”Zl mje; € A. Then

(W(f),m) = <Z f(ei)eé,ijej) = f(m) € R.

Now let © =Y | x;e} € A*. Then

n

Up@) = Y pla)(e)e; = Y (e = 3 aich = .

i=1
If f €AY and m =377 mje; € A then

n n n

p(())(m) = (Y flea)er)(m) =Y (flei)el, Y mye;) = f(m). O

i=1 i=1 j=

EXERCISE 4.23. Let A be a lattice in a quadratic K-space. Recalling that St M
is the Steinitz class of a finitely generated R-module, show:

St A* = (StA)~L.
EXERCISE 4.24. Fori=1,2, let (V;,{(-,-):) be a quadratic K-space.

a) Show: (-,-)1 + (-,-)2 defines a nondegenerate K -bilinear pairing on V =
Vi Vs.

b) For i = 1,2, let A; be an R-lattice in V;. Show: A = Ay & Ay is an
R-lattice in V and A* = A} @ A3,

LEMMA 4.15. Let (V,(-,-)) be a quadratic K-space, and let A € L(V). Let S
be a multiplicative subset of R. Then

(S7TA)* = STTA"

EXERCISE 4.25. Prove Lemma 4.15.

PROPOSITION 4.16. Let A be a lattice in the quadratic K-space (V,(-,-)). Then
A = A,
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PRrROOF. By Exercise 4.22c) we have A C A**. By Proposition 2.13 it suffices
to check the equality after replacing R by R, for each p € MaxSpec R, so we reduce
to the case in which A is free. In view of Proposition 4.13 this comes down to the
(immediate!) fact that if eq,...,e, is a K-basis of V with dual basis e!,..., e",

then the dual basis of e!,...,e" is e, ..., en. O

There is an important relation among the discriminant, the dual lattice and the
Frohlich invariant:

COROLLARY 4.17. Let (V,(-,-)) be a quadratic K-space. If A € L(V), then:
6(A) = x(A", A).

PRroOF. This equality of fractional ideals can be checked locally, so we may
assume that R is a DVR. Then A is free with basis (ey,...,e,) and A* is free with
basis (e!,...,e") such that {e;,e’) = §(i,j). Let us use el,...,e" to identify V
with K. We may then define a matrix M = M (i,5) € GL,(K) by

V1l <i<n, 6i:ZM(k,i)ek
k=1

and then we have
A= MA™,
so using Proposition 4.6 we get
X(A*, A) = x(A*, MA™) = (det M).
On the other hand, for all 1 <i,jgf < n we calculate

(eire) = (O M(k,i)e*, e;) = M(4, ).
k=1

This shows that if G is the Gram matrix for A with respect to ey, ..., e,, then
G=MT,
SO
X(A*,A) = (det M) = (det MT) = (det G) = 5(A). O

EXERCISE 4.26. Let A be a lattice in the quadratic K-space (V, {(-,-)).
a) Show: A is integral if and only if A C A*.
b) Show: A = A* if and only if A is integral and disc(A) = R.
(Ezxercise 4.17 shows that the second condition does not imply the first.)

I want to end this chapter with some “fancy” remarks that are motivated by Ex-
ercise 4.19. In the next chapter we will introduce the standard ANT1 setup: we
have a Dedekind domain A with fraction field K and a finite degree sparable field
extension L/K, and we take B to the integral closure of A in L. Then the trace
form (to be studied in detail) on B/A defines a nondegenerate quadratic form
(z,y) = Trace(zy) on L. Using this we can define the discriminant dp,4 as the
discriminant of the A-lattice B with respect to the trace form. In the classical
case A = Z, the discriminant is a principal ideal because Z is a PID. However, in
general — even for a relative extension of number fields — the discriminant ¢ is a not
necessarily principal integral A-ideal, and then Exercise 4.19 applies to show that
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its class in Pic A is a square.
We will see later that B* is a fractional B-ideal, whose inverse

Apja=(B*)™"

is an integral B-ideal, called the different ideal. As we will see, it is deeply related
to ramification in the extension B/A. When K is a number field, it is a theorem
of Hecke from circa 1923 [He, Satz 176, p. 261] that the class of the different ideal
Apsa in Pic B is a square. This deep result raises the question of whether the
squareness [Ap /4] in Pic B holds in the standard ANT1 setup: i.e., for the integral
closure of an arbitrary Dedekind domain in a finite degree separable field extension.
The answer is negative, as was shown later by Frohlich, Serre and Tate [FST62].

Their example is of an arithmetic geometric character, and indeed the paper
[FST62] is a must-read for those interested in the arithmetic of algebraic curves. It
is slightly over one page long. Let me say just a little bit about their construction
with the hope of tempting you to read it: they show that for an perfect field k and
any nice genus zero curve C/;, without k-rational points and containing a closed
point P of degree divisible by 4 — these hypotheses are satisfied e.g. for the conic

Cro: X*+Y?+22=0,
one can take B to the the affine coordinate ring k[C' \ {P}]. By a version of the
Noether Normalization Theorem [CA, Thm. 14.24], there is a k-subalgebra A of B
that is isomorphic to k[t] and such that B is finitely generated as an A-module. It
follows that B is the integral closure of A in L := k(C). If A is the discriminant of
B/A, then it is actually an easy consequence of the Differential Pullback Theorem
[AC, Thm. 3.18] that A cannot be a square in Pic B.

In the above construction there is a lot of latitude in the choice of k, but it will
not work to choose k finite, since genus 0 curves over a finite field necessarily have
k-rational points. The authors of [FST62] raise the question of whether Hecke’s
Theorem continues to hold when A is the affine coordinate ring of a nice affine
curve over a finite field (this is well-known to be the closest function field analogue
of the number field case). This was shown affirmatively by Armitage [Ar67], who
also gives a new proof of Hecke’s theorem in the number field case.

Some further algebraic number theory of differents, discriminants and Steinitz
classes is given in [Sc13].



CHAPTER 5

Algebraic Number Theory in Dedekind Domains

1. Etale Algebras

Let k be a field. In this section, by a “k-algebra” we mean a commutative ring A
that contains k as a subring and is finite-dimensional as a k-vector space.

EXERCISE 5.1. Let k be a field, and let f,g € k[t] be polynomials, not both 0.
By the ged of f and g we mean the monic generator of the ideal (f,g). Let I/k be
a field extension. Show that ged(f,g) as computed in k[t] is the same as ged(f,g)
as computed in U[t].

EXERCISE 5.2. Let k be a field, and let f € k[t] be a nonzero polynomial. Let
f! beits “formal” derivative. We say f is separable if gcd(f, f') = 1.

a) Suppose [ € k[t] is irreducible. Show: f is separable if and only if f' # 0.

b) Show: f is separable if and only if it is squarefree (there is no irreducible
polynomial p such that p? | f) and every irreducible factor of f is separable.

c) Let l/k be a field extension. Show: if f € k[t], then f is separable if and
only if [ is separable when regarded as a polynomial over [.

d) Suppose k is algebraically closed. Show: f is separable if and only if it is
a product of distinct linear factors.

e) Let K/k be an algebraically closed extension field. Show: f is separable if
and only if f splits into distinct linear factors in K.

Recall that an algebraic field extension [/k is separable if for all € [, the min-
imal polynomial of = over k is separable.! This holds if and only if every finite
degree subextension of I/k is separable. A field k is perfect if every algebraic
field extension I/k is separable. If k is a field of characteristic 0, then for every
f € klt] of positive degree, we have deg(f’) = deg(f) — 1, so Exercise 5.2 implies
that every irreducible polynomial in k[t] is separable and thus every algebraic field
extension is separable: thus fields of characteristic 0 are perfect. It turns out that in
characteristic p > 0, a field k is perfect if and only if the Frobenius endomorphism

Fr:k—k, x—2a?

is surjective [Cl-FT, Prop. 5.3]. Half of the proof goes as follows: if there is x € k
that is not a pth power in k, then the polynomial

f=1t" —xeklt]

turns out to be irreducible [CI-FT, Lemma 9.20]. Evidently we have f’ = 0, so
f is not separable, and thus k:(:rl/ P)/k is an inseparable degree p field extension.

n more advanced field theory one defines separability of transcendental field extensions as
well: see e.g. [CI-FT, §12.4]. This concept is useful when studying algebraic curves, but it will
not come up in this text.

71
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Alternately, we observe that if 2!/? is a pth root of x in an algebraic closure of k,
then

f:tp—ac:(t—xl/p)p,

so f has a single root of multiplicity p.

It is clear that the Frobenius map is surjective when k is finite or when k is alge-
braically closed, so these fields are perfect. The simplest example of an imperfect
field is a rational function field k(¢), where k is any field of characteristic p. Then ¢ is
certainly not a pth power in k(¢): every 5 € k(t)* has a degree deg(f)—deg(g) € Z,
and deg(zy) = deg(z) + deg(y), so deg(fP) = pdeg(f). Since deg(t) = 1 and 1 is
not a multiple of p, the element ¢ is not a pth power, and thus k(t'/?)/k(t) is an
inseparable field extension.

Let k be a field. An étale k-algebra is a finite dimensional commutative k-algebra
[ that is isomorphic to []\_; l; where each [;/k is a finite degree separable field
extension. The dimension of an étale algebra is its dimension as a k-vector space.

LEMMA 5.1. Let A be a finite-dimensional commutative k-algebra. The follow-
ing are equivalent:

(i) A is reduced.
(ii) A is a finite product of finite degree field extensions of k.

PRrROOF. (i) = (ii): The descending chain condition holds on k-submodules
of A, hence on A-submodules of A: A is Artinian. By Theorem 2.5 there are local
Artinian rings (v;,m;)7_; such that A = []'_, v;. Since A is reduced, so is each t;.
Since m; is the nilradical of v; we have m; = 0 for all ¢, and thus ¢; is a field.

(i) = (i): Fields are reduced, and any product of reduced rings is reduced. O

EXERCISE 5.3. Show that for a field k, the following are equivalent:
(i) k is perfect.
(ii) A finite-dimensional commutative k-algebra A is étale if and only if it is
reduced.

We say that a k-algebra A is monogenic if there is £ € A such that the k-
subalgebra of A generated by x is A itself. Evidently a k-algebra is monogenic if
and only if it is a quotient of k[t]. Recall that every finite degree separable field
extension if monogenic: the Primitive Element Corollary [C1-FT, Cor. 7.3]. Does
this monogenicity hold for separable k-algebras that are not fields? Let’s see:

EXERCISE 5.4. Let k be a field, and let | = k[a] be a field extension of degree
2 < d < Ng. Let G be the set of generators of | as a k-algebra: that is, the set of
B €l such that k[5] = 1. Show: G is infinite if and only if k is infinite.

EXERCISE 5.5. Let k be an infinite field, and let A = [[;_,1; be an étale k-
algebra. By the Primitive Element Theorem, for 1 < i < r, there is a monic
irreducible polynomial f; € k[t] such that k[t]/(fi) = ;.

a) Suppose that the polynomials f1,..., fr are pairwise distinct. Show that
AXE[t]/(f1-- fr) and thus A is monogenic.

b) Use the previous exercise to show that we can always choose the polyno-
mials f1,..., fr to be pairwise distinct.
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EXERCISE 5.6. Let g be a prime power, and let A =Ty, viewed as an étale F,-
algebra. Let N € Z, and suppose we have a surjective F,-algebra homomorphism

@:Fq[tl,...7t1\[] — A.

a) Let I = (1] — t1,...,t% — tn). Show that I C Keryp, so ¢ induces a
surjective IFy-algebra homomorphism

@IFq[tl,...,tN]/I% A.

b) A monomial t{* ---t3F is reduced if a; < q for all1 <i < N. A polyno-
mial g € Fylt1,...,tn] if it is an Fy-linear combination of reduced mono-
mials. Show: the number of reduced polynomials is qu.

c) Show: for all f € Fy[t1,...,tn] there is a reduced polynomial g such that
f—ge€l. Deduce:

N

B[ ] /T < g
d) Deduce: ¢"¥ > r.

EXERCISE 5.7.
a) In the notation of Exercise 5.6, show that there is an F,-algebra isomor-
phism Fylt1, ..., tN]/1 = IFZN.
b) Show: the minimal number of generators for ¥y, as anF4-algebra is [log, (r)].
EXERCISE 5.8. For a field k, show that the following are equivalent:
(i) Pvery étale k-algebra is isomorphic to k™ for some n € ZT.
(ii) The field k is separably closed.
For a k-algebra A and a field extension [/k, we may “extend scalars” to get
A= ARy,
which is an l-algebra.

EXAMPLE 5.2. We consider C as an R-algebra. Then

Cc=C®rC=R[t]/#*+1)®r C=ZC[t]/{#*+1)

= C[t/((t +V=1)(t —/—1)) = C[t]/(t + V1) x C[t]/(t — vV/—1) = C x C.

Notice that C is a field but its scalar extension Cc is not. However, Cc is still an
étale C-algebra.

Example 5.2 suggests that the class of étale K-algebras behaves better under ex-
tension of scalars than the class of separable field extensions. This is true: our
next major result is that for a k-algebra A and a field extension I/k, A is an étale
k-algebra if and only if A/, is an étale [-algebra. If this is true, then we can check
whether a k-algebra A is étale by extending scalars to the algebraic closure k, where
according to Exercise 5.3 it suffices to check whether Ay is reduced. In fact we will
establish this consequence first and use it to prove that if A/ is étale then so is A.

PROPOSITION 5.3. Let k be a field, let Ay, be a k-algebra, and let I/k be a field
extension. If A is an étale k-algebra, then A, = A ®y [ is an étale l-algebra.
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PrROOF. A finite product of étale algebras is an étale algebra, so we may assume
that A/k is a finite degree separable field extension. By the Primitive Element
Corollary we have A = k[t]/(f) for some monic separable polynomial f, and then

A = E[t]/(f) @ L2 1]t/ (f).

By Exercise 5.2, the polynomial f € [[t] remains separable and factors as f; - - - f
for distinct monic separable fi,..., fr. The Chinese Remainder Theorem gives

A =1[t/(f) = Hl[t]/(fi)’

so A; is a separable [-algebra. O

THEOREM 5.4. Let k be a field, and let A be a finite-dimensional commutative
k-algebra. The following are equivalent:

(i) A is an étale k-algebra.
(ii) For every algebraically closed field extension K/k, the ring Ax = A®y K
s reduced.
(iii) There is an algebraically closed field extension K/k such that the ring Ak
is reduced.

PROOF. (i) = (ii): Suppose that A is étale, and let K/k be an algebraically
closed field extenion. By Proposition 5.3 we have that A, is étale, hence reduced.
(ii) = (iii) is of course immediate.

(iii) = (i): By contraposition, it suffices to show that if A is not étale and K/k
is an algebraically closed field extension, then Ay is not rediuced. Since A is a
commutative Artinian ring, it is a finite product of local Artinian k-algebras, so
because A is not étale, either is A is not reduced or it is a finite product of finite
degree field extensions, one of which is inseparable. We take the two cases in turn:
e Suppose A is not reduced. Since A is a subring of Ak, also Ag is not reduced.
o If A= B x C is a product of two k-algebras and By is not reduced, then also
Ak = Bg x Ck is not reduced. So we may suppose that A/k is a finite degree
inseparable field extension. Let x € A be an element with inseparable minimal
polynomial, so k(z)/k is a monogenic inseparable subalgebra of A. Then k[z|x is
a subalgebra of A, so it is enough to show that k[z]x is not reduced. If f € k[t]
is the minimal polynomial of x, then

klz]e = K[t]/(f)-
By Exercise 5.2d), we may write f = [[,_, (¢t — o;)® with distinct aq,...,a, € K
and eq,...,e, € Z* with e; > 2. By the Chinese Remainder Theorem, we have

T

K[t)/(f) = K[t]/(t — 1) x K[t)/([](t — a:)*).

i=2
Then ¢t —«; is a nonzero nilpotent in K[t]/(t—a1), so K[t]/(f) is not reduced. O

COROLLARY 5.5. Let k be a field, and let A be a finite-dimensional commutative
k-algebra. Then:
a) If A is an étale k-algebra, then so is every k-subalgebra of A.
b) Let l/k be any field extension. If A; is an étale k-algebra, then A is an
étale k-algebra.
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PROOF. a) Let B be a k-subalgebra of A. If K is any algebraically closed field
containing k, then Ay is reduced, hence so is its subring Bk, so B is an étale
k-algebra.

b) Let K be an algebraically closed field extension of I. Since A; is etale, Ak is
reduced. Since K is also an algebraically closed field extension of k£, we conclude
that A is an étale k-algebra. O

THEOREM 5.6. Let A be a finite-dimensional commutative k-algebra. Consider
the following conditions:

(i) A is an étale k-algebra.

For all o € A, the minimal polynomial f € k[t] of « is separable.
For every field extension l/k, the l-algebra A; == A ®y 1 is reduced.
For every field extension l/k, the l-algebra A; is a product of fields.
We have A = k[t]/(f) for a separable polynomial f € klt].

a) We have (v) = (i) <= (ii) <= (i) <= ().
b) If k is infinite, then (i) = (v).

PROOF. a) (v) = (i): We may assume without loss of generality that f is
monic. A monic separable polynomial f is a product of distinct irreducible monic
separable polynomials: f = g7 -+ g,. By the Chinese Remainder Theorem we have

A=Ek[tl/(f) = Hk[t]/(gi),

and each k[t]/(g;) is a separable field extension of k, so A is an étale k-algebra.

(i) < (iii): If A is étale, then by Theorem 5.4 we have A ® K is reduced for
every algebraically closed field extension K. Because if [/k is a field extension with
algebraic closure K we have A®,l — A®y K, also A®y 1 is reduced, so (iii) holds.
The converse follows directly from Theorem 5.4.

(i) = (ii): Suppose that for 1 < ¢ < r, we have a finite degree separable
field extension /;/k such that A = [[/_; A;. Let a = (a1,...,,) € A. Since
subextensions of separable field extensions are separable, for all 1 < ¢ < r the
minimal polynomial f; € k[t] of «; is separable. Then the minimal polynomial of «
is the least common multiple of f1,..., f, and the least common multiple of finitely
many separable polnomials is separable.

(i) = (iii): First, A must be reduced: the minimal polynomial of a nonzero
nilpotent element is t* for some k& > 2, which is not separable. By Lemma 5.1 we
therefore have A = []'_, l; with each [;/k a finite degree field extension. If for some
1 < i < r the field extension [;/k is inseparable, let o; € [; be an element with
inseparable minimal polynomial f; € k[t]. The element o € A with ith coordinate
a; and all other coordinates 0 has minimal polynomial f;, so is inseparable.

b) This is Exercise 5.5. O

EXERCISE 5.9. Let l/k be a finite degree separable field extension.
a) Show: if A is a reduced k-algebra, then Aj = A Q1 is also reduced.
(Hint: for k-algebras A and B, we have A, B = B®y A.)
b) Deduce: if f € k[t] is squarefree (i.e., is a product of mutually nonassociate
irreducible factors), then f € l[t] is also squarefree.
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EXERCISE 5.10. Let l/k be a finite degree field extension. If l/k is separable,
then by Proposition 5.8 we have that | ®; 1 is étale and hence reduced. In this
exercise we will show that if l/k is inseparable then | ®j | is not reduced.

a) By definition of inseparability, there is « € 1 such that the minimal poly-
nomial f € k[t] of a is inseparable. Show: if k[a] @y k[a] is not reduced,
then | @y 1 is not reduced. So we may assume that I = k[a] is monogenic
over k.

b) By part a), we have I®y ! = 1[t]/(p)), with p € k[t] the minimal polynomial
of a. In l[t] we may write

f=(t=a)g(t).
By taking derivatives, show: g(a) =0, and thus in l[t] we may write
f=@=a)h(t)

with e > 1 and h(a) # 0.

¢) Deduce: | @y 1 is not reduced.

d) Suppose that l/k is an inseparable algebraic extension that is not neces-
sarily of finite degree. Show: | ®y [ is not reduced.

Let Ay be an étale algebra of dimension n. A splitting field for A is a field
extension [/k such that

A=

We also say that 1 splits A if [ is a splitting field for A. It follows from Corollary 5.5
and Exercise 5.8 that a separably closed extension I/k is a splitting field for every
étale k-algebra. Conversely, if a field extension [/k splits every étale k-algebra,
then every irreducible separable polynomial f € k[t] has a root in [, so [ contains a
separable closure of k.

However, any given étale algebra A admits a splitting field that is a finite Galois
extension of k. Indeed, let k be an algebraic closure of k; then A = [T, &; with
each [; a finite degree separable subextension of k/k. Let [ be a subextension of
E/k Then [ splits A if and only if [ splits ; for all 1 < ¢ <7r. Forall 1 <i <r,
we have l; & k[t]/(f;) for an irreducible separable polynomial f;, and then [ splits
l; if and only if f; splits into linear factors in [, so [ splits I; if and only if [ contains
the Galois closure of /;/I. Thus all in all, the unique minimal subextension [ of k/k
that splits A is the Galois closure of the compositum [; - - - [,., which is the splitting
field of the polynomial fi--- f,.

EXERCISE 5.11. Let L/K be a degree n field extension. Show that the following
are equivalent:

(i) L/K is Galois.
(ii) L is a splitting field for l: that is, L @ L = L".

PROPOSITION 5.7. Let K be a field, let A be an étale K-algebra, and let L/ K
be a splitting field for A. Then we have an isomorphism of étale L-algebras

Ap 3 JHomx (A,L)

given by
L@y = (v0(B))o-
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PROOF. It is easy to reduce to the case in which A/K is a separable field
extension, say of degree n. Because A/K is separable and L is a splitting field for
K, we have # Homg (A, L) = n. Let us order the elements as o1, ...,0,. Then we
have a K-algebra map

A= L", B (01(B),...,0n(B)).

This map has a unique extension to an L-algebra map A; — L™, which is (up
to fixing an ordering on the elements of Homg (A, L), as we have) the map 3.
Because both A, and L™ are n-dimensional vector spaces, in order to see that X is
an isomorphism it suffices to show that it is injective.

Suppose that Zj B; ®~y; lies in the kernel of X: that is,

V1 < ) < n, Zai(ﬂj)'yj =0.

J

We want to show that each v; = 0, so assume not: then the matrix M € M, (L) with
M(i,7) = 0;(B;) is not invertible, hence neither its transpose: there are A1,..., A, €
L, not all zero, such that

vi<j< naz)\igi(ﬁj) = 0.

Let aq,...,a, be a K-basis for A. Every element 5 € A may be written as
8= 2?21 ajoj with aq,...,a, € K, so we get
n n n n n
D o Nai(B) =D Xioi(D Biag) =Y B Y Nigi(ay) =0,
i=1 i=1 j=1 =1 i=1
contradicting Corollary 5.15. a

2. Norm and Trace

Let A C B be an extension of commutative rings such that B is free and finitely
generated as an A-module. Then for any b € B, the map b- : B — B is B-linear
hence also A-linear. After choosing an A-basis eq,...,e, of B, we may represent
this map by a matrix m(b) € M, (A). In this way we can define a trace map

Tp/a:B — A, b trm(b) = zn:m(b)”
i=1
The trace is an A-linear functional on B, i.e., an A-valued A-linear map. We can
also define the norm map
Npja: B — A b detm(b) € A.
The norm map is mutiplicative, so it restricts to a group homomorphism
Npja:B* — A*.

EXERCISE 5.12. Let By, By be two ring extensions of A that are each free and
finitely generated as A-modules. Show that for all b= (by,bs) € By X Ba, we have

T, xBy/a(b1,b2) = T, ya(b1) +TB,/a(b2)
and
Np,xBy/a(b1,b2) = N, a(b1)Np, 4 (b2).
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The following result shows the compatibility of the trace and norm with base
change. The proof is almost immediate, but it is very important.

PRrROPOSITION 5.8. Let A C B be a ring extension such that B is free of finite
rank n as an A-module, and let ¢ : A — A’ be a ring homomorphism. Then
B' =B ®a A’ is free of rank n as an A’-module, and

Vb€ B, ¢(Tp/a(b)) =Tpja(b®1), ¢(Np/a(b)) = Nprja(b®1).
EXERCISE 5.13. Prove Proposition 5.8.

THEOREM 5.9. Let k be a field, and let Ay be an étale k-algebra. Let K/k be a
field extension that splits A. Then for all a € A we have

Tyi(a) = Z o(a) and Ny,(a) = H o(a).
oc€Homy (A,K) oc€Homy (A,K)
PROOF. Let n = dimy A. Then the isomorphism Ax — K™ of Proposition 5.7
maps a®1 to (o1(a),...,on(a)). The matrix of multiplication by (o1(a),...,04(n))
is just the diagonal matrix with entries o1(a),...,o0,(a). It follows that

Tasp(a) =Ta,/x(@®1) =Tkn g (01(a),...,0n(a)) = Zai(a)

and

Nasr(a) = Nay/x(a®1) = Ngn/k(o1(a), ... on(a)) = Hai(a). O
i=1
PROPOSITION 5.10. Let I/k be a field extension of degree n, and let K/k be
a field containing the normal closure of l/k. Let a € I”* have minimal polynomial
f= Zj:o a;t' € k[t] that splits in K as f = H?Zl(t — «;) (since we do not assume
that l/k is separable, the o;’s need not be distinct). Let x € k[t] be the characteristic
polynomial of a- acting on . Put

e=[l:k(a).
Then:
a) We have x(t) = f(t)°.
b) We have T;/i(a) = 32?:1 o = —eag_1.
c) We have Nyj(a) = H?Zl af = (—1)%ag.

PrOOF. a) This is [CI-FT, Cor. 6.5].
b),c) From part a) it follows that the eigenvalues of ae are the roots of f, with each
multiplicity multiplied by e, so Tj/;, = e sz:1 a; and Ny, = H?Zl af. By standard
algebra on roots and coefficients of polynomials we have oy + ...+ ag = —ag_1
— from which the second formula for the trace follows by multiplying by e — and
ay - ag = (—1)%ag — from which the second formula for the norm follows by raising
to the eth power. O

Here is a generalization of Theorem 5.9 to all finite degree field extensions. It makes
use of the notions of separable degree and inseparable degree of a finite degree field
extension K/F. For this, see [CI-FT, §5.2].
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THEOREM 5.11. Let K/F be a field extension of degree n < co and separable
degree ng. Put p® = 2= = [K : F|;. Let K be an algebraic closure of K. Let « € K
and let f(t) be the characteristic polynomial of e € Endp(K). Let 11,...,Tn, be
the distinct F-algebra embeddings of K into K. Then

OR | (R i

i=1
It follows that

(© Niese(@) = ([T rla)”

(7) Trr/p(a) =p° Z Ti(@).

i=1

PRrROOF. Put L = F[a]. Let d = [L : F] be the degree, let d, = [L : F]; be the
separable degree and let d; = [L : F]; be the inseparable degree. Also let ng be the
separable degree of K/F. Let 01, ...,04, be the distinct F-algebra homomorphisms
from L into F. For each 1 < i < d,, o, extends to Z—j F-algebra homomorphisms

from K into F. Let
ds

£ = (= oi(a))™

i=1
be the minimal polynomial of « over F', and let g(¢) be the characteristic polynomial
of ae on K, so by Proposition 5.10 we have

ds ds n;
g(t) = f@OH = (]t = os(e))™ i = ((H(t - oz-(a))x)

i=1

- (ﬂ(t - n(a») |

i=1
Equations (6) and (7) follow immediately. O

COROLLARY 5.12. Let A be an integrally closed domain with fraction field K,
and let L/K be a finite degree field extension. If © € L is integral over A, then

Tr/k(v), Np/k(x) € A

PrOOF. This is immediate from Proposition 5.10 and Theorem 2.27. (]

THEOREM 5.13 (Transitivity of Trace and Norm). Let A C B C C be com-
mutative rings with B free and finitely generated over A and C free and finitely
generated over B. Then C' is free and finitely generated over A and

TC/A = TB/A OTC/B and NC’/A = NB/A ONC/B-

PRrROOF. That C is free and finitely generated over A is an easy exercise. The
rest of it is annoyingly more difficult than one might like: it should be in my field
theory notes, but isn’t yet. For now, please see [B, §111.9.4]. O
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3. The Trace Form

3.1. Definition and First Examples. Suppose that A C B is an extension
of commutative rings with B free of rank NV as an A-module. Using the trace, we
define a symmetric A-bilinear form on B:

(z,y) = Tr(zy).
We define the discriminant /4 as the discriminant of the trace form; again, this
is well-defined up to the square of a unit in A, hence gives a well-defined principal
ideal of A. We will allow some ambiguity in whether 65,4 means a principal ideal
or an element of A/A*2. As a rule of thumb: when A = Z, then Z/Z*? = 7Z, so we
may and shall regard dp /7 as an integer. Otherwise we will usually regard dp,4 as
a principal ideal.

EXERCISE 5.14. Let A be a ring, let By and Bs be A-algebras that are free and
finitely generated as A-modules, and put B := By X As, so B is also an A-algebra
that is free and finitely generated as an A-module.

a) Show: if we embed By in B via  — (x,0) and By in B via y — (0,y),
the trace form (-,-) on B is the orthogonal direct sum (cf. Exercise 4.11)
of the trace form {(-,-)1 on By and the trace form (-,-)o on Bs.

b) Show: we may choose A-bases for By, By and A in such a way that the

G 0 where
0 Gy |’

Gram matriz G for (-,-) is the “matriz direct sum” [
G; is the Gram matriz for the trace form on B;.
¢) Deduce:
0B/A = 0B,/A0B,/A-
In particular, the trace pairing on B is nondegenerate (resp. perfect) if
the trace pairings on both By and By are nondegenerate (resp. perfect).

The following exercise is a refresher on quadratic field extensions, including the
characteristic 2 case.

EXERCISE 5.15. Let L/K be a quadratic field extension.

a) Suppose that K does not have characteristic 2. Show: there is a € L with
minimal polynomial t* — D for some D € K*\ K*?, and thus L = K[v/D]
and L/K is separable. Conversely, for all D € K* \ K*2, show: t> — D
is irreducible and K[t]/(t> — D) is a separable quadratic field extension.

b) Suppose that K has characteristic 2 and L/K is not separable. Show:
there is o € L with minimal polynomial > — D for some D € K* \ K*?2
and thus L = K[\/D]. (Suggestion: in characteristic p > 0, an irreducible
polynomial f € K[t] is inseparable if and only if it is of the form f = g(tP)
for some g € K[t].) Conversely, for all D € K* \ K*2, show that t*> — D
is an ireducible polynomial and K[t]/(t?> — D) is an inseparable quadratic
field extension.

c) Suppose that K has characteristic 2 and L/K 1is separable. Show: there
is a € L with minimal polynomial t*> +t + ¢ for some ¢ € K. Conversely,
if c € K is not of the form x> + z for any x € K, show that t>2 +t+c is
irreducible and K[t]/(t>+t+c)/K is a separable quadratic field extension.

EXERCISE 5.16. Let A be a ring, let D € A, and put B = A[t]/(t> — D).
(Thus, when A is a domain and D is not a square in the fraction field of A, we
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have B .= A[V/D].) Then B is an A-algebra that is free and finitely generated as
an A-module with basis given by (the images in B of) 1 and t.

a) Letag,a; € A, so « = ag+azt is an arbitrary element of B. Show that the
matriz of multiplication by o with respect to the basis 1,t is [ Ztl) acllj) } .
Deduce:

Tp/a(a) = 2ag and Npjs(a) = af — Daj.
b) Show: the Gram matriz of the trace form on B/A with respect to the basis

1,t is and thus the discriminant of B/A is 4D (mod A*?).

2 0
0 2D
¢) Deduce: in characteristic different from 2, the trace form on a quadratic

field extension is nondegenerate, while if L/K is an inseparable quadratic

extension in characteristic 2, the trace map Ty, g is identically 0.

EXERCISE 5.17. Let A be a ring of characteristic 2, let ¢ € A, and put B =
Alt]/(t> +t +¢). Then B is an A-algebra that is free and finitely generated as an
A-module with basis given by (the images in B of) 1 and t.

a) Let ap,a1 € A, so a = ag + a1t is an arbitrary element of B. Show
that the matriz of multiplication by o with respect to the basis 1,t is
[ o @D ] Deduce:
aiv ag+ ay

Tpja(a) = a1 and Npja(a) = ag + apay + ca?.
b) Show: the Gram matriz of the trace form on B/A with respect to the basis

1 L )
(1) 1 and thus the discriminant of B/A is 1 (mod A*?).
¢) Deduce: the trace form on a separable quadratic field extension in charac-
teristic 2 is nondegenerate.

1,t s

EXERCISE 5.18. Let A be a ring. We consider the A-algebra A™, which is
certainly free and finitely generated as an A-module.

a) We work with the standard basis e = (e1,...,e,) of A™. Show: the ma-
triz of multiplication by x = (x1,...,x,) on A" is the diagonal matric
diag(z1,...,2,). Deduce:

TA"/A(:E) =T +...+tx, and NA”/A(-r) =Ty Tp.

b) Show: the Gram matriz G for the trace form on A™/A with respect to
the basis e is the identity matriz I,. In other words, the trace form (-,-)
on A" /A is the standard dot product.

EXERCISE 5.19. Let Ay be an étale algebra, so A = R" x C*® for somer,s > 0.

a) Show: there is an R-basis for A with respect to which the Gram matrix
for the trace form is is diagonal, with v + s diagonal entries +1 and s
diagonal entries —1.

b) Deduce: d4/p = (—1)* € R*/R*2.

EXERCISE 5.20. Let R be a ring, let B,C € R, and let
A= R[t]/(t* + Bt + C).
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Notice that A is free of rank 3 as an R-module, with basis given by the classes of
1,t,t% in A.
a) Show: the Gram matriz for the trace form on A with respect to the above
basis is
3 0 —2B
0 —2B -3C
—2B —-3C 2B?
b) Deduce: 04/p = —4B* —27C? (mod R*?).
c) Suppose R = R. Show: d4/r is positive, zero, or negative acording to
whether the cubic t> + Bt + C has three, two or one real roots.

Having computed discriminants of all étale R-algebras, the next simplest case is
probably that of a finite field F,. If ¢ is even, then every étale F,-algebra has
square discriminant because every element of F is a square. So the interesting
case is when ¢ is odd, in which case [F* : IFqX2] = 2 and we just need to determine
whether the discriminant is a square or not, and we immediately reduce to the
question: for d € ZT, when is 51Fq 4/F, @ square? The answer is triially yes when
d =1 and is no when d = 2 by Exercise 5.16. Unfortunately Exercise 77 is less
immediately helpful, as we first need to choose B and C so that 3 + Bt + C is
irreducible and then we need to determine whether —4B3 —27C? is a square in Fy,
but compuations will suggest that the discriminant is always a square in this case.
We will take up this question again later in this section.

3.2. The Trace Form of a Field Extension.

THEOREM 5.14. (Dedekind’s Lemma on Linear Independence of Characters)
Let M be a monoid and L a field. The set X (M, L) of all monoid homomorphisms
M — L% is linearly independent as a subset of the L-vector space L™ of all func-
tions from M to L.

PROOF. By definition, a subset of a vector space is linearly independent iff
every nonempty finite subset is linearly independent. So it’s enough to show that
for all N € Z*, every N-element subset of X (M, L) is linearly independent in L.
We show this by induction on N. The base case, N = 1, is immediate: the only
one element linearly dependent subset of LM is the zero function, and elements of
X(M,L) are nonzero at all values of M. So suppose N > 2, that every N — 1
element subset of X (M, L) is linearly independent, and let x1,...,xn be distinct
elements of X (M, L). Let a,...,an € L be such that for all x € M, we have

(8) arx1(z) + ... +anxn(z) =0.

Our goal is to show that a; = ... = ay = 0. Since x1 # xn, there is m € M such
that x1(m) # xn(m). Substituting ma for z in (8), we get that for all x € M,

(9) arx1(m)xi(z) + azxz2(m)x2(z) + ... + anxn(m)xn(z) = 0.
Multiplying (9) by x1(m)~! and subtracting this from (8), we get

(10) Vze M, as <§TEZ; - 1) X2(@) + ... +an (ijf((:f)) - 1> (@) = 0.

By induction, xa, ..., xn are linearly independent, so an (’;T((;l")) - 1) = 0 and thus
ay = 0. Thus (8) gives a linear dependence relation among the N — 1 characters

X1,---yXN—1, SO by induction oy = --- =any_1 =0. [l
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COROLLARY 5.15. Let K/F and L/F be field extensions. Let oy,...,0p : K —
L be distinct F-algebra emdeddings. Then in the L vector space LXK of all maps
from K to L, the maps o1, ...,0, are linearly independent.

ProoF. We apply Theorem 5.14 with M := K> and get that the restrictions
of o1,...,0, to K* are linearly independent as maps from K* to L, which imme-
diately implies that they are linearly independent as maps from K to L. ([

THEOREM 5.16. Let K/F be a field extension of finite degree n. The following
are equivalent:

(i) The trace form T : K x K — F is nondegenerate.
(ii) There exists some x € K such that Tr(z) # 0.
(iii) The trace function Tr : K — F is surjective.

(iv) The extension K/F is separable.

PROOF. (i) = (ii): This is immediate.

(i) = (1ii): Since Tr : K — F' is F-linear and nonzero, it must be surjective.
iii iv): It follows from (7) that Trg,r = 0 when K/F is not separable.
/
(1V) (i): Let x = (x1,...,2,) € K™ be any basis for K/F. We must show

that A(x) = detT'(z;z;) # 0. Seeking a contradiction we suppose A(x) = 0; then
by (11), we have det(o;(z;)) = 0, and this means that there are ay,...,a, € F,
not all 0, such that

n
Z OéiO'i(.’Ej) =0 Vj
i=1
Since this holds for all elements of a basis of K/F, we deduce

Vor e K, Zaal =0,

i=1
contradicting Dedekind’s Lemma (Theorem 5.14). O

EXERCISE 5.21. Give a different proof of (iv) = (i) in Theorem 5.16 using
the Primitive Element Corollary and the Vandermonde determinant.

EXERCISE 5.22. Let K/F be a degree n field extension, and letx = (x1,...,2Zy) €
K™ be linearly dependent over F'. Show that A(x) = det Trg ) p(z;75) = 0.

3.3. The Trace Form on an Etale K-Algebra.

THEOREM 5.17. Let A be a finite dimensional commutative K-algebra. The
following are equivalent:

(i) A is an étale K-algebra.
(ii) The trace form (-,-) : A x A — K is nondegenerate.

(if) 64/ # (0):

PROOF. A bilinear space over a field is nondegenerate if and only if its discrim-
inant is nonzero, so (i) <= (iii).
Step 1: Suppose A = []/_,; is a finite product of finite degree field extensions
l;/k. By Exercise 5.14 we have

da/k = H 0, /1>

i=1
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and by Theorem 5.16 for each 1 <4 < r we have 0,/ # (0) if and only if I;/k
is separable. Thus in this case we have that d4/, # 0 if and only if each I;/k is
separable. This shows that (i) = (iii).

Step 2: Suppose A is not an étale k-algebra. Then either A is isomorphic to a finite
product of finite degree field extensions at least one of which is inseparable — in
which case Step 1 shows that 6,4/, = (0) — or A is not reduced: there is z € A® and
n € Z7T such that 2™ = 0. Then for all y € A we have (zy)" = z"y" = 0.2 After
choosing a k-basis for A, this means that zy is represented by a nilpotent matrix,
so all its eigenvalues are 0, so its trace is 0. Thus (z,y) = 0 for all y € A and the
trace form on A is degenerate. O

Now let A/K be an étale K-algebra, and let L/K be a splitting field for K: e.g.
we may take L = K to be an algebraic closure of K. Let n = dimg A, and let
01,...,0, : A = L be the K-algebra maps from A to L. By Propoposition 5.7,
the map A — L™ by x — (01(z),...,0n(x)) extends uniquely to an L-algebra
isomorphism A; — L™. For all z € A, we have

TA/K(x):TAL/L(x®1) TLn/L ZO‘Z

Now let x = (x1,...,2,) € A", and let S(x) € M, (L) be the matrix with

S(x)ij = oi(x;).
Then

(S( l] - Zak 1’1 Ok x] Zak -TEZZZ?] TI'A/K(,ZUzl‘j)

In particular, if x is a K —ba81s for A and Gy is the Gram matrix for the trace form
on A/K with respect to x, then we have
Gx = S(x)"S(x),
so if we set
d(x) == det Gx,
then we have
(11) 5(x) = (det S(x))?.

EXERCISE 5.23. Let A be a Dedekind domain with fraction field K, let L/ K be
a finite degree separable extension, and let B be the integral closure of A in L. Let
M/K be the Galois closure of L/K.
a) Show: M contains K(\/dr/k). Deduce: if [L : K] is odd, then 6r/x €
K*2 if and only if L/K is Galois.
b) Let A be any A-lattice in L. Show: M contains K (\/dy).

Let R := Zao,-..,an—1]; here ag,...,a,_1 are independent indeterminates, so A
is a UFD (CITE). Consider the polynomial

f=t"+ a1t '+ . tattao e RJt].
2Note that we are using the commutativity of A here: for matrices m1, mao € My (k), if m1

and ma are both nilpotent, then mjmsa need not be...unless m; and mo commute, in which case
the above one line computation shows that mjms is nilpotent.
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Then f is irreducible (in both R[t] and K[t]): indeed, it is a primitive polynomial
over a UFD, so reducibility would imply that it is a product of two polynomials of
degree smaller than n, but such a factorization would imply a similar factorization
for every monic degree n polynomial g € Z[t], which is clearly impossible. Put

Ay = R[t]/(f),
which is free of rank n as an R-algebra. Since R* = Z* = {41}, we have R*? =
{1}, so the discriminant

0(f) =06a,/r
is a well-defined element of R. We will obtain a useful formula for §(f). Over an
algebraic closure K of the fraction field K of R, we may factor

n

F(t) =TI~ e

i=1
Put a = a1, L == K(«a) and M = K(ay,...,q,), so M is the splitting field of
f € K[t]. Under the isomorphism A; — R[a] obtained by mapping ¢ to «, the
R-basis 1,t,...,t" "1 maps to the power basis x = (1,q,...,a" ') of R[a]. We
may choose the K-algebra embeddings {o; : L — M}}_, such that a; = 0;(«) for
all 1 <4 < n. Then as above, if we put S(x);; = 0;(a’) = aZ, then

§(f) = 0(x) = (det S(x))%.
The matrix S(x) is Vandermonde, so its determinant is
(12) s=s(a1,...,q,) = H (0 — ),

1<i<j<n

so altogether we find:

1<i#j<n
This means that H1<i¢j<n(ai—aj) is of the form P, (ag, ..., an—1) € Zlag, ..., an—1].
For instance, we have

Pi(ap) =1, Pa(ag,a1) = a%—4ao7 Ps(ag,a1,a2) = a%a%—4a?—4a§a0—27ag+18a0a1a2.
Now for any ring R and any monic
f = t" —+ an_ltnil +...+at+ ag € R[t],

we may define
o(f) = Py(a1,...,an-1) € R.

For elements «;, . . ., a, of a domain R, we define the semidiscriminant s(aq, ..., ay)
using (12), so 6(f) = s2. If we start with a monic degree n polynomial over a do-
main R, the semi-discriminant is defined using an ordering of the roots aq, ..., a,

(which we view as lying in the splitting field M of f) so it is natural to ask whether
the semidiscriminant is an invariant of f itself. The symmetric group S, acts on
M™ by permutation of coordinates, and for a = (v, ..., a,) € M™, we have

s(o(a)) = sgn(o)s(a),
where sgn(c) € {£1} is the sign of the permutation o. If we assume that f is
separable — that is, aq,...,a, are distinct; otherwise d(f) = s(a) = 0 — then we
have s(o(a)) = s(a) if and only if o lies in the alternating group A,, so if n > 2
the answer is that +s(a)) depends only on f.
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PRrROPOSITION 5.18. Let K be a field of characteristic different from 2, let f €
Kt] be a monic separable degree n polynomial with irreducible factorization py - - - p,
and roots au, . . ., oy, in its splitting field M. Suppose that G == Aut(M/K) is cyclic.
Then §(f) € K*2 if and only if n +r is even.

PROOF. Let o be a generator of the finite cyclic group G. We may view G as
acting faithfully on {aq,...,a,}, and its orbits are in bijection with the irreducible
factors p1,...,pr. Then o must cyclically permute the roots of each p;, so it has
cyclic type (degpi,...,degp,) and thus sign (—1)2i=1(degpi)=1 — (_q)ntr, O

EXERCISE 5.24. Use Proposition 5.18 to give another proof of Exercise 5.19b).

EXERCISE 5.25. Let g be an odd prime power and let n € Z+. Use Proposition
5.18 to show that 5F;L/Fq € IF‘qX2 if and only if n is odd.

3.4. The Trace Form on an Artinian Principal K-Algebra.

EXERCISE 5.26. Let k be a field, and let A be a finite dimensional commutative
k-algebra. In this exercise we will determine when the trace map T : A — k is
identically 0 in the case when A is a principal ideal ring.

a) Show: we can write A =[]._, A; with each A; a local, Artinian principal
ring: there is a principal mazimal ideal p = (7); if e is the least positive
integer such that m = 0 then all the ideals of A are

(13) A2p2p2 2.2 1 2p = (0).

b) Forz e A=[[;_, Ai, writex = (x1,...,2). Show: T(x) = > "7 Ta, k().
Thus T : A — k is the zero map if and only if each T; = Ty, ;. is the zero
map, so we may assume that A is local.

c) Let x € A. Since each p® is an A-submodule, it is in particular a k-
subspace of A, so (13) gives a filtration of the finite-dimensional k-vector
space A by subspaces invariant under the k-linear map xe. IfW' CW C A
are subspaces such that x(W') C W' and x(W) C W, then xe gives a
well-defined k-linear map on the quotient W/W'; we denote its trace by
T(z|W/W'). Show:

e—1
T(x) = Z T(xlpi/piv1)-

i=0
d) Let0 < i< e—1. Show: multiplication by w¢ induces an A-module isomor-
phism A/p — p'/p'tL that commutes with multiplication by x. Deduce:
for all0 <i<e—1 we have T(x|p;/piy1) = T(x|A/p) and thus
T(x) = eT(x|A/p).

e) Conclude that the trace form on a local principal Artinian k-algebra (A, p)
is identically 0 if and only if A/p is an inseparable field extension of k or
e is divisible by the characteristic of k.

3.5. AKLB Applications.
PROPOSITION 5.19. Let A be a domain with fraction field K, let L/K be a

finite degree field extension, and let B be the integral closure of A in L. Then:

a) BEvery element of L may be written as 2 with b € B and a € A®.
b) Thus (B)kx = L and L is the fraction field of B.
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PRrROOF. Let a € L. By scaling the minimal polynomial of « by an element of
A® we get a polynomial

f(t) = ant™ + ...+ a1t +ag € Alt]

such that a,, # 0 and f(«) = 0. Thus

«
aﬁ_lf(a—) =" 4y " F anan ot 4 a 2agt +a” rag € Aft]

n
is monic and has a,« as a root. So a,« is integral over A, and thus s := a,« lies
in B, the integral closure of A in L and a = *, establishing part a). It follows
immediately that (B)x = L, and then the fraction field of B contains A hence also

contains its fraction field K. So the fraction field of B is L. O

THEOREM 5.20 (Normalization Theorem). Let A be an integrally closed Noe-
therian domain with fraction field K, let L/K be a finite degree separable field
extension, and let B be the integral closure of A in L. Then:

a) B is an A-lattice in L. In particular, B is finitely generated as an A-
module.

b) We have that A is a Dedekind domain if and only if B is a Dedekind
domain.

PRrOOF. Step 1: We write (-,-) for the trace pairing on B: (x,y) = T a(zy).
Let € S. By Corollary 5.12, for all y € B we have (z,y) = T a(zy) € A, which
shows that
B C B*.

Step 2: By Proposition 5.19 we know that B spans L as a K-vector space, so B
contains a K-basis (e1,...,d,) of L. So

A={e1,....en)a
is an A-lattice in L and A C B. It follows that
B C B* C A*.

Since A* is a (free) R-lattice in L, it is finitely generated as an A-module. Since A
is Noetherian, the submodule B is also finitely generated. Thus B is an A-lattice
in L. This completes the proof of part a).

Step 3: Since B is a finitely generated module over the Noetherian ring A, the
A-module B is Noetherian: every submodule is finitely generated. Let I be an
ideal of B. Then I is an B-submodule of B, hence also an A-submodule of B, so I
is finitely generated as an A-module, hence also finitely generated as an B-module,
i.e., finitely generated as an ideal. Thus B is Noetherian. It is integrally closed
by [CA, Cor. 14.11] (which states that the integral closure of a domain in any
field extension is integrally closed.) Since B/A is an integral extension, we have
dim A = dim B [CA, Cor. 14.17]. Thus B is a Dedekind domain if and only if
dim B =1 if and only if dim A = 1 if and only if A is a Dedekind domain. O

Splitting of primes: suppose that A is a Dedekind domain with fraction field K,
L/K is a finite degree field extension, and B is the integral closure of A in L. We
assume that B is finitely generated as an A-module, which we just saw happens
when L/K is separable. Let ¢ : A < B denote the inclusion map.
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THEOREM 5.21. Let R be a Dedekind domain with fraction field K, let L/ K be
a separable field extension, and let o € L be such that [L : K ()] is not divisible by
the characteristic of K.2 The following are equivalent:

(i) The element a is integral over R.
(ii) For all i € Z+ we have Trp k(o) € R.

PROOF. If a is integral over R then so is o' for all i € Z*. So (i) = (ii) is
a special case of Corollary 5.12.
(ii) = (i): Suppose that we have Try k(o) € R for all i € ZT. Put

d=1[L: K(a).
By hypothesis, d € R®. By Theorem 5.13 we have
(14) ’I‘I'L/K(Oéi) = T‘I’K(Q)/K(T‘I“L/K(a)(aii)) = dTrK(a)/K(ai).

Put n = [K(a) : K], so d,da, ..., da™ ' is a K-basis for K(«). Thus
A= (d,da,...,da""")
is a (free) R-lattice in K («), which we view as a quadratic K-space under the trace
form. Using (14) we get
Rla] C A",
Since A* is an R-lattice in K («), hence a finitely generated R-module, and R is

Noetherian, it follows that R[«] is a finitely generated R-module, which by Theorem
2.21 means « is integral over R. U

REMARK 5.22. In Theorem 5.21, the hypothesis that the characteristic of K
does not divide [L : K ()] may look like an artifact of the proof. On the contrary, it
is actually necessary for the result to hold. Indeed, suppose that K has characteristic
p > 0, and let L/K be a separable extension of degree divisible by p, and take
a€K\R,sop|[L:K]=[L:K(«a)]. ForallieZ" we have

Try k(a') = [L: K]a' = 0.
COROLLARY 5.23. Let R be a Dedekind domain with fraction field K, let L/ K

be a finite degree separable field extension, and use the trace form on L/K to view
L as a quadratic K-space. Suppose:

char(K) {[L : K].
Then the integral closure S of R in L is the unique mazimal R-lattice in L.

If I is a nonzero ideal of A, consider the pushforward
t«(I) = IB.

We claim that just because ¢ is an integral ring extension, if I is a proper ideal of A
then ¢.(I) is a proper ideal of B. Indeed, since [ is proper there is a maximal ideal
p of A containing I, and ¢.(I) C t.(p), so it suffices to show that . (p) is proper.
By Theorem 2.29d), there is a maximal ideal P of B such that :*(P) = p. Then
t:p = (p)p C (P)p =P, so is proper.

EXERCISE 5.27. Let ¢ : A < B be an integral extension of domains, and let p
be a mazximal ideal of A. Show:

L = p.

3Notice that this indivisbility hypothesis is vacuous in characteristic 0.



3. THE TRACE FORM 89

Now suppose that A is a Dedekind domain, hence so is B. Because the pushforward
is multiplicative, we may focus on the case of pushing forward a prime ideal. For
p € MaxSpec A, write

pSs =Pp P
The exponent e; is called the ramification index of P; over p; we denote it by
e(P;|p). When the “downstairs prime” p is undertood, we may also write ep, .

The ideals Py, ..., P, are precisely the prime ideals of B that contain p. We claim:

()} ={Pr,..., P

First, if P € MaxSpec B is such that P N A = p, then P contains p, so P = P; for
some 7. Conversely, for 1 < i < r we have that P; N A is a maximal ideal of A that
contains p, so P;NA = p.

If P lies over p then the kernel of the composite map A — B — B/P is PN A = p,
so we get an induced injection

Alp — B/P.

Since p and P are both maximal ideals, this is a field homomorphism. Since B is
finitely generated as an A-module, certainly B/P is finitely generated as an A/p
vector space (the images of any set of generators will still generate). We define the
residual degree

fr=f(Plp) =[B/P: A/pl.

LEMMA 5.24. Let A be a Dedekind domain with fraction field K, let K C L C
M be a tower of finite degree field extensions, let B be the integral closure of A in L
and let C be the integral closure of A in M. We suppose that B is finitely generated
as an A-module and C' is finitely generated as a B-module.* Let vt € MaxSpec C,
let q:=tN B and let p :=qN A. Then:

e(tlp) = e(rla)e(alp) and f(x[p) = f(x[a)f(alp)-
EXERCISE 5.28. Prove Lemma 5.24.
LEMMA 5.25. Let R be a Dedekind domain, p € MaxSpec R and e € Z". Then
dimp, pe/pett = 1.

PrROOF. Let S := R\ p and R, :== S™'R. Then R/p = R,/pR, and p¢/p°T! =
(pRyp)¢/(pRy)“*!. So we may replace R with R, and thereby assume that R is
a DVR, hence a PID. If p = (), then multiplication by 7¢ gives an R-module
isomorphism from R/p to p¢/pett. O

THEOREM 5.26. Let A be a Dedekind domain with fraction field K, let L/ K be
a finite degree field extension, let B be the integral closure of A in L, and assume
that B is finitely generated as an R-module. Let p € MaxSpec R.
a) We have dimg/, B/pB = [L : K].
b) We have 3 p, epfp = [L: K].

41t follows that C is finitely generated as an A-module.
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PrOOF. Put n:=[L: K].
a) Let S := A\ p, and let 4, = S™'A, B, := S7'B. By Lemma 2.12 we get
canonical isomorphisms
A, /pA, = A/p and B, /pB, = B/pB

which we will regard as equalities. Thus if the result holds for A, and B, then it
holds for A and B, so we may assume that A is a PID and B is a free A-module of
rank n. Then as A-modules we have

pB=pA” = (pA)",
SO

B/pB = (A/pA)",
giving the result.
b) As in part a), we may assume that A is a DVR and thus B is a semilocal
Dedekind domain, hence a PID. Write

pB =P - Pge.

By the Chinese Remainder Theorem we have

g g
B/pB=B/[[ P =]]B/P;.
i=1

i=1
By part a) we have

g
n=[L:K]=dimu, B/pB =Y dimyu, B/P{".
i=1
Now consider
BDOP, 2P 2...2 P
By Lemma 5.25, each successive quotient P#/P*! is a one-dimensional B/P;-
vector space, hence an fp,-dimensional A/p-vector space. It follows that

dimA/p B//Plel = eifpi

SO
g9

n= Zeifpi. O
i=1

Under the hypotheses of Theorem 5.26 let us introduce some further terminology:

e We say L/K is totally ramified at P if ep = [L : K].

e We say L/K is unramified at P if ep = 1 and (B/P)/(A/p) is separable; oth-
erwise we say that L/K is ramified at P.

e We say L/K is unramified over p if every P lying over p is unramified. This
holds if and only if B/pB is an étale A/p-algebra.

e We say p is inert in L if L/K is unramified over p and pB is a prime ideal.

e We say p splits completely in L if there are [L : K| primes of B lying over p.

Notice that L/K is both unramified at P and totally ramified at P if and only
if L = K (a trivial case).

EXERCISE 5.29. Show: if p in A splits completely in B, then L/ K is unramified
over p.
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EXAMPLE 5.27. Let A be a domain with fraction field K, let L/K be a purely
inseparable algebraic extension (possibly of infinite degree), and let B be the integral
closure of A in L. Forp € Spec R, there is a unique prime of S lying over p, namely

rad(pB) = {z € B | 2™ € pB for some n € Z*}.
This is [CA, Lemma 14.20].

4. The Discriminant

Let A be a Dedekind domain with fraction field K, let L/K be a finite degree
separable field extension, and let B be the integral closure of A in L. Let (-,-) be
the trace form for L/K: that is, for x,y € L, we put

(x,y) =T(zy) € K.
For z4,...,x, € L, we put
8(x1, ..., x,) = det(z;, ;).

EXERCISE 5.30. Show: for xi,...,x, € L we have 6(x1,...,x,) # 0 if and
only if x1...,x, are linearly independent over K.

Since A is integrally closed, the quadratic lattice B is integral: (B, B) C A. Thus
for any integral A-lattice A in B, for the discriminant 65 of A (cf. §4.5) we have

op € Int A.

Especially, we define the discriminant ideal dz,4 to be dp.

PROPOSITION 5.28. Let L/K be a separable field extension of degree n, and let
K/K be a field extension containing a Galois closure of L: equivalently, for which
there are distinct elements o1, . ..,0, € Homg (L, K).

a) Foray,...,a, € L we have
5(a,...,a,) = (det oi(a;))?.
b) For x € L we have

S(L,w,2%,..., 2" 1) = H (ai(x)—aj(x))Q.

1<i<j<n

PROOF. Part a) essentially repeats (11). Part b) follows from part a) using the
Vandermonde determinant. ]

PROPOSITION 5.29. Let S C A be a multiplicative subset. Then
S04 =0s-1B/5-14
Proo¥F. If x1,...,2, € B then 0(x1,...,2,) is an element of both 05,4 and
of dg-1p/5-14. Thus
57153/,4 = (0(x1,...,m0) | T1,. . ;20 € B)g-14 Cdg-1p/5-14-

Conversely, if y1,...,y, € S™!B then there is s € S such that sy; € B for all i.
Then

81y syn) = 5 2"0(sy1,- -, 5Yn) € S” 0B,
SO 55_13/3—114@5’153/,4. [l
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THEOREM 5.30. Let A be a Dedekind domain with fraction field K, let L/ K
be a finite degree field extension, and let B be the integral closure of A in L. We
suppose that B is finitely generated as an A-module (by Theorem 5.20, this holds
if L/ K is separable, the case of most interest to us). Let § be the discriminant ideal
of B/A. Forp € MaxSpec A, the following are equivalent:

(i) The prime p ramifies in L.
(ii) We have p | 9.

Proor. Both conditions are local on A: that is, we may replace A with A,
and B with By :== B®4 A, with the usual pleasant consequence: A is a DVR and
B is a semilocal PID that is a free A-module. Because of the compatibility of the
trace form with base change, we have that p | § if and only if the trace form on
the A/p-algebra B/pB has discriminant 0. Let us put k(p) = A/p. Since k(p) is a
field, by Theorem 5.4 the discrminant of B/pB is 0 if and only if B/pB is not an
étale k(p)-algebra. We may factor

pB =Py P,
and then

B/ps = B/ ] B/Pe =] B/PS
i=1 i=1

A finite product of k-algebras is étale if and only if each factor is étale. For B/P;*
to be étale, it must be reduced, which holds iff e; = 1. The B/P; is an étale
k(p)-algebra if and only if the extension is separable. Thus p 1 ¢ if and only if each
ramification index equals 1 and each residual extension (B/P;)/k(p) is separable,
which is precisely the definition for p to be unramified in L. (I

This has the following very important consequence:

COROLLARY 5.31. Maintain the hypotheses of Theorem 5.30. Then:

(i) If L/K is separable, then only finitely many p € MaxSpec A ramify in L.
(ii) If L/K is inseparable, then every p € MaxSpec A ramifies in L.

PRrROOF. By Theorem 5.16 and the compatbility of the discriminant with re-
spect to the localization map map A — K (Exercise 4.20), we have that ¢ is
a nonzero ideal of A if and only if L/K is separable. A nonzero ideal in the
Dedekind domain A is divisible by — equivalently, contained in — only finitely many
p € MaxSpec A, whereas the zero ideal is divisible by — equivalently, contained in
— every p € MaxSpec A. O

The next three exercises share the following setup:
e [/k is a degree n field extension;

o A = k[t], a PID with fraction field I(t);

o L= k(t);

e B is the integral closure of A in L.

EXERCISE 5.31. Show: B = l[t]. Deduce: B is a finitely generated A-module.
(Suggestion: it is enough to show that l[t] is an integral extension of k[t] that is
integrally closed and has fraction field L.)

EXERCISE 5.32. With notation as above, suppose that l/k is separable.

a) Show: dp,a is generated by an element of A*. Deduce: every p €
MaxSpec A is uramified in B.
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b) Show again that every p € MaxSpec A is unramified in B by working
directly with pB.

EXERCISE 5.33. With notation as above, suppose that l/k is inseparable.

a) Show: dpsa = (0). Deduce: every p € MaxSpec A is unramified in B.

b) Let p = (t). Show: P = pB is a prime ideal, so e(Plp) = 1. Compute
k(p) == A/p and I(P) :== B/P and show that [(P)/k(p) is inseparable.

¢) Show: there is p € MaxSpec A and a prime ideal P of B lying over p such
that e(Plp) > 1.
(Suggestion: There is a € | such that the minimal polynomial f € k[t] of
« 1s inseparable. Take p = (f) and use Exercise 5.10.)

EXAMPLE 5.32. Let k be a field of characteristic p > 0. Put A = k[t], a PID
with fraction field K = k(t). Let L == k(t'/?). Then L/K is inseparable of degree
p. Let B be the integral closure of A in L. We claim that B = k[tl/p] : on the one
hand, t'/? is certainly integral over A, so k[t'/P] C B. On the other hand, k[t'/?]
is isomorphic to k[t], hence a PID, hence is integrally closed and has fraction field
L, so any element of L that is integral over A would also be integral over k[tl/”]
and hence have to lie in k[t'/?].

Let p € MaxSpec A. Then p = (f) for a monic irreducible polynomial

f=t"+an1t" 4+ .. +a € K[t
By Example 5.27, the ideal pB is a prime power. More explicitly, pB is the principal
ideal of k[t'/?] generated by f(t). If we make the “change of variable” s = t'/?,
then pB is the principal ideal of k[s] generated by
f@) = f(sP) = s™ 4+ ap_15™IP) 4 4 a1s” + ag.

Then f(sP) =0, so f(sP) is not separable.
Case 1: Suppose k is perfect. Then f(sP) = 0 means that f(sP) cannot be irre-
ducible. More explicitly we have

f(sP)=(s"+ ai/_plsnfl +...+ ai/ps + a(l)/p)p =g(s)?,
where g(s) = s™ —|—a,1l/7p1s”*1 +.. .—l—a}/ps—l—aé/p. Because k is perfect, the pth power
map is a field automorphism of k, which induces a ring automorphism of k[t], and
under this automorphism g(s) maps to the irreducible polynomial f(s), so g(s) is
also irreducible. Thus P = (g(s)) € MaxSpec B and

pB =Pr.

In particular we have e(P/p) = p.
Case 2: Suppose k is imperfect: there is a € k\ kP. By [Cl-FT, Lemma 9.20] we
have that for all n € 7, the polynomial t*" — a € k[t] is irreducible. Let us take
f@) =t —a,
so pB = (g(s)), where
g(s) = (PP —a= s —a.
In this case, if we put

k(p) = A/p and I[(P) .= B/P,

then k(p) = k(a'/?) and I(P) = k(a/?"), so I(P)/k(P) is an inseparable field
extension of degree p.
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5. The Ideal Norm

Let A be a Dedekind domain with fraction field K, let L/K be a degree n field
extension, and let B be the integral closure of A in L, so B is a Dedekind domain.
We will assume that B is finitely generated as an A-module, which once again will
be the case if L/K is separable.

As for any inclusion ¢ : A < B of domains, we have a group homomorphism
Lty : Frac A — Frac B defined by

t«(I):==BI =1®4 B.
We will now define a group homomorphism
N : Frac B — Frac A

in the other direction. Because Frac B is a free Z-module with basis MaxSpec B,
we may freely define N(P) for all P € MaxSpec B and this extends to a unique
group homomorphism. The most obvious such map is probably the one that sends
P to the unique prime p of A that lies below it. However, we will make a different
choice (and explain why!).

Let J be a nonzero integral ideal of B. We claim that B/J is a finitely gen-
erated torsion A-module. Indeed, if J = P;---P, for not necessarily distinct
P; € MaxSpec B, then

JNAD(P1NA)---(P-NA),

which is a nonzero ideal of A, so B/.J is a finitely generated A/(JNA)-module, hence
a finitely generated torsion A-module. Therefore we may take the characteristic
ideal of B/J as an A-module, which we write as x4(B/J). By definition, this is
the ideal norm of .J:

N(J) = xa(B/J).
It is sometimes convenient for bookkeeping to also define the norm of the zero ideal:
as you surely suspected, we will put

N((0)) = (0).
LEMMA 5.33. For any monzero ideals I and J in a Dedekind domain A, we
have I/(IJ) =4 A/J.

PrOOF. Both sides are A/J-modules, so if we factor J = pj* ---p2r, they are
also modules over the semilocalization Ay, ., . Thus we may assume that A is a
PID, and in this case the result is easy: if I = («) then multiplication by « gives
an isomorphism from A/J to I/(1J). O

PRrROPOSITION 5.34. For any nonzero ideals J1, Jo of B, we have
N(J1J3) = N(J1)N(J3).
PrOOF. We have a short exact sequence of finite length A-modules
0— Jo/(J1J2) = B/(J1J2) = B/J2 — 0,

so xa(B/J1J2) = xa(J2/(J1J2))xa(B/J2). By Lemma 5.33 we know that Ja/(J;.J2)
and B/J; are isomorphic B-modules, so certainly they are isomorphic A-modules.
Thus xa(J2/(J1J2) = xa(B/J1), and the result follows. O
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So far we have defined the ideal norm as a map from integral B-ideals to integral
A-ideals. We want to extend this to a map

N : Frac B — Frac A.

There are two very reasonable ways to do this:
(1) For nonzero integral ideals I, J of B, we put

—1y . N(UD)
(15) N({IJ )= NG
Indeed, by Proposition 5.34, the ideal norm on integral ideals is a homomorphism
from the monoid Int B of nonzero integral ideals of B under multiplication to the
monoid Int A of nonzero integral ideals of A. For a Dedekind domain A, the monoid
Int A of nonzero A-ideals under multiplication is the free commutative monoid on
MaxSpec A and Frac A is its group completion, the free commutative group on
MaxSpec A. From this it follows easily that there is a unique way to extend any
monoid homomorphism Int B — Int A to a group homomorphism Frac B — Frac A:
namely, as we did above.

(2) For a fractional ideal J of B, we may view B and J as A-lattices in the K-vector
space L and take their Frohlich invariant x4 (B, J). (Here we write the subscripted
A because B and J are also B-lattices in the one-dimensional L-vector space L,
but xg(B,J) = J is not what we want.)

Happily, (1) and (2) turn out to be the same. For notational simplicity, let us
define the ideal norm of a fractional ideal via (15). Then:

PROPOSITION 5.35. Let J € Frac B. Then N(J) = xa(B,J).

PRrROOF. This is the definition of N(J) for integral ideals J. If J is a fractional
B-ideal, let @ € A® be such that I :== aJ C B, so J = I(a)~!. We observe that
N((a)) = (@)™ indeed, by localizing we can reduce to the case that A is a PID
and then if eq,...,e, is an A-basis for B, then aey,...,ae, is an A-basis for aB,
so B/aB =@ _, A/(a). Then we have

_ _ N(I)
B,J) = "X(BJaJ) = N(aB) 'N(aJ) = ——4-. O
Xa(B,J) = (@) "x(B/aJ) = N(aB) ™' N{a]) = g7 ms
Let us introduce a different notion of an ideal norm. If R is a ring and I is an ideal
such that R/I is finite, we put

[|1]| == #R/I.
When A = Z there is a close realtionship between these two norms. In this case

B =7, is the ring of integers of the number field L. Since the characteristic ideal
of a finite length Z-module M is the principal ideal generated by #M, we find:

VJ eIntZy, N(J)=||J]||
The latter ideal norm ||J|| — when it is different from N(J) — will make only very
sporadic appearances in these notes (e.g. in our discussion of the Chebotarev

Density Theorem in the function field case). But while we are here, let us record
one result about it.

THEOREM 5.36 (Samuel [Sa71]). Let R be a Noetherian ring, and let n € Z7.
The set of ideals I of R with ||I|| = n is finite.
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Proor. For n € Z*, the number of isomorphism classes of rings of cardinality
n is finite, so it is enough to fix any ring S of cardinality n and show that the set
{b;}icr of ideals of R such that R/b; = S is finite.

Putting b = (),.; b;, we have a monomorphism of rings

el
(16) B:=R/b— [[R/b; = 5"
iel
Let my,...,m, be the maximal ideals of the (finite, hence Artinian) ring S, and for

each 1 < j <7, let ¢; be the cardinality of the finite field S/m;. Then my ---m, =
ﬂ;zl m; is the Jacobson radical, which coincides with the nilradical, hence there
exists s € ZT such that (my---m,)* = 0. Let P(t) € Z[t] be the polynomial

P(t) =[] -t

j=1

Then for any « € S and any 1 < j < r, we have 2% — 2 € m;, so P(z) = 0. It
follows that for all X = (x;) € S!, P(X) = (P(z;)) = 0. From (16) it follows that
P(z) = 0 for all x € B. Since the nonzero polynomial P has only finitely many
roots in any domain, for each prime ideal p of B, we conclude that B/p is finite.
Thus B is Noetherian of Krull dimension 0 hence is Artinian. By Exercise 2.5, an
Artinian ring with finite residue fields is actually finite. That is, R/b is finite, so
there are only finitely many ideals of R containing b. In particular I is finite. [

Now let us compute the ideal norm more concretely. As above, multiplicativity
reduces us to the case of N(P) for P € MaxSpec B. In this case, p =P NAisa
prime ideal of A, so B/P is a finite-dimensional A/p-vector space, so

X(B/'P) = pdimA/p B/P _ pr\p_

COROLLARY 5.37. Letn:=[L: K].
a) For all I € Frac A we have N(u.(I)) = I".
b) The pushforward map v, : Frac A — Frac B is injective.

PROOF. a) Both sides of N(¢.(I)) = I™ are multiplicative in I, so it is enough
to consider the case of a prime ideal p of A. Then t.(p) = P;*---PE. Fo each
1 <i <r we have N(P) = p/(PIP) 50 using Theorem 5.26b), we get

N(L*(p))) — Hpeplpfmu — pZLl e(Plp)f(Plp) _ p".

i=1

b) By part a), the composition N o ¢, on Frac A is I — I™, which is injective since
as a Z-module Frac A is free, hence torsionfree. Therefore ¢, is also injective. O

We now give still another interpretation of the ideal norm in terms of the norm
Np K of the field extension L/K. First:

PROPOSITION 5.38. Let 8 € L. Then N((8)) = Np,k(5).

PRrROOF. We have N((8)) = xa(B/(8B)). Since 5B is the image of the lattice
B under the linear transformation -, by Proposition 4.6 we have

xa(B/(BB)) = (det B-) = Nk (B)- =
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Proposition 5.38 shows in particular that using the notation IV for the ideal norm
is not as “overloaded” as it first appeared.

If A is a DVR, then B is a PID, so every fractional ideal is principal. In gen-
eral, like any ideal in a Dedekind domain, the ideal norm can be computed locally,
and this leads to the following result.

THEOREM 5.39. Let J € Frac B. Then

N(J) = (N (B) | B € J)a.

PROOF. Let I be the A-module generated by Ny x(3) for 8 € J, so we want
to show that I = N(J). If we write I = [], p® and N(J) =[], p% then we want
to show that a, = b, for all p or, equivalently, that for all p € MaxSpec A we have
I, = N(J), as ideals of A,. Note that

I, = (Npyx(B) | Be J)a, = (Npx(B) | B € Jp)a,
and N(J), = N(J,). Since B, is a PID, J, is principal, say, J, = (m,), and then
N(Jp) = (Np xmp)a,, which shows that N(J,) € I,. On the other hand, every

B € Jy is therefore of the form m,y, for some v, € By, and thus Ny, x(8) =
Npyk(mp)NLyx (V) € (Npyi (mp)) a, = N(J)p, s0 I © N(Jp). 0
6. Dedekind-Kummer and Monogenicity

6.1. Dedekind-Kummer Version 1.
EXERCISE 5.34. Let R be a Dedekind domain with fraction field K, let V' be a
finite-dimensional K-vector space. Let A1, Ao, A3 be three lattices in V. Suppose:
(i) We have Ay C As.
(i) We have x(A1,A2) = x (A1, As).
Then A2 = Ag.
EXERCISE 5.35. Let A be a Dedekind domain with fraction field K, let L/ K be
a finite degree field extension, and let B be the integral closure of A in L, which we

assume is finitely generated as an A-module. Let I and J be nonzero ideals of B.
Suppose that I C J and N(I) = N(J). Show: I =J.

THEOREM 5.40 (Dedekind-Kummer, Take 1). Let A be a Dedekind domain with
fraction field K, let L/K be a degree n separable field extension, and let B be the
integral closure of A in L. We suppose that there is o € B such that B = Ala].
Let f € A[t] be the minimal polynomial of oo. Then: for p € MaxSpec A, let

T
r=1ls"
i=1

be the factorization of the image f of f in A/p[t]. For 1 <i <, let g; be any lift
of Gi to a monic polynomial in A[t], and put

Pi = (p, gi(a)).

Then each P; is a mazimal ideal of B, we have

pB = ﬁPfi
=1

and we have B/P; =2 Alt]/gi. In particular, we have f(P;|p;) = deg(qi).
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PROOF. Step 1: Since B = Ala] = A[t]/(f), we have

B/P; = Ala]/(p, gi(a) = A[t]/(f,p.9:) = (A/p)[t]/(f, 50) = (A/p)[t]/(g0).
Now p is a maximal ideal of A, so A/p is a field, so (A/p)[t] is a PID and thus
the irreducible polynomial g; generates a maximal ideal in it. This shows that P;
is a maximal ideal of B, and evidently it contains p. Moreover it is clear that the
residual degree f(Pilp) = [(A/p)[t]/(7) : A/p] = deggi.

Step 2: We claim that pB divides [];_, P;*. Indeed, we have

T T T
1175 =1t gi(@) = [T0B + (gi(e)).
i=1 i=1 i=1
When we multiply out this product, it is clear that every term is divisible by p,
except possibly for the term in which p does not appear, but this latter term is
[[@i(@)) = (f(@)) =0 (mod pB).
i=1
Step 3: We now know that pB D [[;_, Pf*. To show equality it suffices to show
that N([;_, P{*) = p", since then N([];_, P{*) = p™ = N(pB),so pB =[[.,_, P{*
by Exercise 5.35.
So: we have

T
N(H P’Lez) — pZZ:] f(Pilp)e: — leZl e; degg; — pdegf — p” .
=1

Let us give some applications.

EXAMPLE 5.41. Let D € Z°* be a squarefree integer that is not a square, and
let K =Q(VD).
a) Suppose D = 2,3 (mod 4). Then Zy = Z[\/D], and the discriminant is
A =4D. The minimal polynomial of \/D is f(t) =t> — D. Let p € Z be
a prime number. By Dedekind-Kummer:
e If A is a nonzero square modulo p, then let u € (Z/pZ)? by such that
u? = A. Then f factors mod p as (t + u)(t — u). By Dedekind-Kummer,
(p) splits in Zg into two primes Py = (p,v/'D +u), Py = (p,/D — u).
o If A is not a square modulo p, then t2 — D remains irreducible modulo
p, so p is inert in Zg . Notice that Dedekind-Kummer says that the ideal

over p is generated by p and \/52 — D, but of course the latter element is
0, so the ideal is generated by p: that’s what inert means.

o Ifp| A, then f factors modulo p as t?. The unique prime P of Zx over
(p) is P = (p,VD).

b) Suppose D = 1 (mod 4). Then Zyx = Z[a] where a = %, and the
discriminant is A = D. The minimal polynomial of o is f(t) = t* +
t+ %. Let p be an odd prime number. Since the discriminant of this
polynomial is D, this goes much the same as in the previous part:

e If D is a nonzero square modulo p, then (p) splits into P1 = (p,t + u
and Py = (p,t — u), where u is a root of t2 +t + % modulo p.

o If D is not a square modulo p, then (p) is inert in L.

o Ifp| D, then let r € Z be such that modulo p we have t* +t + % =
(t —1r)2. Then (p) = P?, where P = (p,a —r).
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EXERCISE 5.36. Let D # 1 be a squarefree integer such that D = 1 (mod 4),
and let K = Q(v/'D). Show:
a) If D=1 (mod 8), then 2 splits in Z.
b) If D=5 (mod 8), then 2 is inert in Zk.

EXAMPLE 5.42. Let A be a PID with fraction field K, let L/K be a separable
quadratic field extension, and let B be the integral closure of A in L. I claim that
B/A is a free A-module (necessarily of rank 1): if not, there is v € B\ A and
a € A® such that ax € A. But then x € %A C K and also is integral over A; since
A is integrally closed, we get x € A, a contradiction. Let o be the lift of a generator
of B/A to A. Then B = Ala], so B is monogenic. Let f(t) = t> + bt + ¢ € A[t]
be the minimal polynomial for o, and let A = b* — 4c. Let p = (p) € MaxSpec A.
Then if A is a nonzero square in A/(p), then (p) splits in B, if A is not a square
in A/(p), then (p) is inert in B, and if p | A then p ramifies in B.

EXAMPLE 5.43. Let N € Z23. Let (y = e*™/N and put K :== Q(Cy), the Nth
cyclotomic field. By [Cl-FT, Thm. 9.8], the minimal polynomial for {n is Py (t),
the monic polynomial whose roots are the primitive Nth roots of unity. We will
use the fact that Zx = Z[(n]. Thus the factorization of a prime ideal (p) of Z
corresponds to the factorization of ®n modulo p. In particular:

e Supposep =1 (mod N). Then N | (p—1), so the cyclic group F); has an element
of order N, or in the other words, the fiinite field F,, contains a primitive N th root
of unity, so ®n(t) splits completely modulo p and thus (p) splits in Zxk.

o Conversely, let pt N. Then ®y(t) is separable in F,. If it splits completely, then
the primitive Nth roots of unity live in F,, so N |p—1, sop=1 (mod N). Thus
a prime p splits completely in Zx iff p=1 (mod N).

o If p | N, there is no primitive pth root of unity in F,, hence no primitive Nth
root of unity in F,. Thus ®,(t) is not separable in Fylt], so p ramifies in L.

The obvious limitation in Theorem 5.40 is the assumption that B = A[a] for some
a € B: when this holds for a ring extension B/A, we say that B is monogenic over
A. One might at first think that this monogenicity is automatic: after all, it is for
a finite separable field extension L/K, as part of the Primitive Element Theorem.
But such an extension B/A of Dedekind domains need not be monogenic, even
when A is a PID. The following result allows for the production of a large class of
counterexamples.

THEOREM 5.44. Let A be a Dedekind domain with fraction field K, let L/ K
be a finite degree field extension, and let B be the integral closure of A in L. Let
p € MaxSpec A be such that A/p has order q. Suppose that there are ay, ..., am € B
such that B = Alayq, ..., ], and let v be the number of prime ideals P of B lying
over p of degree 1: f(Plp) = 1. Then:

m > log,(r).
ProoOF. Put F, := A/p, a finite field of order ¢. Since B = Alay, ..., apy], we
have a surjective A-algebra homomorphism
A[tl,. .. ,tm] — B.
Tensoring to A/p (or noting that the composite map Alty,...,t,,] = B — B/pB
factors through A/p[t1,...,t,]) we get a surjective F,-algebra homomorphism

(17) F,lt1,. .. tm] — B/pB.
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In turn, we may write pB = P;'---PerJ with the P;’s degree 1 primes and
ged(Py -+ - Pr,J) = 1. We then get surjective Fy-algebra maps

(18) B/pB S [ B/P" x B/J — || B/P: =T,

i=1 i=1

Composing (17) and (18) we get a surjective F,-algebra homomorphism

Fq[th . ,tm] — IFZ
Since Fy, has r maximal ideals, each with residue field Fy, it follows that F, [t1, .-y tm]
has at least r maximal ideals with residue field F,. But by [CA, Lemma 11.2], for
any field K, there is a bijection from K™ to the set of maximal ideals of K[ty ..., ;]
with residue field K given by
(xl,...,xm) — <t1 — X1,y lm —xm>.

So Fylt1, ..., tm] has precisely ¢ maximal ideals with residue field Fy, and it follows
that ¢" > r and thus log, m > r. O

If we apply Theorem 5.44 with A = Z, we find: if K is a number field of degree n
and p is a prime number such that Zx has more than p degree 1 primes lying over
p, then Zg is not monogenic. The number of degree 1 primes is certainly at most
n, so in order for this strategy to succeed we need n > p+1 > 3.

Using the methods of Number Theory II one can prove that such examples abound:
e.g. for any prime p and n,r € ZT such that 1 < r < n, there is a degree n number
field K for which Zg has precisely r degree 1 primes lying over (p), so if » > p
then Zg is not monogenic. In particular, for all n > 2 there is a number field K of
degree n in which 2 splits completely, so there are n degree 1 primes of Zg lying
over (2), and by Theorem 5.44, the Z-algebra Zy requires [log, n| generators. Re-
markably, this bound is sharp: Pleasants has shown that for each number field K
of degree n > 2, Zy can be generated as a Z-algebra by [log, n] generators [P174].
In fact he gives more precise results on the minimal number of generators of Zx as
a Z-algebra and also the minimal number of generators of Zj, as a Zg-algebra for
an extension of number fields L/K from which this bound is a consequence.

To give “Number Theory I” examples we will borrow from the following fact that
will be covered later on: let A be a Dedekind domain with fraction field K, let Lq
and Lo be finite degree separable field extensions inside an algebraic closure K of
K, and let L be the compositum LiL,. For ¢ = 1,2 let B; be the integral clousre
of Ain L;, and let B be the integral closure of A in L. Suppose p € MaxSpec A
splits completely in both B; and in By. Then p splits completely in B.

We can apply this to show that various biquadratic number fields K4, 4, == Q(v/d1, V/d2)
are not monogenic. First suppose that d; and do are distinct squarefree integers,
each different from 1, such that d;y = do = 1 (mod 8). By Exercise 5.36, 2 splits

in both Q(v/d;) and Q(1/dz), so by the above observation, 2 splits completely in
K, 4,- Thus Zg, , has 4 > 2 degree 1 primes lying over (2), so by Proposition
5.44, the Dedekind domain Z, , is not monogenic over Z.

Now replace the congruence condition d; = da = 1 (mod 8) by d = dy = 1
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(mod 3). Then 3 splits in both Q(y/d;) and Q(v/dz), so 3 splits completely in
Ka,,d,- Thus Zg, , has 4> 3 degree 1 primes lying over (3), so by Proposition
5.44, the Dedekind domain Zg, ,, is not monogenic over Z.

EXERCISE 5.37. Let f =13 —t> — 2t — 8 € Q[t].

a) Show: f is irreducible. Let oo € C be a root of f, and put K = Q[a], so
K/Q is a cubic number field.

b) Put O = Z[a]. Show: Ap = —22-503. (Note: 503 is prime!)

¢) Show: B = %(’2 € Zk. Conclude: Zyi = Zlo, f] and Az, = —503.

d) Forx € Z3, we write N(x) for the positive generator of N((x)), the norm
of the principal ideal (x). Recall that this is on the one hand |Ng q(x)|
and on the other hand is #Zk [(c). Show: N(a) =8 and N(a—1) = 10.
Use this to show that 2 splits completely in Zg .

e) Show: Zk 1is not monogenic.

6.2. Supplements to Dedekind-Kummer. The material of this section
comes from [Se:CL, Ch. III].

PROPOSITION 5.45. Let R be a DVR with maximal ideal m and residue field k.
Let f € R[t] be monic of positive degree, and put

S = RIt]/(f).
Then S is a semi-local ring, and its mazimal ideals are obtained as follows: let f be
the image of f in k[t], and factor it: f = p§*---p& with py,...,p, € kt] distinct
monic irreducible polynomials. For each 1 < i < r, choose g; € R[t] that lifts p;
(i.e., so that the reduction of g; modulo m is p;). For 1 <i <r, put

P’i = <ma gZ>
Then MaxSpec S = {P1,...,P.}.

ProOOF. For 1 <i <r, we have
S/P; = R[t]/(m, f, g:) = k[t]/(p:)

is a (finite degree) field extension of k, so P; is a maximal ideal of S. The ideals
P1,..., Py are precisely the maximal ideals of S that contain mS. We claim that
these are all the maximal ideals of S. To see this, let P be any maximal ideal of S. If
P did not contain mS, then we would have P+mS = S; since S is finitely generated
as a module over the local ring (R, m), Nakayama’s Lemma implies P = S, a
contradiction. O

LEMMA 5.46. Let R be a commutative ring, let f € R[t], and let a € R. There
is a unique g € R[t] such that

f(&) = f(a) + f'(a)(t — a) + (t — a)’g(2).

PROOF. By the universal property of polynomial rings, there is a unique R-
algebra homomorphism ¥ : R[t] — R[t] that maps ¢t to t — a. Clearly the unique
homomorphism that maps ¢ to ¢ + a is its inverse, so ¥ is an isomorphism. In
particular, it is an R-module isomorphism, so it carries the R-basis {t" | n € N} to
the R-basis {(t — a)™ | n € N}. Thus there unique {b,}52 in R, all but finitely of
which are zero, such that

f= ibn(t —a)" =by+bi(t—a)+ (t—a)? i bu(t —a)" 2

n=0 n=2
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Evaluating at a we find by = f(a). Differentiating and then evaluating at a we find
that by = f/(a). Taking g := > 7, b,(t — a)" 2, we get

Ft) = fa) + f'(@)(t — a) + (t — a)?g(2).

The polynomial g has to be unique, for if another polynomial A worked in its place
we would have (t — a)?(g(t) — h(t)) = 0, but the monic polynomial (+ — a)? is not
a zero divisor in RJ[t]. O

Let R be a Dedekind domain with fraction field K, let L/K be a finite degree
field extension, and let S be the integral closure of R in L. We say that S/R is
monogenic if there is a € S such that S = R[a]. (In particular this implies that
S is finitely generated as an R-module, which is always true if L/K is separable
but need not hold in general.) In a “global” context, monogenicity is a sensitive
issue: it is far from guaranteed that e.g. the ring of integers of a number field
is monogenic over Z. (In this classical context, instead of monogenicty one often
speaks in terms of the existence of a power basis.) However, in the local context
monogenicity is much easier: the following result shows in particular that if R is a
complete discrete valuation ring with perfect residue field then S/R is monogenic
for every finite degree separable field extension L/K. In particular, the ring of
integers of every p-adic field is monogenic over Z,.

THEOREM 5.47. Let R be a DVR with fraction field K. Let L/K be a separable
finite degree field extension, and let S be the integral closure of R in L. We assume:
(i) S is a DVR; and
(i) the residual extension l/k is separable.

Then S is monogenic over R.

PrOOF. Let p be the maximal ideal of R and P be the maximal ideal of S,

and let 7 be a uniformizer of S. Let e = e(L/K), so pS = (7¢). Let k := R/p
and [ == S/P, so f = [l : k]. By Theorem 5.26 we have ef = [L : K]. Since l/k
is assumed separable, by the Primitive Element Theorem there is T € [ such that
I = k[z]. Let  be a lift of T to S.
Step 1: We claim that {:v’ﬁrj}ogKf’ 0<j<e Span S as an R-module.’ By Nakayama’s
Lemma it is enough to show that their images in S/pS span it as an R-module.
Since pS = 7S, it is enough to show that for all 0 < m < e, if the elements span
S/m™S then they span S/7™*1S. For m = 0, we have S/7S = [, so certainly
the elements 1,z,...,z/~! span. Inductively we assume that for 1 < m < e the
elements x'm/ with 0 < j < m span S/7™S, and let € S. Then by assumption
there are r; ; € R and y € S such that

T — E rijeim =7a"y.
0,J

There are ag, ...,ay—1 € R such that y — Y, a;z* € 7S. Thus

f-1
11 i_m m—+1
T — Ty T — a;z'T" e TS,
i=0

i,J

5Since L/K is separable, S is free of rank n as an R-module. By [CA, Thm. 3.44], the claim
implies that {z’7/} —0<i < f, 0 <j < e in fact form an R-basis of S.
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Step 2: We claim that we may choose x such that there is g € R[t] monic of degree
f such that g(x) is a uniformizer of S.

Proof: Start first with g € R[t] monic that reduces to the minimal polynomial of T
over k. Let w be the normalized valuation on L, so w(g(z)) > 1. If w(g(x)) = 1,
we have found our g. Otherwise w(g(z)) > 2. Let 7 be a uniformizer for L. By
Lemma 5.46 there is s € S such that

g(x +7) = g(z) + mg' (z) + 5.

Since I/k is separable, we have §'(Z) # 0, so w(wg’(x)) = 1 and thus w(g(z+mw)) = 1.
Thus = + 7 is an acceptable choice of .

Step 3: Choose x as in Step 2 and put m = g(z). By Step 1, the elements
{x'g(x)7 }o<icf, 0<j<e span S over R. Thus S = R[z]. a

THEOREM 5.48. Let A be a Dedekind domain with fraction field K, let L/ K
be a degree n separable field extension, let B be the integral closure of A in L. Let
a € B be such that L = K|al, let f € A[t] be the minimal polynomial of ., and put

O = Ala].

Suppose there is p € MaxSpec A such that f is locally Fisenstein at p. Then O is
mazimal at p: we have O, = By, or equuialently that p{ xa(B/O).

Proor. We may replace A with A, and therefore assume: A is a DVR with
maximal ideal p = (), f is Eisenstein at p and show that O = B. Assume not:
then there is £ € B\ O such that 7§ € O. There are by,...,b,—1 € A, not all
divisible by 7, such that

TE=bp 10" V4. b+ by € O.
Let 0 < j <n —1 be the minimal index such that b; ¢ mA. Then

b b bi—1
771_5<0+1a+...+“a]1>
T T

_ b T bjen i1 +...+ bat ns € B.
™ ™ T

Then for all 0 < 7 < n — 1 we have

n

b; « .
;Ja"‘l + — (bjt1 +bjpea+ ...+ b,_1a”77?) € B.

Because f is Eisenstein at p = (7), we have that

n

(L:_<Man—1+._.+@) € B,
T T T
and it follows that
&a”_l €B
T
But we have
b I GO Co Vi

n—l)

)

N pta
/r(a pry s

which does not lie in A because 7 1 b; and 7% { ag, contradicting Corollary 5.12. [0
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EXERCISE 5.38. Let a € Z+ and let n € Z*. Suppose the polynomial t* —a €
Q[t] is irreducible. (By [CI-FT, Thm. 9.21], when 4 { n, this holds if for all primes
p | n we have a ¢ Q*P: that is, for no prime p dividing n is a a pth power in Q; if
4 | n, if we add the condition that —4a ¢ Q**, then t" — a is irreducible.) Let o be
a root of t" — a in C, and let K := Q[a].

a) Show: dzq)/z = (—1)%n . Deduce: for a prime number p, if
p 1 na, then Z[a] is mazimal at p and p is unramified in Z .

b) Show: if p t na, then Z/pZ[t]/(t" — a) is an étale Z/pZ-algebra. Once
again deduce: for a prime number p, if p { na, then Zla] is maximal at p
and p is unramified in Z .

c) Let p be a prime. Suppose p | a and p?t a. Show: Z[a] is mazimal at p.

d) Suppose: all p | n, we have a ¢ Q*P; if 4 | n, also suppose —4a ¢ Q**.
Suppose moreover that a | n, a is squarefree, and for all primes p we have
pla < p|n. (In other words, a is squarefree and n is obtained from
a by multiplying by primes p | a and possibly by —1.) Show:

ZK = Z[a]
EXERCISE 5.39. Forn € ZT, let ®,(t) € C[t] be the unique monic separable
polynomial whose Toots are the primitive nth roots of unity. Then ®,(t) € Zlt]

[CI-FT, Prop. 9.6] and ®,, has degree o(n) (Euler’s totient function). As Gauss
showed, ®,,(t) € Q[t] is irreducible [CI-F'T, Thm. 9.8]. Put

. 271
Cn — e 7rz/n7

nanfl

a root of ®,(t). The nth cyclotomic field is
Q(¢n) = Q[t]/ (®n).

An important basic result is that Zgc,) = Z[Ca]. In this evercise we will prove this
when n = p® is a prime power; later we will deduce the general case from this.
From now on we put
Ci=C(po = e2mi/P”
a) Show: there is N € Z=° and € € {£1} such that b67;¢/2 = ep™ .
(Hint: 1t is equivalent to show that for all primes £ # p, the Z/{Z-algebra
ZJVZ[t]/(®pa) is étale. For this, notice that ®pa(t) | t*" — 1, while for any
n€Z", if K is a field of characteristic not dividing n, then t" —1 € K|t]
is a separable polynomial.)
b) We claim that ®pa(t + 1) is Eisenstein at p. To see this:
(i) Show: The image of ®,a(t) € Z/pZ[t] is t¥P*).
(ii) Show: ®pe(1) =p.
¢) Show: Zgy = Z[¢] and (with notation as in part a)) 5(Q(¢) = ep™.

7. The Different

Throughout this section we will maintain the following setup: let A be a Dedekind
domain with fraction field K, let L/K be a finite degree separable field extension,
and let B be the integral closure of A in L.

During the proof of Theorem 5.20 we observed that B* is an A-lattice in L and
B C B*.

We make the following additional observation:
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LEMMA 5.49. B* is a fractional B-ideal.

PrOOF. It is enough to check that BB* C B*: for then B* is a B-submodule
of L that is finitely generated as an A-module, hence certainly finitely generated as
a B-module, and thus it is a fractional B-ideal.

Let x € B and y € B*. We need to check that for all z € B, TL/K(xyz) e A.
Now Tk (wyz) = Tk ((22)y) € A since zx € B and y € B*. O

Since B* is a fractional B-ideal containing B, when we factor it as [[p;* all the
nonzero exponents are negative. Therefore its inverse is a proper B-ideal: we call
it the different of S over R:

Apja = (B,

PROPOSITION 5.50. Let A be a Dedekind domain with fraction field K, let
K C L C M be a tower of finite degree field extensions, let B be the integral closure
of A in L and let C be the integral closure of A in M (C is also the integral closure
of B in M ). Then we have

Ac/a = Ap/alo)B-
PROOF. See [N, pp. 195-196]. O
PROPOSITION 5.51. Let S C A be a multiplicative subset. Then we have

ST'Apja =Ag-1p/s-1a.

Proor. Both inverses and duals are compatible with localization. (I
THEOREM 5.52. We have

dp/a = Npja(Apya).
Proor. Using Corollary 4.17 and Proposition 5.35, we get
dp/a = xa(B*/B) = xa(B/B")™' = N(B*)™' = N((B*)™") = N(Apa). O

LEMMA 5.53. For a nonzero ideal I of B, we have I | Ag,a if and only if
TTL/K(I_I) Q A
PROOF. We have I | Ag/4 if and only if I D Ap,, if and only if I=' C B*. if
and only if Trp/x(I7) = Trp x(I7'B) C A. O
THEOREM 5.54 (Dedekind’s Different Theorem). Let P € MaxSpec B lie over
p € MaxSpec A. Let e = e(P|p). Then:
a) If e ¢ p and (B/P)/(A/p) is separable, then ordp(Ap/a) = e — 1.
b) Ifecp or (B/P)/(A/p) is inseparable, then ordp(Ap,a) > e.

PrROOF. We may localize and thus assume that A is a DVR. Write p = (p).
We observe that to establish a) and b) it suffices to show:

(19) Pt Apja
and
(20) P | Ap/a < ecpor (B/(P))/(A/p) is inseparable.

Step 1: We will show (19). For this, write
pB =P la.
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Since by definition e = ordp(pB), we still have P | a. By Lemma 5.53 it suffices to
show that Trr,/ g (P~(¢~1) C A. Since

pe-n _ Ly
p

we have TYL/K(P_(C_I)) C A if and only if
Let o € a. Then Trz/k(a) = Trp,a(a) and

Trp/a(a) (mod (p)) = Tr(p/pB)/a/m) (@)

Since pB = pB and a are divisible by the same prime ideals of B, they have the same
radical: rad(pB) = rad(a). It follows that there is N € ZT such that oV € pB, so
@ is a nilpotent element of B/pB, so its trace is 0.
Step 2: We will show (20). Write p = P°b, so P t b. As above, we have that
P¢ | Ap,a if and only if Tr(b) C pA if and only if:

VB €b, Trp/ppy/ampalB) =0.

In what follows, all our traces will have bottom ring the field A/pA, so if X is
a finite-dimensional commutative A/pA-algebra and z € X, we will simplify the
notation by writing T'x () instead of Trx (4 /pa)(z).

Since the ideals P¢ and b are coprime, the Chinese Remainder Theorem gives
B/pB = B/P¢ x B/b and thus for all z = (z1,22) € B/pB = B/P° x B/b we have

Tp/pp(2) = Tp/pe(21) + Tp/p(22).
Of course if € b and we write T = (21, x2), then zo = 0. It follows that for all
x € b we have

Tppp(T) = Tp/pe(x1) = Tp/pe(T).
z =1y (mod P¢)
=0 (mod b)

Moreover, for all y € B, there is x € B such that { , SO
Tpype(y) = Tp/pe(T) = Tp/pp(T).
Thus we conclude that

TB/TI’(b) =0 < TB/PC(B/Pe) =0.

Now B/P¢€ is a local principal Artinian A/p-algebra, so by Exercise 5.26 its trace
map is identically 0 if and only if the residue extension (B/P)/(A/p) is inseparable
or e is divisible by the characteristic of A/p; the latter holds if and only ife € p. O

COROLLARY 5.55. Let P € MaxSpec B lie over p € MaxSpec A. Then:

a) We have that P ramifies if and only if P | Ap,a.
b) We have that p ramifies if and only if p | 6p,a-

PROOF. Part a) follows from Dedekind’s Different Theorem. As for part b),
because Np/a(Apja) = dp/a, the primes of A that divide dp/4 are precisely the
primes p that lie under a prime P of B that divides Ap/4, which by part a) are
precisely the primes of A lying under ramified primes of B, which are (by definition!)
precisely the ramified primes of A. O
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REMARK 5.56. The argument that a) => b) in Corollary 5.55 can be reversed
to show that b) = a) if we moreover assume that P is the only prime of B that
lies over A. This does not seem like an especially helpful remark, but actually it
is: in Number Theory II one introduces completions, and then it is easy to check
that just as the different is compatible with localization, it is also compatible with
completion, so one can assume that A is a complete DVR. This forces B to also
be a (complete) DVR: i.e., there is only one prime lying over p. This is the way
Sutherland proves Corollary 5.55 in his notes.

COROLLARY 5.57. Let A be a Dedekind domain with fraction field K, let L/ K
be a degree n separable field extension, and let B be the integral closure of A in L.
Let p € MaxSpec A, and write

pB =P - P, fi= f(Pilp).
Then:
a) We have

(21) 0p(0x) =n =S fi
i=1

b) Equality holds in (21) if and only if pt ey - - e, and each residue extension
(B/Pi)/(A/p) is separable.

PROOF. By Theorem 5.54, we have Py' - .- P ~1 | Ag. The discriminant is
the norm of the different, so we find that dp/4 is divisible by
pfl(el_l)"!‘-ufr(er_l) _ pZE':l eifi—>i fi — p"—le fi

Moreover, according to Theorem 5.54, we get no further p-divisibility if and only if
no ramification index is divisible by p and every residual extension is separable. [

Dedekind’s Different Theorem is a very useful tool in computational number theory.
Here is an example due to K. Conrad:

EXAMPLE 5.58. Let K = Q(3/2). There is an obvious Z-order in K, namely
O = 7Z(3/2). We will show that O = Zy. Since O = Z[t]/(t3 — 2), the dicriminant
of O is Res(f, f') = —108 = —4-27. We will show that |0z, | = 108: then O = Zk.

Since dz,. | 108, the only primes that could ramifiy in K are 2 and 3. In fact 2
and 3 are each totally ramified in K:

(2) = (V2)*.
To see that 3 is totally ramified, put
a=vV2+1, u=Vi+V2+1.
Since u(\3/§ —1)=1, ue O*. Moreover
a® =3 —a+1)=3(Vi+V2+1),

so (a)® = 3. By Dedekind’s Different Theorem, the unique prime of K lying over 2
contributes a factor of 22 to Sk and the unique prime of K lying over 3 contributes
at least a factor of 3% to 0k, so Ok is divisible by 108.

EXERCISE 5.40. Let K be a field, let f € K[t] be a monic separable polynomial,
with roots a, ..., ay in an algebraic closure of K.
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a) Show: Y7 | % = tf,(i)i =1

(Suggestion: The left hand side is a polynomial of degree at most n. Show
that it evaluates to 1 at oy for 1 <i<mn.)
b) Similarly, show: for all0 <k <n — 1, we have

22 =k,
(22) Z f’ a;) t—ozZ
c) Write

fo)y=@- oz)(cn_l(oz)tnfl + ... Fala)t+ce(a)) € KJt].
Show: for all 0 <1i,j <n —1 we have

k

—ci(a;) =0 -
2 Fa () =
(Suggestion: equate the coefficients of 7 in the LHS and RHS of (22).)

THEOREM 5.59. Let R be a Dedekind domain with fraction field K, and let
L = K(«) be a finite degree separable field extension. Let f € K[t] be the minimal
polynomial of ae. Write

f=0t—a)co1(a)t" 4.+ er(a)t +coa)) € L[t].

a) The dual basis to the basis (1,...,a" 1) of L is (?Oggg Clg g c"f7(1$)).
b) Suppose « is integral over R and put A == Ala]. Then
1
A = A
f'(a)

PROOF. Step 1: Write f(t) = ant™ + ... + ap—1t + ag € K[t]; we have a,, = 1.
Then

f) _ 10~ flo) 3~ -

It follows that

i=j+1
and in particular that ¢;(«) is a polynomial in « with coefficients in K.
Step 2: Let the roots of ain an algebraic closure of F' be a3 = «,aq,...,a,. By
Exercise 5.40, for 0 < j,k <n — 1 we have
a Cj
T’I'L/K ] Z f/ 041 :5j7k’
so the dual basis to (1,q,...,a" 1) is (cf?gzg, j},gzg et C’fff,(lo(l?)).

Step 3: Suppose that « is integral over A, so the coefficients a; of the minimal
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polynomial f lie in R. Using the fact that a,, = 1, our formula for ¢;(a) gives a
system of equations

en—1(a) =1,
Cn—2(®) = an_1 + a,

en—3(a) = ap_2 + an_1a + a2,

2
c(a) =as +asa+ ...+ ap_20a™ "%,

co(@) =a; +agar + ... +a" L.
The equations imply that each ¢;(«) lies in A[a], the A-submodule of L spanned
by the powers of a. But their particular form implies that each power of « lies in
(co(a),...,cn—1())a. So
.1 1 1
AN =——(co(a),...,cn—1(a)ya = ——(1L,,...,«

e e A= T

COROLLARY 5.60. Let A be a Dedekind domain with fraction field K, let L/ K
be a finite degree separable field extension, let B be the integral closure of A in L,
and let a € B be such that L = K(«), and let f € A[t] be the minimal polynomial
of a. Let § == ()4, a nonzero principal ideal of A. Then we have

(23) 0 = (N (f'(a))).

EXERCISE 5.41. Prove Corollary 5.60.
(Suggestion: combine Theorem 5.59b), Proposition 4.6 and Proposition 5.58.)

n—1> 0

The different ideal can be computed by passing to the completion of A at each
p € MaxSpec A. In Number Theory IT we will see that if (A, p) is a complete DVR
with fraction field K, L/K is a finite degree separable extension, B is the integral
closure of A in L, then B is a complete DVR with maximal ideal P, say. Then if the
residual extension (B/P)/(A/p) is separable then B is monogenic as an A-algebra.
Thus Theorem 5.59 can in principle always be used to compute the different of an
extension B/A so long as the residue fields of A are perfect.

EXERCISE 5.42. Let A be a domain, let f € A[t] be a monic polynomial, and let
B = At]/(f). Let Qg a be the module of Kihler differentials (see [CI-FT, §13.2]):
this is a B-module equipped with a universal A-derivation d: B — Qp/4.

a) Show: the map 1 — dt induces a B-module isomorphism
B/(f'(t))B = Qp)a.
b) Suppose that A and B are Dedekind domains. Show:
(24) annQp/4 = Ap/a.

In fact (24) holds whenever A is a Dedekind domain with fraction field K and B
is its integral closure in a finite degree separable field extension [N, Prop. I11.2.7].
This provides a hint as to why the different ideal Ap,4 appears when one studies
ramification of coverings of algebraic curves.
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8. Prime Decomposition in a Galois Extension

8.1. Invariants under a Galois Extension. Let A be an integrally closed
Noetherian domain with fraction field K, let L/K be a separable field extension of
finite degree N, and let B be the integral closure of A in L. By Theorem 5.20, B is
an integrally closed Noetherian domain that is finitely generated as an A-module,
and moreover dim B = dim A.

Now we suppose that L/K is Galois, and let G = Aut(L/K) be its Galois group.
For a subring B of L, we put

B ={xeB|VYoeq, ox)=uz}.
Notice that if B = L, then by basic Galois theory we have LY = K.

PROPOSITION 5.61. Let A be an integrally closed domain with fraction field K,
let L/K be a finite Galois field extension with Aut(L/K) = G. Then BY = A.

PrROOF. It is clear that A = A C B¢ C L¢ = K. Since B/A is an integral
extension, also BY/A is integral. So if z € BY then z is an element of K that is
integral over A, hence x € A since A is integrally closed. O

EXERCISE 5.43. Let B be a domain, and let G be a finite group acting effectively
on B by ring automorphisms. Let K be the fraction field of B¢, and let L be the
fraction field of B.

a) Show that the action of G on B extends uniquely to an action of G on L.
Show also that L/K is a finite Galois extension with Aut(L/K) = G.

b) Show that there is a unique extension of the G-action to the rational
function field L(t) such that each element of G fizes t. Show also that
L(t)/K(t) is a finite Galois extension with Aut(L(t)/K(t)) = G.

c) For x € B, consider the polynomial ®, := ], co(t — ox). Show that

Q= Nrgy/r(t — ),

@, € (B[t])¢ = B[1].

Deduce that B/B€ is an integral extension.
d) Show: if B is integrally closed, so is BS.

PROPOSITION 5.62. Let G be a finite group acting effectively by automorphisms
on a ring B, with invariant ring B¢. Let 1 : B¢ — B.
a) If P € Spec B and o € G, then o(P) = {o(z) | x € P} is a prime ideal
of R. Moreover if p := 1*(P) = P N BY, then also 1*(c(P)) = p.
That is: G acts on Spec B and this action stabilizes each fiber of the
map * : Spec B — Spec BY.
b) Let p € Spec BE. Then the G-action on the fiber (v*)~(p) is transitive.

PROOF. a) We leave this as an exercise.
b) Let P; and P, be two prime ideals of B lying over the prime ideal p of B¢. For
x € B, we put Ng(z) =[], e o(x) € BC. If € Py, then

Ng((L') EPlﬁBG:pQPQ.
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Since Py is a prime ideal containing Ng(z), there is at least one o € G such that
o(x) € Pa, so it follows that
Prc | o(Pa).
ceG
By part a) and Prime Avoidance (Lemma 2.6) it follows that there is o € G such
that P; C o(P,). Since B/B¢ is integral, there are no proper containments of
prime ideals of B lying over the same prime ideal of B¢ [CA, Cor. 14.15], so
7)1 = U(PQ). O

EXERCISE 5.44. Prove Proposition 5.62a,).

8.2. Galois Symmetry. We now intersect with our standard setup: suppose
that A is a Dedekind domain with fraction field K, that L/K is a Galois extension
of finite degree n, with G = Aut(L/K), and B is the integral closure of A in L.
Then all of the previous results apply: in particular, for any p € MaxSpec A, the
Galois group G acts transitively on the set of primes of B lying over p.

The presence of this transitive group action both simplifies and deepens our dis-
cussion of how prime ideals of A decompose in B. Indeed, let P; and Py be two
maximal ideals of B lying over the same maximal ideal p of A. By Proposition 5.62
there is ¢ € G such that o(P1) = P2. Then o induces a field isomorphism

g B/Pl :> O'(B)/O’(Pl) :B/PQ

In fact, because G acts trivially on A, this is not just a field isomorphism but an
A/p-algebra isomorphism. It follows that

f(Pulp) = [B/Py: A/pl = [B/P2: Afp] = f(Palp).

The Galois group G also acts on Frac B. The following result analyzes this action.

PROPOSITION 5.63. Let A be a Dedekind domain with fraction field K, let L/ K
be a finite Galois extension with G == Aut(L/K), and let B be the integral closure
of A in L. For I € Frac B, consider the following three conditions:

(i) There is a fractional ideal a of A such that aB = 1.
(ii) For all 0 € G we have o(I) = 1.
(iii) For all p € MaxSpec A, if P1, P2 € MaxSpec B both lie over p, then
vp, (1) = vp,(I).
Then: (i) = (i) < (iii).

PRrROOF. (i) = (ii): If aB = I, then I is the B-module generated by the
subset a, so for all 0 € G, o(I) is the B-module generated by the subset o(a). But
since a C K we have o(a) =a, so o(I) = 1.

(ii) < (iii): We have
I = H H'])'UP(I)_
pEMaxSpec A P|p

For p € MaxSpec A, since G permutes {P | p}, if I has the same valuation at every
such P, then o(I) = I. Conversely, since the action on {P | p} is transitive, if there
were P; and P both lying over p such that vp, (I) # vp,(I), then there is 0 € G
such that o(P;) = Ps, and then

VP, (U(I)) = Up, (I) # Upy (I)a
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soo(l)#1. O

Condition (i) is indeed generally stronger than the other two conditions: indeed,
suppose p € MaxSpec A is totally ramified in B: pA = P¢ is a prime power with
e > 2. Then P = P but P is not pushed forward from A.

From Proposition 5.63 we deduce: if P;, Py € MaxSpec B both lie over p €
MaxSpec A, then

e(P1lp) = e(Pzlp).

Indeed, condition (i) applies to pB, and hence so does condition (iii).

EXERCISE 5.45. With notation as above, let J € Frac B.

a) Show: there is a unique I € Frac A such that 1.(I) = [[,cq o(J).
b) Show that I = N(J), i.e., I is the ideal norm of J. Thus we have:

(25) I[ o) =N()B.
ceG
COROLLARY 5.64. With notation as above, letp € MaxSpec A, and let P1,..., P,
be the primess of B lying over p. Then we may write e, for the common value
e(P;lp) for alli and fy for the common value f(P;|p) for all i, and then we have

pB = (Pl"'Pr);

and
epfpg =[L: K].

EXERCISE 5.46. Let I € Frac B. As explained above, condition (iii) of Propo-
sition 5.63 is not enough to ensure that I = aB for some a € Frac A. Howewver,
there is a similar, but stronger, condition that is necessary and sufficient to ensure
that I = aB. Find it and prove it. (Hint: use the ramification indices ey.)

EXERCISE 5.47. Suppose L/ K is a quadratic Galois with Aut(L/K) = (o), and
let J € Frac B be such that o(J) = J. Show: there is I € Frac A and a subset S of
ramified primes of B — that is, for all P € S, we have epna = 2 — such that

J=IB- ][] P.
Pes
8.3. Decomposition and Inertia Groups and Fields. We maintain our

running assumptions:we have a Dedekind domain A with fraction field K, a degree
n Galois extension L/ K with G = Aut(L/K), and B is the integral closure of A in L.

Let p € MaxSpec A, and let P € MaxSpec B lie over p. We define the decom-
position group

D(Plp) ={oc € L|ao(P)="P}.
As we know, G acts transitively on the fiber {P | p}. Recall that whenever a group
G acts on a set X, if x € X and g € G, if Stab, is the stabilizer of x, then we have

Stabg, = g Stab, gt
In particular, if G acts transitively on X then the various point stabilizers precisely
yield a full, single conjugacy class of subgroups.
So this happens here: when we switch from one prime lying over p to a different
prime lying over p, the decomposition group changes to a conjugate subgroup, and
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all conjugates of any one decomposition group do arise this way. The most favorable
case is that in which the extension L/K is abelian — i.e., G is commutative. Then
conjugation is trivial, so the decomposition group depends only on the downstairs
prime p, and in this case will be denoted by D(p).

It follows from Corollary 5.64 and the Orbit-Stabilizer Theorem that
#D(Plp) = epfp.

To ease the notation in what follows, let us write

k(p) = Afp
for the residue field at p and
I(P) = B/P
for the residue field at P. Thus I(P)/k(p) is a field extension of finite degree f(P|p).

Using the decomposition group D = D(P|p), we can break up L/K into the
tower of fields L/LP(PIP) /K. Let Ap be the integral closure of A in L”. Let
pp =P NAp,s0o P |pp | p. On the one hand, D = Aut(L/LP) acts transitively
on the set of primes of B lying over pp. On the other hand, by definition D acts
trivially on the set of primes of B lying over p, so it certainly acts trivially on the
smaller set of primes of B lying over pp. Taking these together, we find that P is
the only prime of B lying over pp, so e(P|pp) f(P|pp) = #D = e, fp, and thus

e(pplp) = f(pplp) = 1.

If D is normal in G, then L” /K is Galois: in this case p splits completely in L.
The general case is a bit more complicated, and it is addressed in our next result.

EXERCISE 5.48. With notation as above, let M be a subextension of L/K. Let
P € MaxSpec B lie over py; € MaxSpec Ay, which lies over p € MaxSpec A.
a) Show:
D(Plpar) = D(Plp) 0 Aut(L/M).
b) Show: LPPlem) = [P )f.

EXERCISE 5.49. With notation as above, let M be a subextension of L/K, let
Aps be the integral closure of A in M, and let ppr = PNM. Show that the following
are equivalent:

(i) We have M C LP®PIp),
(i) we have e(prr/p) = f(pa/p) = 1.
(Hint for (i) = (i): use part b) of the previous Ezercise.)

THEOREM 5.65. Let A be a Dedekind domain with fraction field K, let L/ K be
a finite degree separable field extension, and let B be the integral closure of A in L.
Let p € MaxSpec A.

a) There is a unique subextension L* of L/ K with the following property: for
a subextension F of L/ K, the prime p splits completely in F if and only
if F C L.

b) If L/K is Galois, then so is L* /K.
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PROOF. a) Let M be the Galois closure of L/ K, let By be the integral closure
of A in M, and suppose that

pBy =Pt - P
If F is a subextension of M/K, let Ar be the integral closure of A in F. For
1 <i < r,put q; == P; N Ap. Then p splits completely in F' if and only if
we have e(q;|p)f(q:lp) = 1 for all i. By Exercise 5.49, this holds if and only if
F Ci_, MPPiP) Thus we may take

L* =L MPPie),
i=1
b) If L/K is Galois, then M = L and L* = (;_; LPP:l?) = L{PPilp) Since the
D(P;|p) form a full conjugacy class of subgroups of G = Aut(L/K), the subgroup
(D(P;]p)) is the precisely the least normal subgroup generatated by any one of the

decomposition groups D(P;|p). In particular it is normal, so its fixed field L* is
Galois over K. O

THEOREM 5.66. Let A be a Dedekind domain with fraction field K. Let K°°P
be a separable closure of K, and let Ky, ..., K, be subextensions of K3 /K, each
with finite degree over K, and put

L=K; - K,.

For1 <i <, let A; be the integral closure of A in K; and let B be the integral
closure of A in L. Let p € MaxSpec A be a prime that splits completely in A; for
all i. Then p splits completely in B.

PROOF. Let L® be the subextension of L/K given by Corollary 5.66. For

1 < i < r, since p splits in A;, we have K; C L°. Therefore L = K, --- K, is also
contained in L?, so p splits completely in B. ([l

COROLLARY 5.67. Let A be a Dedekind domain with fraction field K, let L/ K

be a finite degree separable extension, with Galois closure M. For a prime p €
MaxSpec A, the following are equivalent:

(i) p splits completely in L.

(ii) p splits completely in M.

PrROOF. (i) = (ii): The Galois closure M of L/K is the compositum of
the finitely many distinct fields o(L) as o runs through embeddings of L into an
algebraic (or, if you like, separable algebraic) closure of K. So Theorem 5.66 applies.
(i) = (i): This is immediate from the multiplicativity of ramification degrees
and inertial indices in towers. O

Next we turn to a naturally defined “reduction” homomorphism
t: D(Plp) = Aut({(P)/k(p)) :
indeed, for o € D(P|p), we have o(P) = P and thus o induces an automorphism
t(o): B/P — o(B)/c(P) = B/P.

Let us give a name to the kernel of this homomorphism: we call this the inertia
group I(Plp). That is:

I(P|p) .= {o € D(P|p) | o acts trivially on B/P}.
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EXERCISE 5.50. Show that I(Plp) is also the set of o € G such that for all
x € B we have o(x) —x € P.

In order to make progress we want to throw in one more assumption: namely that
the residue field k(p) = A/p is perfect. By definition, this means that every finite
extension is separable, so in particular the extension {(P)/k(p) is separable. Every
field of characteristic 0 is perfect, as is every finite field. The latter is the more
important observation for us, since classical algebraic number theory takes place in
the case A = Z, in which case the residue fields are just Z/pZ.

THEOREM 5.68. With notation as above, suppose that for p € MaxSpec A the
residue field k(p) = A/p is perfect. Let P € MaxSpec B lie over p, and put [(P) :=
B/P. Then:

a) The extension [(P)/k(p) is finite Galois (of degree f,).
b) The reduction map v : D(P|p) — Aut({(P)/l(p) is surjective.
c) We have #I(Plp) = #Kerv =e,.

PROOF. a) Let us abbreviate D := D(P|p) and I := I(P|p). Let Ap be the
integral closure of A in L?, and let pp := P N LP. Let’s further put

ep = ¢(Plpp), fo = f(Plpp).

As seen above, we have e(pp|p) = f(pp|p) = 1. The latter gives us Ap/pp = A/p.

Because [(P)/k(p) is a finite degree separable extension, it has a primitive
element: say [(P) = k(p)[@]. Lift @ to an element o € B, and let f € LP[t] be
the minimal polynomial for a. Because « is integral over A it is also integral over
Ap, so in fact f € Ap[t]. Because L/LP is Galois, the polynomial f splits in L
and every root of f is of the form o(a) for some o € D. Now let f be the image of
fin Ap/pplt] = A/p[t]. Tt follows that the roots of f are all of the form t(o)(@)
for some o € D. All of these roots lie in I(P), so I(P) is the splitting field of the
polynomial f € k(p) and therefore is a normal extension of k(p), hence a Galois
extension of k(p) since we assumed that k(p) was perfect.
b) Since every conjugate of @ over k(p) is of the form t(o)(@), every element of
Aut(I(P)/k(p)) is of the form v(o) for some o € D. Thus ¢ is surjective.
¢) We know that v: D — Aut(I(P)/k(p) is surjective with kernel I(P|p), so

4IPlpy = —— P2 _ el 0

~ #AWUP)/kP) S

For L/K a finite Galois extension with G = Aut(L/K) and P € MaxSpec B lying
over p € MaxSpec A, using the inertia group we can refine our filtration of subfields:

Kk & Lopirn &g

We have a parallel to much of the above discussion when we replace the de-
composition subgroup D(P|p) by the inertia subgroup I(P|p) and the condition
e(P|p)f(Plp) = 1 with the condition e(P|p) = 1. We leave the proofs as exercises.

EXERCISE 5.51. Let L/K be finite Galois, and let M be a subextension of L/ K.
Let P € MaxSpec B lie over py; € MaxSpec Ay, which lies over p € MaxSpec A.
a Show:
I(Plpar) = I(Plp) N Aut(L/M).
b) Show: LI(PlPar) = [P(PIP)pf,
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EXERCISE 5.52. Let L/K be finite Galois, let M be a subextension of L/K,
let Apr be the integral closure of A in M, and put pps = P N Apr. Show that the
following are equivalent:

(i) We have M C L'(PIp),
(ii) We have e(pplp) = 1.

COROLLARY 5.69. Let A be a Dedekind domain with fraction field K, let L/ K
be a finite degree separable field extension, and let B be the integral closure of A in
L. Let p € MaxSpec A.

(i) There is a unique subextension L' of L/ K with the following property: for
a subextension F of L/K, the prime p is unramified in F if and only if
FCL.

(ii) If L/K is Galois, then so is L'/K.

EXERCISE 5.53. Prove Corollary 5.69.

THEOREM 5.70. Let A be a Dedekind domain with fraction field K. Let K°°P
be a separable closure of K, and let K1, ..., K, be subextensions of K3 /K, each
with finite degree over K, and put

L=K - K,.
For1 <i <, let A; be the integral closure of A in K;, and let B be the integral

closure of A in L. Let p € MaxSpec A be a prime that is unramified in A; for all i.
Then p is unramified in B.

EXERCISE 5.54. Prove Theorem 5.70.

COROLLARY 5.71. Let A be a Dedekind domain with fraction field K, let L/ K
be a finite degree separable field extension, with Galois closure M. For a prime
p € MaxSpec A, the following are equivalent:

(i) p is unramified in L.
(ii) p is unramified in M.

8.4. Frobenius Elements. We maintain the standard setup of this section:
suppose A is a Dedekind domain with fraction field K, L/K is a finite Galois ex-
tension with G = Aut(L/K), and B is the integral closure of A in L. To this we
now add the hypotheses that for p € MaxSpec A the residue field k(p) = A/p is
finite, say of cardinality ¢ = p°.

Let P € MaxSpec B lie over A. Our hypothesis gives us a complete description
of D(Plp)/I(Plp). By Theorem 5.68, the reduction map induces an isomorphism
from D(P|p)/I(P|p) to Aut({(P)/k(p), where once again we put [(P) = B/P. Since
k(p) is finite of cardinality ¢, [(P) must be finite of cardinality ¢/*, and it follows
that Aut(I(P)/k(p)) is cyclic of order f.

This already implies some Galois-theoretic restrictions on how primes of A can
decompose in B:

EXERCISE 5.55. Let A be a Dedekind domain with fraction field K, let L/ K be
a degree n Galois extension with Galois group G, and let p € MaxSpec A.

a) Suppose that:
(i) The residue field k(p) = A/p is finite.
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(ii) The prime p is inert in B: i.e., pB is a prime ideal of B.
Show: G is cyclic.
b) Find infinitely many number fields K that are Galois over Q and such

that no prime (p) of Z is inert in L.
We continue with the above dicsussion. Beyond being cyclic, Aut(I(P)/k(p) has a
canonical generator, namely the g-power Frobenius map Fj : z — x?. We define a
Frobenius element 7p|, to be an element of D(P[p) that maps under t to this
canonical generator Fy. In general, 7p, is well-defined up to an element of the
inertia group I(P|p), so when p is unramified in B — as we will henceforth assume
— we get a uniquely defined Frobenius element 7p),.

EXERCISE 5.56. With notation as above, suppose p is unramified in L/K, let
P be a prime of B lying over p, and let o € G = Aut(L/k).
a) Show:
To(P)lp = OTP[p0 -
b) Deduce that the set {Tp|, | P lies over p} of Frobenius elements attached
to the set of primes of B lying over p fill out a full conjugacy class in G.

EXERCISE 5.57. Let n > 3, let K = Q, and let L .= Q((,) be the nth cyclo-
tomic field. Then L/K is Galois, with G = Aut(L/K) canonically isomorphic to
(Z/nZ)*. Later (Theorem 7.6) we will prove that if p ramifies in Zy, then p | n, so
for each ptn we have a Frobenius element® 7, € (Z/nZ)*.

a) Show: for p{n we have 7, =p (mod N).
b) Let ¢ denote complex conjugation, viewed as an element of G. Show:
c¢=—1 (mod p).

8.5. Supplement on Inseparable Extensions. Some of the above holds
when the degree n field extension L/K is normal but not separable. With the lack
of separability, we still have that B is a Dedekind domain but it need not be the
case that B is finitely generated as an A-module. But the results we discuss here
do not require B to be finitely generated as an A-module.

PROPOSITION 5.72. Suppose that L/K is normal, and put G = Aut(L/K). Let
p € MaxSpec R. Then G acts transitively on MaxSpec S/pS, i.e., on the set of
mazimal ideals of S lying over p.

PROOF. Let p® be the inseparable degree of L/K, so for x € L,

o
(26) Npjk(z) = (H U(@) :
oceG

Suppose to the contrary that there are maximal ideals P; # P2 lying over p such
that for all 0 € G, Py # oP1. By the Chinese Remainder Theorem, there is z € S
such that

T € Pa,

Voe@G, x=1¢€c(P1).

Then

Np/g(r) == 2" H o(x) ] e P2NR=np.
1#0€G

bwe get an element rather than a conjugacy class because G is commutative.
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On the other hand, for all ¢ € G, ¢ oPy; equivalently o~ tx ¢ P;, and as o
runs through all elements of G so does o~ !, so for all 0 € G, o(x) ¢ P;. Thus
Np/k(x) € p € Py but by (26) is a product of elements none of which are in Py,
contradicting the primality of P;. [

EXERCISE 5.58. Let A be an integrally closed domain with fraction field K, let
L/K be a degree n purely inseparable field extension, and let B be the integral
closure of A in L.

a) Deduce from Proposition 5.72 that the natural map MaxSpec B — MaxSpec A
s a bijection.

b) Show directly the following stronger result: let A be a domain with fraction
field K, L/K a purely separable algebraic extension (possibly of infinite
degree), B the integral closure of A in L, and p € Spec A. Then rad(pA)
is the unique prime ideal of B lying over p.

EXERCISE 5.59. Suppose that A is a Dedekind domain with fraction field K,
that L/K is an arbitrary finite degree field extension, and that B is the integral
closure of A in L. Show that the natural map Spec B — Spec B has finite fibers:
for all p € Spec A, Spec B/pB s finite. (Suggestion: localize to reduce to the case
in which p is maximal. Then reduce to the case in which L/K is normal by passing
to the normal closure.)

9. Hensel’s Different Theorem

THEOREM 5.73 (Hensel). Let P € MaxSpec B lie over p € MaxSpec A. We
put: k= A/p, 1 := B/P, e :=e(Plp). Suppose that l/k is separable. Then:
(27) vp(Apja) <e—1+wvp(e)
Notice that in the hypothesis of Hensel’s Theorem, if P/p is tamely ramified then
the upper bound is vp(Ap,4) < e—1. In fact, by Theorem 5.54a) we have equality

in this case. Thus the new content of Hensel’s Theorem is an upper bound on
vp(Apya) in the presence of wild ramification (and a separable residual extension).

We will give the proof of Theorem 5.73, but our proof will use some results from
Number Theory II [NTII]. You will probably wish to wait to read this proof until
they are familiar with the theory of completions of discretely valued fields.

PrROOF. We will use the fact that Ag,4 can be computed after completion:
if Bp is the completion of B with respect to the P-adic valuation and A, is the
completion of A with respect to the p-adic valuation, then [N, Prop. III1.2.2(iii)]

AB/A XB BP = ABP/Ap'

To ease the notation, we simply assume that A and B are complete DVRs. By
Theorem 5.47, we get that B is monogenic over A: say B = Ala]. Let

n—1 n
F=tN 4 at' =) ait’ € Alt]
i=0 i=0
be the minimal polynomial of a. By Theorem 5.59 we have

s = vp(f'(@)).
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Suppose first that L/K is unramified. By Dedekind-Kummer, the polynomial f €
E[t] is separable, so f/(a) # 0 and thus s = vp(f'(a)) =0 = e — 1.7 By
Corollary 5.69 there is a unique maximal unramified subextension L’ of L/K. Let
B’ be the integral closure of A in L', let P’ be the unique prime of B’ lying over
p, and let I’ := B’/P’. We claim that L/L’ is totally ramified over P’. If not, then
[/l is a proper, finite degree separable field extension. As argued in [NTII, §2.2]
using Hensel’s Lemma, this gives an unramified subextension M of L/L’ such that
[M: L' =[l:1U] > 1, contradicting the fact that L’ was the maximal unramified
subextension of L/K. Using this and Proposition 5.50 we reduce to the case in
which L/K is totally ramified over p. Then by [NTII, Thm. 2.11],if a =T is a
uniformizing element for P then B = A[Il] and the minimal polynomial f of « is
is Eisenstein at p: we have ag € p\ p? and a; € p for all 1 <i < N — 1. Thus

(o) = Ziaiai_l.
i=1
For 1 <4 < e we have
vp(ia;a™h) = vp(iyvp(a;) + (i — Dvp(a)
=e(vp(i) +vp(a;)) +(t—1)=i—1 (mod e),
so all of these valuations are distinct. It follows that

s=vp(f(a)) = r1n<invp(iaio<i*1) <wvplea®™ ) =e—1+uvp(e). O

10. The Chebotarev Density Theorem

Let k be either Q or Fy,(t); 0 = Z or Fp[t]. Let K/k be a finite separable extension
and L/K be a finite Galois extension. Let R be the integral closure of 0 in K, S
the integral closure of 0 in S. We further write X (resp. 3g) for the set of nonzero
prime ideals of R (resp. of S). For brevity, we summarize this situation by saying
that S/R is a Galois extension of global rings.

Notice that R and S are Dedekind rings with finite quotients, so all of the ma-
terial of the previous section applies: especially, for any prime p in R not dividing
A(S/R), we have a Frobenius conjugacy class 7, C Gal(L/K).

We also have (just!) one more thing: we have a norm map on the nonzero in-
tegral ideals of R, with the property that there are only finitely many ideals of
norm less than or equal to any given number.

Let T'C X r. We say that T" has a natural density if

g HUET|N(U) <z}

exists; if so we define its natural density 6(T") € [0, 1] to be the above limit.

"We knew this already from Theorem 5.54, but this is a different argument from the one
given above.
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We say that T" has a Dirichlet density if
o per N
lim S
s—1+ ZPEER N(p)
exists; if so we define its Dirichlet density dp(T) € [0, 1] to be the above limit.

EXERCISE 5.60. Let T C XR.
a) Show that if T has a natural density, then it has a Dirichlet density and
op(T) =6(T).
b) Ezhibit a T which has a Dirichlet density but no natural density.

For any group GG, a normal subset 7" C G will be a subset which is invariant
under conjugation: for all 0 € G, cTo~ ! = S.

EXERCISE 5.61. Show that a subset T of G is normal iff it is a disjoint union
of conjugacy classes.

Notice that if G is abelian, then all subsets are normal.
10.1. The Chebotarev Density Theorem.

THEOREM 5.74. (Chebotarev, 1922) Let S/R be a Galois extension of global
rings, with G = Gal(L/K). Let X C G be a normal subset, and consider the
Chebotarev set Tx C Xg of prime ideals p which are unramified in S and such
that the Frobenius conjugacy class 1y, is contained in X.

a) The set T has Dirichlet density i—g
b) If char K = 0, then Tx has natural density i—g

EXERCISE 5.62. Suppose that you know Chebotarev Density when T C G is a
single conjugacy class. Deduce the general case.

COROLLARY 5.75. For any separable extension S/R of global rings with [L :
K] = n, the density of the set S of primes p of R which split completely in S is
W, where M is the Galois closure of L/K . In particular we have
1 1
— <4(8) < —
n! = (5) < n
EXERCISE 5.63. Prove Corollary 5.75.
COROLLARY 5.76. (Equidistribution of Frobenius elements in the abelian case)
With notation as above, suppose that G = Gal(L/K) is commutative. Then for any
o € G, the set of unramified primes p such that 7, = o has density #

The “intersection” of Corollaries 5.75 and 5.76 is important in of itself: that in an
abelian extension L/K of degree n, the set of unramified primes p of R for which
7p = 1 — i.e., which split completely in L — has density +.%

EXERCISE 5.64. Let L/K be an extension of number fields. Corollary 5.75
shows that the density of primes p € MaxSpecZy that split completely in Zj, is
positive (and computes it). It is remarkable how much easier it is to show that

infinitely many primes split completely in Zy,. We follow an argument of Poonen
on MathQuverflow [Po10].

8This special case was proved much earlier by Frobenius: see below.
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a) Explain why it suffices to show in any finite degree Galois extension K/Q,
there are infinitely many prime numbers p that split completely in Zy .

b) Choose a € Zy such that K = Q[a], and let f € Z[t] be the minimal
polynomial of a. Let p be a prime number that does not divide the dis-
criminant of f. Show: p splits completely in Zx if and only if there is
n € Z such that p| f(n).

¢) Fill in the details of the following argument to show that for any noncon-
stant polynomial f € Z[t], there are infintiely many prime numbers p such
that p | f(n) for some n € Z.

We may assume that f(0) # 0, let p1,...,pr be the prime divisors of

f(0) (k = 0 is possible), and let q1,...,q¢ be any other prime numbers.
For 1 <i <k, let a; be the p-adic valuation of f(0), and for N € Z*, put

zn = f(NpP T pE g qo).

Show: for all but finitely many values of N, the integer xy is divisible by
a prime different from any of p1,...,Pk,q1,---,qe-

EXAMPLE 5.77. Let L/K be a quadratic extension. Then the set of ramified
primes is finite, and the set of primes which split completely and the set of inert
primes both have density % Applying this in particular to K = Q, L = Q(v/D),
this gives: for (p,4D) = 1, the set of primes p such that (%) =1 and the set such
that (%) = —1 each have density 3.

EXAMPLE 5.78. Let K = Q and L = Q((,), where ¢y, is (still) a primitive nth
root of unity. The well-known irreducibility of the cyclotomic polynomials easily
implies that Gal(L/K) = (Z/nZ)*, the isomorphism being given by a (mod n) —
(Cn = C2). Recall that every prime not dividing n is unramified. So for p with
ged(p,n) = 1, there is a well-defined Frobenius element 7, in G; it is a great
exercise to check that under the above isomorphism T, is precisely the class of p
in (Z/nZ)*. Thus in this very special case we recover the following seminal result:

THEOREM 5.79. (Dirichlet’s Theorem) For n € Z" and any a with ged(a,n) =
1, the set of primes p that are congruent to a (mod n) has density ﬁ.

EXERCISE 5.65. Let P(t) € Z[t] be a monic polynomial of positive degree d.
For a prime number ¢, let P, € Fy[t] denote the obvious (coefficientwise) modulo ¢
reduction of P.

a) If P is reducible over Z[t], then for all £, P, is reducible over Fy[t]. Thus,
applying the contrapositive, we get a sufficient condition for irreducibility
of P: it suffices for Py to be reducible for some (.

b) Suppose that the degree d is a prime number. Show a (much more
interesting) converse: the set of primes £ such that Py(t) is irreducible has
positive density.

¢) Find an irreducible quartic (i.e., d = 4) polynomial all of whose mod ¢
reductions are reductble.

d) Show that a polynomial as in part c) exists for all composite degrees d.”

9This is proved in [Br86]. The generalization to polynomials over any global ring is proved
in [GSSO05].
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10.2. Some further remarks.

Theorem 5.74 was conjectured by Frobenius in 1896. He was able to prove a sub-
stantial special case: in the Frobenius Density Theorem the subset T" must be
invariant under conjugation and also have the property that if ¢ € T, so is every
other generator of the cyclic subgroup generated by o, i.e., for all ¢ prime to the
order of o, o' € T. Note that when G is a symmetric group (which is what the
Galois group of an extension of global fields will be “with probability 1”) the first
condition implies the second, since o* has the same cycle type as . Also Frobenius’
theorem applies in the case in which T is a normal subgroup of GG; in particular it
applies to T' = {e}, giving Corollary 5.75.

Nikolai Grigorevich Chebotarev was born in 1896 and died in 1947. He proved
the density theorem in summer of 1922, having just turned 26, while being physi-
cally occupied with rather menial labor (e.g., bringing buckets of cabbages to the
market for his mother to sell) in the city of Odessa. He was not able to defend his
dissertation (on the density theorem) until 1927.

Strictly speaking what Chebotarev proved was weaker than Theorem 5.74: he
proved the result when K is a number field and for the Dirichlet density dp(T'x).
The generalization to natural density in the number field case is a significant piece
of analytic number theory. Even in the special case of Dirichlet’s Theorem (proved
in the case of Dirichlet density by....Dirichlet), the version for natural density was
not proven until much later by de la Vallée Poussin. Apparently the replacement
of Dirichlet density by natural density in the full-fledged Chebotarev Theorem was
first done by Hecke (and is sufficiently difficult not to be found in any of the stan-
dard texts that I have consulted). It should be noted that in the vast majority of
cases the real import of the Density Theorem is to show that the set of primes in
question is infinite, and for this it certainly doesn’t matter which density is used.

The proof in the function field case — char K > 0 — is not dramatically different,
and in some ways it is simpler. It seems to have first been proven by Reichardt in
1936. The argument is similar to Chebotarev’s and in some ways simpler.

However, in the function field case it is not always true that the natural density
0(Tx) exists! Tt turns out that dp(Tx) exists when the extension L/K has trivial
constant field extension — i.e., if the algebraic closure of ), in K is algebraically
closed in L — but there are counterexamples in the general case. This was pointed
out to me by Melanie Matchett Wood on 6/19/13, correcting an error in the way
Theorem 5.74 had originally been stated (in spring 2008). Wood also suggests the
reference [Ba08] for more information on this phenomenon.

There are effective versions of the Chebotarev Density Theorem, i.e., one can
give an explicit upper bound on the norm of the least unramified prime p whose
Frobenius conjugacy class lies in the normal subset T of Gal(L/K). I have had oc-
casion to look at such estimates: as one might imagine, the estimates depend on all
the quantities in question (especially, the discriminant A(S/R)) in a somewhat com-
plicated way. What is unconditionally known is somewhat disappointingly weaker
than what should be true: if one is willing to assume the Generalized Riemann
Hypothesis (GRH) then there are bounds which are a full logarithm better than
the unconditional bounds.



CHAPTER 6

Geometry of Numbers

1. Geometry of Numbers

1.1. Convex subsets of RY. Let N € Z*, and let Q be a subset of RY. A
point p € RV is a center for Q if for all 2 € Q, the reflection of x through p also
lies in €.

EXERCISE 6.1. A bounded subset Q of RN can have at most one center.

We define a subset € to be centrally symmetric if 0 is a center for : that is,
for all z € RY we have z € Q <= —z € Q.

A subset Q of RY is convex if for all P,Q € RY, if P,Q € Q then the entire
line segment from P to @ is contained in Q: precisely, for all A € [0,1] we have
(1-XNP+2Q € Q.

Here are some “undergraduate level facts” about convexity (indeed, most of these
results were either proved or assigned as exercises in the undergraduate real analysis
course I taught in Fall 2022):

EXERCISE 6.2. Let Q be a nonempty subset of R. Show: € is convex if and
only if  is an interval.

EXERCISE 6.3.

a) Let {Qi}ier be a family of convex subsets of RY indexed by a nonempty
set 1. Show: (;c; Qi is always convex, but if #1 > 2 then | J;c; Qi need
not be.

b) Let Q1 TNy C ... CQ, C... be an ascending chain of convexr subsets of
RN, Show: |J;—, Qy, is conver.

c) Let Q; C RM gnd wy C RN2 be conver subsets. Show that the Cartesian
product 1 x Qo C RNM+N2 s convex.

i€l

EXERCISE 6.4. Show: open and closed balls in RN are conves.

And here are some results about convexity that are just a little deeper than the
ones above. First we need the notion of a convex combination: if z4,...,x, are
vectors in RY, then a convex combination of z1,...,z, is a linear combination

)\11‘1 + e —|— )\nIn
satisfying the extra conditions
Moo s An 20, M1 +...+ X, =1

For a subset S C RY, we define Conv S to be the set of convex combinations of
Z1,...,T,, where we range over all finite sequences of elements of S. Notice that

123
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if S = {z,y} then Conv S is the line segment from x to y. A nonempty subset
S C RY is affinely independent if for each xg € S, the set {z —z¢ | z € S\ {0}}
is linearly independent. Actually, it suffices to require this condition for any one
xo € S: this means that after S is translated back to the origin, its set of nonzero
elements is linearly independent. Evidently if S C R is affinely independent, then
#S < N+ 1. If S is an affinely independent set with cardinality n + 1, we call
Conv S an n-simplex.

EXERCISE 6.5. Let S C RV,

a) Show that there is a unique subset C(S) of RN with the properties that:
C(S) D S, C(S) is convex, and for all convexr subsets Q D S we have
Q2C(5).
b) Show that C(S) = Conv S.
This subset is called the convex hull of S.

EXERCISE 6.6. Let (X, 7) be a topological space. For a subsetY C X we denote
by Y° the interior of Y, i.e., the largest open subset contained in'Y ; and we denote
by Y the closure of Y, i.e., the smallest closed subset containing Y. A subsetY is
regular-open if Y = (Y)°. A subset Y is regular-closed if Y = Y°.

a) Show: evey regular-open subset of a topological space is open. Exhibit a
subset Y of R that is open but not reqular-open.

b) Show: every regular-closed subset of a topological space is closed. Exhibit
a subset Z of R that is closed but not regular-closed.

c) Show: if @ CRYN is convex, then Q° = (Q)°. Deduce: an open convex set
is reqular-open.

d) Show: if Q@ C RN is convex, then Q = Q°. Deduce: a closed convex set is
reqular-closed.

EXERCISE 6.7. Let Q be a subset of R™Y. Show that the following are equivalent:

(i) Q is conver.
(ii) ©° is convex.

(iii) Q is convez.
A bounded subset 2 C RY is Jordan measurable if its characteristic function

1 z€Q

10 :RY 5 Rby z—
¢ Y {O x ¢

is Riemann integrable. Yes, I said Riemann! Because Riemann integrable functions
are Lebesgue integrable, a bounded Jordan measurable subset is certainly also
Lebesgue measurable, but being Jordan measurable is strictly stronger: indeed,
Lebesgue’s Criterion! says that the bounded function 1q is Riemann integrable if
and only if its discontinuities form a set of Lebesgue measure zero. It is easy to see
that 1 is discontinuous precisely on the boundary 0f2 of €, so....a bounded set is
Jordan measurable if and only if its boundary has Lebesgue measure zero.

Here is a basic fact:

1My colleague Roy Smith showed me where this result appears in Riemann’s work, so I don’t
know why it is not named after Riemann....but it isn’t.



1. GEOMETRY OF NUMBERS 125

THEOREM 6.1. A bounded convex subset Q CRY is Jordan measurable (hence
Lebesgue measurable).

PROOF. See e.g. [Sz97]. O

1.2. Lattices in RY. Let N € Z*. A lattice A in R" is the Z-span of an
R-basis of RV,

Let £L(RY) be the set of lattices in RY. If A € L(RY) and M € GLy(R), then
MA ={Mz |z e A}

also lies in £(RY): indeed, if A is the Z-span of the R-basis x1,...,zy then MA
is the Z-span of the R-basis Mx1, ..., M2y. The space L(RY) can be topologized
as a quotient space of GLy(R), as explored in the following exercise.

EXERCISE 6.8.

a) Show: GLy(R) acts transitively on L(RN) and that the stabilizer of ZN
is GLN(Z). Deduce an isomorphism of GLy(R)-sets

t: LRY) 5 GLy(R)/ GLN(Z).

b) GLx(R) is a topological space — indeed, a Lie group whose underlying R-
manifold has dimension N2 — and this allows us to endow L(RN) with a
topology, the quotient topology with respect to the map

q:GLy(R) — L(RY), M — MZ"N.

(This is really the quotient topology on GLx(R)/ GLy(Z) “transported”
via the bijection 1.) Show: q is a covering map. Deduce: L(RYN) is a
Hausdorff, second-countable R-manifold of dimension N2.

c) Show: if A € L(R), then A = (\) for a unique A € R”%. Deduce: L(R) is
homeomorphic to R>C.

d) Let {A,}52 be a sequence in L(RY) and let A € L(RY). Show: A,, — A
if and only if for all n € ZT there is an ordered Z-basis X,, of A,, and an
ordered Z-basis x of A such that, as vectors in RN™ we have x,, — X.
(Hint: if 7 :' Y — X is a covering map and x, — x is a convergent
sequence in X, then for any lift & of x to Y, one can lift each x, to T,
such that x,, — x,: indeed, after choosing T, for all sufficiently large n
the desired lift x,, of x, is unique.)

For a Dedekind domain A with fraction field K, in Chapter 4 we studied A-lattices in
a finite-dimensional K-vector space. Taking A = 7Z, we have the notion of a Z-lattice
A in QV: because Z is a PID, A is necessarily the Z-span of a Q-basis z1,...,zx
for QV. If L/K is a field extension, V is a K-vector space and S is a subset of
V, then S is K-linearly independent if and only if S is L-linearly independent in
Vi, =V ®k L; it follows that zi,...,zx are also R-linearly independent hence
form an R-basis for RY. That is, A is also an R-lattice in RY, so we get:

L@QY) € LRY).
It is easy to see that £(QY) is a countable dense subset of L(R™).

Thus our new notion of lattice is evidently related to our old notion of lattice,
but there are still some differences. Here is one:
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EXERCISE 6.9. Let A be a subgroup of QN. Show: A is a Z-lattice in QN if
and only if A =2 ZV.

It is clear that if A € L(RY), then A = Z~. The converse holds when N = 1,
just because any nonzero element of R is an R-basis for R. However the converse
fails for V > 2: since R is an infinite-dimensional Q-vector space for all N > 1
there is an injective group homomorphism Z" <+ R. Viewing R as a subset of RV

via  — (z,0,...,0), we see that for all N > 2 we get an injective homomorphism
t: ZN — RY such that dim(.(ZN))g = 1.

Let A C RN be a subgroup such that A = Z~. We claim that A is a lattice in R
if and only if A is discrete. One direction of this is clear: indeed, if M € GLy(R),
then M- : RN — R¥ is an isomorphism of topological groups (i.e., a group isomor-
phism and a homeomorphism) so it carries discrete subgroups to discrete subgroups.
Clearly Z is a discrete subgroup of RY, so also MZ" is a discrete subgroup of
RY | and every lattice in RY is of this form.

The converse takes more work. We will give a complete proof, but let me mention
that this result is not needed for any of our number-theoretic applications so can
safely be skipped if desired. We will work a bit more generally. First:

LEMMA 6.2. Let G be a Hausdorff topological group, and let H be a locally
compact subgroup of G. Then:

a) The subgroup H is closed in G.
b) In particular: if H is discrete, then H is closed in G.

PROOF. a) Let K be a compact neighborhood of the identity element e in H.
Let U be an open neighborhood of e in G such that U N H C K. Let z lie in the
closure H of H. Then there is a neighborhood V of z in G such that V~'V C U,
and thus

(VAH) " (VNH)CUNHCK.
Since x € H, we have that VN H is nonempty. Choose y € VNH; then VNH C yK.
For every neighborhood W of z, also W NV is a neighborhood of x, so WNVNH

nonempty; it follows that x € V' N H. Since yK is a compact subset of the Hausdorff
space H, it is closed, an thus

reVNHCyK=YKCH.

It follows that H is closed.
b) This is immediate from part a): discrete groups are locally compact. O

For a subgroup G C R, we define the real rank t(G) to be the maximal size
of an R-linearly independent subset of G, so 0 < t(G) < N. This is a reasonable
definition for us to make at this point because, as we saw, if A C RY is a subgroup
that is isomorphic to Z~, then A is a lattice precisely when t(A) = N. Now:

THEOREM 6.3. Let G be a discrete subgroup of (RY,+), of real rank v. Then
there are R-linearly independent elements vy, . .., v, € RY forming a Z-basis for G.

PrROOF. By Lemma 6.2, we know that G is closed. Evidently we have r =
0 < G = {0}, so we may assume that 1 <r < N.
By definition of the real rank, there are e1,...,e, € G that are R-linearly
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independent. Let

P o= {;xi6i|xi € [0,1]}

be the corresponding paralleletope. Then G N P is closed, discrete and compact,
hence finite. Let z € G. Since r is the real rank of G, there are Ay, ..., A, € R such

that .
T = Z i€
For j € Z, put o
xj = jr— ZLj)\iJei.
Thus -

T
2y = (N = Lix]) e,
i=1
sox; € GNP. Since x = x1 + Y.._,|\i]€i, we see that G is generated as a Z-
module by G NP, hence is finitely generated. Moreover, since G N P is finite and
Z is infinite, there are distinct j, k € Z such that x; = ;. Then

so A\; € Q for all . Thus G is generated as a Z-module by a finite number of Q-
linear combinations of the e;’s. Let d be a common denominator for the coefficients
of this finite generating set, so

dG - <81, . ,er>Z~
This shows that the free rank of dG is at most r, but the free rank of dG is equal to

the free rank of G, so the free rank of G is at most r. Conversely, since eq, ..., e,
are R-linearly independent they are certainly Z-linearly independent, so G is free
of rank r. Let vy,...,v,. be any Z-basis for G. Since the R-span of vy,...,v,
contains the R-linearly indendent set eq,...,e,,t he elements vy, ..., v, must also
be R-linearly independent. O
A lattice A in RY has a covolume Covol A € R>%: if v1,...,vy is a Z-basis for A,
let M, € GLx(R) be the matrix whose columns are vy, ..., vy; then we put

Covol A := | det M,|.
We should check that this is independent of the chosen Z-basis, but this is easy:

if wy,...,wy is another Z-basis of A, let A be the matrix representing the linear
automorphism of RY that carries v; to w; for all 1 <4 < N. Then, if M,, € GLy(R)
is the matrix with columns wy,...,wy, we have

M, = AM,,.
Moreover the jth column of A gives the coefficients in the unique expression of
w; as an R-linear combination of vy,...,vn; but w; is a Z-linear combnation of
V1,...,0N, 80 A € My (Z). The same argument with the v’s and w’s reversed shows

that A=! € My(Z), so A € GLx(Z) and thus det A € Z* = {1}, so
| det M,,| = | det M,|.
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EXERCISE 6.10. Let A € L(RY) and M € GLy(R). Show:
Covol(MA) = | det M| Covol(A).

EXERCISE 6.11.

a) Let A, — A be a convergent sequence in L(RY). Show: Covol A, —
Covol A.

b) Show: for no N € Z* is L(RY) compact.
(Suggestion: because L(RN) is metrizable, it is equivalent to find a se-
quence of lattices with no convergent subsequence.)

There are some unanswered questions about CovolA: e.g. why “volume” and
why “co”? Let us give a geometric interpretation: multiplication by M, gives the
linear automorphism of RY that carries the standard basis (eg,...,ex) to the basis
(v1,...,vn). Therefore M, maps the unit cube Cy := [0, 1]V to the paralleletope

Py ={x1v1 + ...+ zyoN | 21,...,2N5 € [0,1]}.

A standard interpretation of the determinant of M € GLy(R) is that it is the
change in “signed volume” effected by the linear transformation M-, so that

| det M, | = Vol(P,).

(Here we denote the Lebesgue measure on RY by Vol.) More generally, if X c RY
is any bounded Lebesgue-measurable set and M € GLy(R), then

(28) Vol(MX) = | det M| Vol(X).
Thus, if we put A, = (v1,...,vN)z, we find:
Covol A, = Vol(Py).

This is a special case of something quite general, which we now briefly sketch out.
Suppose a group G acts on a set X. A fundamental region for the action of G
is a subset R C X that contains exactly one element of each G-orbit on X. Thus
fundamental regions correspond to sections of the quotient map

X - G\X

and thereby exist in great abundance. For the natural action of A, on RY, the
paralleletope P, is almost a fundamental region, but it is slightly too large: rather

Ry :={z1v1+...+axnoN | z1,...,zy €[0,1)}

is a fundamental region. Notice that R, is neither open nor closed but its closure
is P, and we have Vol(R,) = Vol(P,).

Suppose now that our G-set X is a topological space equipped with a Borel mea-
sure p and that G acts on X by measure-preserving homeomorphisms. Under some
further reasonable hypotheses — which we need not digress to specify — both of the
following will hold: (i) there is a measurable fundamental region R for the action
of G; and (ii) any two measurable fundamental regions for the action of G have the
same measure. Then we can define u(G\X) to be the measure of any fundamental
region. This is what is happening in the context of A, acting on RY: the Lebesgue
measure on RY induces a measure on the quotient space RY /A, (which is homeo-
morphic to an N-dimensional torus, i.e., to (S')") inherits a measure, whose total
mass is Covol A.
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Notice that Covol A is not the measure of A: A is countable so has measure
zero. It is rather the measure of any fundamental paralleletope for A, which we can
think of as measuring “the space between the points of A.” In particular, a lattice
with large covlume has sparsely spaced vectors, while a lattice with small covolume
has densely spaced vectors. In particular:

EXERCISE 6.12. Let Ay C Ay be two latices in RN . Show:
Covol A1 = [Ag : Al] Covol AQ.

In fact, if we have lattices A7 € A in RY and one of A; and A, is contained in
QY then so is the other, and in this case Exercise 6.12 is a quick consequence of
Proposition 4.6. It is actually possible to deduce the general case of Exercise 6.12
from this using an approximation by rational lattices...though I don’t claim this is
the easiest way to proceed.

Finally, we remark that different fundamental parallelepipeds for the same lattice
all have the same size (volume = measure) but have very different shapes. In-
deed, any bounded subset of RY contains only finitely many points of A hence only
finitely many bases for A, hence only finitely many fundamental parallelepipeds
for A. Thus e.g. the fundamental parallelograms for Z2 in R? can be put into a
sequence, and as the terms of this sequence increase the parallelograms get longer

(their diameters tend to co) and thinner (all their areas are 1).

The following exercises introduces a version of the Frohlich invariant for certain
pairs of lattices in RY.

EXERCISE 6.13. Let Ay, Ay € L(RY).

a) Show that the following are equivalent:
(i) A1 N Ay has finite index in both Ay and As.
(ii) There is n € ZT such that nA; C Ay C %Al.
(iii) Ay and Ay span the same Q-subspace of RY.
When these conditions hold, we say that A1 and Ay are commensurable.
In this case we define a generalized index [Ay : A1) as follows: we
chooose n € Z1 such that nA1 C Ay and put

[Ag : A] = n"N[Ay : nAy],

where on the right hand side we have the usual group-theoretic index.
b) Show that the generalized index of commensurable lattices is well-defined.
c¢) Show: if Ay C Ao, then the generalized index coincides with the index.
d) Show: Covol A} = [Ag : A1] Covol A,.

1.3. Minkowski’s Convex Body Theorem. We define a convex body to
be a subset Q C RY that is nonempty, convex, centrally symmetric and bounded.
Some people also require a convex body to have nonempty interior. The following
exercise gives some perspective on this:

EXERCISE 6.14. Let Q C RY be convez. Show that the following are equivalent:

(i) Q is “flat,” i.e., is contained in some hyperplane H of RN .
(i) VolQ = 0.
(iii) Q has empty interior.
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Thus requiring a convex body to have nonempty interior is the same as requiring
it to have positive volume. We will soon see why we don’t need to require this.

Geometry of Numbers starts when we consider a convex body Q@ C RY and a
lattice A C RY together: consider 2 N A. What can we say about this set?

Well, first of all it is nonempty. Indeed, since () is nonempty, it contains some
point z; since ) is centrally symmetric, it also contains —x, and since §2 is convex
1 1

it contains 5(z) + 5(—z) = 0.

Let A® := A\ {0}. Could A® N be empty?

Yes, of course. The set A® is closed, so the distance from a point of A® to 0
assumes a minimum value [GT, Thm. 2.114], which we actually call the mini-
mum m(A) of the lattice A. So B°(0,m(A)), the open ball centered at the origin
with radius m(A), does not meet A® (i.e, the intersection is empty). Of course if R
is sufficiently large, then B°(0, R) does meet A®. The key question is: in order for
QN A*® to be nonempty, is it sufficient for Vol Q2 to be sufficiently large with respect
to Covol A7

As with many problems in the geometry of numbers, there is a useful linear equiv-
ariance. That is, let M € GLy(R). Certainly 2 meets A® if and only if M(Q)
meets M(A). Moreover we have nd for all M € GLy(R), we have

Vol(MS)  |det M|Vol(Q)  Vol(Q)
Covol(MA) — |det M|Covol(A) — Covol(A)’
so the ratio C\;?,L(l?[{) is invariant under linear changes of variable. Because of this,
if there is some number Vj such that for all convex bodies  with Vol > Vi we

have QN (ZN)* # @, then for all convex bodies {2 and lattices A with (X)%(l%)\) > Vi

we may choose M € GLy(R) such that MA = ZV and then
N Vol(€2) _ Vol(M(©2))
Covol(A)  Covol(ZN)

= Vol(M(©2)),

so M(€Q) meets ZY = M(A) and thus € meets A. Since = (—1,1)" has volume
2N and doesn’t meet (Z")® we must have Vy > 2. And now we are ready for the
theorem:

THEOREM 6.4. (Minkowski’s Convexr Body Theorem) Let Q C RN be a conver
body, and let A C RY be a lattice.

a) If Vol Q > 2V Covol A, then QN A® # @.
b) If Q is compact and Vol Q = 2V Covol A, then QN A® # @.

PROOF. a) Step 1: We prove Blichfeldt’s Lemma: if Q C RY is packable
—forallz #y € ZN, (z+ Q)N (y+ Q) =@ — and measurable, then Vol Q2 < 1.
To see this: for = (z1,...,2y) € ZV, put

N
Q. :=QnN H[xz,xl +1).

i=1
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Thus Q = [[,cpn Qe 50 VoI(2) = > v VoI(€,). Since € is packable, the family
{—z + Qy }zezn is pairwise disjoint, so

Vol( [T (e + )= 3 Vol(—e+2,) = Y Vol(2,) = Vol(2).

zeZN zeZN zeZN

On the other hand, for all z € Z~, we have —z + Q, C [0,1)", so

Vol(Q) = Vol( [] (—2 + Q.)) < Vol[o, )™ = 1.

zeZN

Step 2: As explained above, it suffices to treat the case in which A = Z" and that
VolQ > 2V, In fact, applying the linear transformation z 5, which changes
volumes by a factor of 27V, it also suffices to treat the case in which A = (1/2Z)
and Vol > 1. Thus Blichfeldt’s Lemma tells us that € is not packable, which
means there are Py, P, € Q and = # y € Z" such that x + P, = y + P»; thus
P = P, —P, € (ZN)*. As argued above, since (2 is convex and centrally symmetric,
we also have P, € ) and then 2P, — £ P is a nonzero element of QN (1/2Z)".

b) We leave this as an exercise. ]

EXERCISE 6.15. Prove Theorem 6.4b).
(Suggestion: By part a), for all € > 0, the dilate (1 + €)$2 contains an element of
A*. Argue that there must in fact be a fized element P € (ZN)® that lies in (14 ¢€)Q
for all € > 0, and make a limiting argument using the fact that ) is closed.)

1.4. A Slightly More Abstract Approach. Our discussion of both convex
subsets and of lattices was with respect to subsets of RY. In this section we discuss
the prospect of doing this in a finite-dimensional R-vector space instead.

First of all, in any R-vector space V (even if it is infinte-dimensional) one can
define convex subsets in exactly the same way. The results of §6.1.1 that do not re-
fer to topology ,measure or integration carry over verbatim in this context. We are
however interested in the case where V is a finite-dimensional R-vector space, say of
dimension N € Z*. Such a space is of course isomorphic to RY but not canonically
so: if 1 : V' — RY is one such isomorphism, then the general such isomorphism is of
the form (M-) ot for M € GLy(R). Because M- is a homeomorphism of RY, the
vector space V has a canonical topology obtained from transporting the topology
on RY via any isomorphism ¢. Moreover, because M- is a Lipschitz function, the
notions of Lebesgue measurability and of measure zero carry over to V.2 Thus in
fact all of §6.1.1 goes through with R replaced by an abstract finite-dimensional
R-vector space V.

If V is an N-dimensional R-vector space, then we can still define a lattice in V
as the Z-span of an R-basis. The set GL(V) of all invertible R-linear maps acts
on the set L(V) of lattices in V as above, and again the action is transitive. After
choosing one “standard lattice” Ag, we find that

L(V) = GL(V)/ Aut(Ay).

2See e.g. https://math.stackexchange.com/questions/1504487/
a-lipschitz-transform-maps-measurable-set-to-measurable
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Again this puts a topology on L(V). What we do not have in this context is
a notion of volume or covolume. We can get a measure on V by transporting
Lebesgue measure using an isomorphism ¢ : V — R¥: that is, for X C V,

w1y (X) = Vol(¢(X)).
However, for M € GLx(R), using (28) we find that
W(nyo, = | det M|p,.

Let SL1(R) be the subgroup of GLy(R) consisting of matrices of determinant +1.
(The notation is because SLy(R) is an index 2 subgroup of SLE (R).) A unimod-
ular structure on V is an SLE (R)-orbit of isomorphisms ¢ : V' — RN. Thus a
unimodular structure on V' gives us a well-defined volume.

Now let (-,-) : V X V — R be an inner product, by which we mean an R-bilinear
form that is positive definite:

Ve eV, (x,x) > 0.

Given an inner product, we can choose an orthonormal basis vy,...,vy of V, that
is an R-basis whose Gram matrix is the identity. (Start with any basis, and perform
the Gram-Schmidt process.) This gives us an isomorphism ¢, : V' — R determined
by v; — e; that satisfies:

Va,y €V, wp(x) - tu(y) = (x,y).

(Indeed, by bilinearity it is enough to check this when « = v; and y = v;, and this
is immediate.) Now let ws,...,wy be any other orthonormal basis of V', and let
P € GL(V) be the linear map that carries each v; to w;, so

Ly = Ly O P.
Moreover, for the same reason as above, we have
Va,y € V,(Pz, Py) = (z,y).

Thus the map ¢, o P o ;! preserves the standard inner product of RY, meaning
that it is represented by an orthogonal matrix, meaning

det P = det(t, 0 Pou, ') € {£1}.

Thus an inner product on V induces a unimodular structure on V' and thereby gives
us a well-defined volume.

Now let A be a lattice in (V,(,-)), with Z-basis x = (z1,...,2n). We define
the Gram matrix

Gw(lv.]) = <l‘i,$j>-
Let v = (v1,...,vy) be an orthonormal basis for V, and let ¢, : V — RY De,
as above, the isomorphism that carries each v; to e;. Because we have (z,y) =
to() - ty(y) for all z,y € V, the (7, j)-entry of G, is equal to ¢, (z;) - ty(z;). Thus
if M, (, is the matrix with columns ¢, (1), ..., (zN), we have

T
G, =M, )MLU(x))

Ly (z
S0
det G, = (det M, (,))* = (Covol e, (A))2.
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The point of our previous discussion is that we can write Covol A for Covol t(A),
because our Lebesgue measure Vol on (V, (-, -)) does not depend upon the choice of
v. We conclude:

PROPOSITION 6.5. Let A be a lattice in the inner product space (V,(-,-)). Let
G be a Gram matriz for A (with respect to some Z-basis of A). Then we have:

Covol A = Vdet G.

Finally, we comment that notwithstanding the fact that Minkowksi’s Convex Body
Theorem refers to both a volume and a covolume, it holds essentially verbatim in
any finite-dimensional R-vector space V', even witout an inner product. This is be-

cause, as comes out in the proof, the hypothesis is really that the ratio C\;‘\’,L ?A > 2N,

Finally, suppose (V,{-,-)) is a quadratic Q-space: recall that this means that V'
is a finite-dimensional Q-vector space and (-, -) is a nondegenerate symmetric bilin-
ear form. Then (-,-) uniquely extends to an R-bilinear form on Vg =V ®g R and
indeed, if v = (v1,...,vy) is any Q-basis for V, thenv® 1= (v1 ®1,...,o8 ® 1)
is an R-basis for Vg and we have an equality of Gram matrices G, = G,g1. How-
ever, (-,-) need not be an inner product: that requires the additional condition
that (z,z) > 0 for all nonzero z € V. Some standard linear algebra / rudiments
of quadratic forms theory shows that positive definiteness is equivalent to all the
eigenvalues o the Gram matrix being positive (recall that being a smmetric real
matrix, G, has all real eigenvalues) which is in turn equivalent to (z,z) > 0 for
all nonzero x € V, so we can speak of positive definite quadratic Q-spaces as well.
If (V,{(-,-)) is a positive definite quadratic Q-space, then we can speak of rational
lattices in Vg. In particular, any two rational lattices are commensurable.

2. The Additive Embedding
2.1. Basic Setup.

Let K/Q be a number field of degree N. Because K/Q is separable and C/Q
is algebraically closed, there are preicsely N Q-algebra embeddings o : K — C.
We say that such a o is real if o(K) C R; otherwise we say that o is complex.
For any embedding o, its complex conjugate & defined by = +— m is also an
embedding. Clearly ¢ =& if and only if o is real, so complex embeddings come in
conjugate pairs. (When we speak of a conjugate pair of embeddings, we will always
mean complex embeddings: @ = o does not count as a conjugate pair.)

We also say that o € K is primitive if Q = Kla].

EXERCISE 6.16. Let Ky,...,m and Lq,...,L, be fields. Suppose the rings
[, K; and H?Zl L; are isomorphic. Show: there is a bijection s : {1,...,m} —
{1,...,n} such that for all 1 <i <m, K; = L.

(Suggestion: if v : A — B is an isomorphism of rings, then m — «(m) is a bijection
from MaxSpec A to MaxSpec B, and for all m € MaxSpec 4, ¢ : A/m = B/i(m).
What are the mazimal ideals and residue fields of [\, K;?)

PROPOSITION 6.6. Let K/Q be a degree N number field. The following are
equivalent:

(i) Every embedding o : K — C is real.
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(ii) Let a € K be any primitive element, and let f € QIt] be the minimal
polynomial of . Then f splits into linear factors in R[t].

(iii) There is a primitive element oo € K whose minimal polynomial f € Q[t]
splits into linear factors in R.

(iv) R is a splitting field for the étale Q-algebra K.

When these equivalent conditions hold, we say that K is totally real.

PrOOF. (i) = (ii): We go by contrapositive: suppose that there is a prim-
itive element o € K for which the minimal polynomial f € Q does not split into
linear factors over R. Since f € R[t] is separable, it thus factors as f = gh wth
ged(g, h) = 1 and h irreducible quadratic. Then there are preicsely two R-algebra
isomorphisms aq, s : R[t]/(g) — C, such that ay = @7. For ¢ = 1,2, we define
o; : K — C as the composite

K — K ®g RS R[t]/(f) — R[t]/(9) = C.

Then o1 () and o2(«) are the two (distinct!) roots of g in C, which are complex
conjugates of each other, so o1 and o5 form a conjugate pair and thus are not real.
(i) = (iii) is immediate, from the Primitive Element Theorem.

(ilf) = (iv) = (ii): Let @ € K be any primitive element, with minimal
polynomial f € Q[t], so f is monic, separable and irreducible. In R[¢] the polynomial
f factors as Iy -+ -1, - q1 - - - g5 where the [;’s are distinct monic linear polynomials
and the ¢;’s are distinct monic irreducible quadratics, so the Chinese Remainder
Theorem gives

K 2o R=R[t)/(f) = [[RE/ ) x [] RE/ () = R™ x C*.
i=1 j=1

If (iii) holds, then for some f we get r = N and s = 0, so K ®g R = RY and thus
R is a splitting field. If (iv) holds, then let f be the minimal polynomial of any
primitive element of K; if factors in R into r linear polynomials and s irreducible
quadratics, we have RN 2 K ®g R 2 R" x C*, and by Exercise 6.16 we get r = N
and s = 0, so f splits into linear factors over R.

(iii) = (i): If the minimal polynomial of some primitive element o of K factors
over R into Hf\[:l (t—a;) then for all 1 < ¢ < n there is a unique Q-algebra embedding
0; : K < R such that o;(«) = a;. This gives N real embeddings o : K — C, which
is all the embeddings, so every embedding is real. O

A number field K is real if it has at least one real embedding; otherwise it is
totally complex.

EXERCISE 6.17. Let K/Q be a finite Galois extension. Show: K is either totally
real or totally complez.

Our goal is to define, for any number field K of degree N, a Q-algebra embedding
o: KRN

such that o (1) is a lattice in RY for every fractional Zg-ideal I C K and such that
0(K) is closely related to CovolZg. Because every I € FracZy is a Z-lattice in
the Q-vector space K, from the perspective of our previous section, it is natural
to consider V := K ®qg R. Then every Z-lattice in K can naturally be viewed as a
“rational” lattice in V, which is not RY but is an N-dimensional R-vector space.
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The perspective of §6.1.4 now becomes pertinent: we do not have a canonical
measure Vol on V' but we will get one if we can endow V with an inner product.

The most obvious candiate for an inner product is the trace form (-,-) on the
R-algebra V. As mentioned in §6.1.4, what needs to be checked is whether (-, -) is
positive definite. The answer is:

PROPOSITION 6.7. The trace form on K ®gR is positive definite if and only if
K is totally real.

PRrROOF. If K is totally real, then K ®gR = R¥. Isomorphic algebras have iso-
metric trace forms, and for the standard basis e = (e, ..., en), we have T'(e;e;) =
T(6(i,5)e;) = 6(i, ), so the Gram matrix G, is the identity, i.e., the trace form is
the standard dot product on RY, which is positive definite.

If K is not totally real, then we may write K ®g R as C x A for an étale R-algebra
A, and then the trace form on K ®q R is the orthogonal direct sum of the trace
forms on C and on A in the sense of Exercise 4.11. In particular, for all x € C the
trace of x is the trace of (z,0) € K ®g R. For = a + bi € C, we have T'(z) = 2,
so (i,i) = T(i?) = —2, showing that the trace form on C is not positive definite
hence neither is the trace form on K ®g R. O

EXERCISE 6.18. Suppose K is a degree N number field with r real embed-
dings and s conjugate pairs of complex embeddings. Show: there is an R-basis
v = (v1,...,vN) for which the Gram matriz G, of the trace form on K ®qgR is the
diagonal matrixz with r + s diagonal entries 1 and s diagonal entries —1.

Now let K/Q be a totally real number field of degree N, with embeddings
01,y...,0Nn : K < R. We define the additive embedding

0: K =Rz (01(2),...,0n(x)).

The map o has a unique extension to an R-linear map ¥ : K ®g R — RY which is
the isomorphism of Proposition 5.7. This any Z-lattice A in K is also a Z-lattice
in K ®g R, so o(A) is a lattice in RY. More concretely, let x = (z1,...,2y) be an
ordered Q-basis for K, and let Ay = (x1,...,zn)z be the Z-lattice in K that it
spans. If we define
S(x) € GLy(R) by o4(x;),
then the columns of S(x) are the basis vectors o(z1),...,0(xy) of 0(Ay), so
Covol(o(Ax)) = | det S(x)].

On the other hand, by (11) the Gram matrix for the trace form on K/Q with
respect to the basis x is
Gx = 5(x)"S(x),
so we find:
(29) (Covol A )? = | det S(x)|? = det Gy =: dy,,.

In fact we don’t need the embedding o to prove this: since K is totally real, the
trace form (-,-) on K ®g R makes it an inner product space, and then (29) is just
Proposition 6.5. But the use of o is entirely reasonable: the additive embedding o
is the restriction of the R-algebra isomorphism ¥ : K ®gR — RY and this algebra
isomorphism induces an isomorphism from the inner product space (K ®q R, (-,))
to RN endowed with the standard dot product, so all we are doing is adjusting by
a convenient isomorphism.
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Now let K/Q be any degree N number field, with r real embeddings and s
conjugate pairs of complex embeddings. We still wish to define an additive embed-
ding o : K < RY. If we let f € Q[t] be the minimal polynomial of a primitive
element « of K, and factor f € R[t] as {1(¢) -1, (t)q1(t) - - - ¢s(t) with the I;’s monic
lineaer and the ¢;’s monic irreducible quadratic, then as above we have a canonical
R-algebra isomorphism

I K @ R 5 RI/(F) 5 TTRI/0) x [TRI/ @) =R x T] R/t

For 1 <1i¢ <7+ s, let m; be II restricted to K followed by projection onto the ith
factor. Then the maps mq,...,m, : K < R are precisely the real embeddings of K.
Now let r +1 <4 <r 4+ s and consider

s K — R[t]/(qur)

The R-algebra R[t]/(g;—,) is isomorphic to C but in two different ways, each iso-
morphism being the other followed by complex conjugation. If for each such i
we choose one of these two isomomorphisms ¢; : R[t]/(¢;—,) — C, then the maps
{tiom : K — C},11<i<s give s complex embeddings of K that represent precisely
one of each conjguate pair of complex embeddings. Thus we get an R-algebra
isomorphism

Y= (1gr X (t1,...,t5))oIl: K@g - R" x C*

whose restriction to K takes the form

o= (0'17 ey Oy Opt1,0p43,. .. ,0’7‘+2371) K —-R"x C?
where o1,...,0. : K — R are the real embeddings of K and we have ordered the
complex embeddings o,41,...,0925 so that o,42 =G,11,...,0,4125 = Ort2s_1-

This is almost the additive embedding we want, except that we want it to land
in RY rather than R" x C°. For this there is something obvious to try, although
it is not so obvious how it will work out: namely, we may of course identify C as
an R-vector space with R? via z — (R(2),$(2)). Doing this, we get our additive
embedding
o: K — RV,

The issue of course is that C is not isomorphic to R? as an R-algebra, so if A is
a Z-lattice in K, it is no longer “abstractly clear” that the discriminant 5 in our
number-theoretic sense (i.e., with respect to the trace form on K/Q) is equal to the
discriminant of o(A) as a lattice in RY. In fact when s > 1 these two discriminants
are not equal...but luckily, they are very closely related, as we will now see.

EXAMPLE 6.8. Let D < 0 be squarefree such that D = 2,3 (mod 4), put K =

QWD), so Zx = Z[VD] and 8z, = 4D. There are two complex embeddings
01,02 : K — C; we may view o1 as being inclusion and oo as being complex
conjugation. Once we identify C and R? in the usual manner, we find that o(Zg)
is the lattice with basis e; and /| D|es, so its covolume is V'D. Its Gram matriz is

G = { (1) |g| }, with determinant |D| = —D. Thus in this case we have

(30) 82, = —4(Covol o(Zx))>.
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EXERCISE 6.19. Let D < 0 be squarefree with D = 1 (mod 4). Show: (30)
again holds.

It turns out that some errant factors of —4 are the worst of it. Let Ax be the
Z-lattce in K spanned by the Q-basis x = (z1,...,zn) of K. Again we order the
embeddings o1,...,0n : K — C so that the first r of them are real and then
complex conjugate pairs are written consecutively. Since C is a splitting field for
K, we can again use (11) to compute da,: if S(x) € GLy(C) is the matrix with
(1, 7)-entry o;(z;), then
oA, = (det S(X))2.

On the other hand, Covol Ay is |det T'(x)|, were T'(x) is the matrix whose jth
column is

(01()), -, on(@)), Rovs1 (), S(ors1(x)))s -, Rovr2s-1(25)), S(or425-1(75))-

Then we have:

LEMMA 6.9. With notation as above,

det T'(x) = <\/2jl> et S(x).

Proor. Each of first r rows of T'(x) is the same as the corresponding row of
S(x); the remaining rows correspond to conjugate pairs of complex embeddings,
and where in S(x) we have o;(x;) and o;(z;), in T(x) we have R(o;(z;)) and
S(oi(x;)). If we call the two rows of the first matrix R; and R and the two rows
of the second matrix Rz and R4, then we have

_RitRy , _Ri-Ry
T T

Thus we can get from the first two rows the second two rows by row operations,
which changes the determinant by a factor of 3. This occurs s times in all, so

R

det T(x) = (;)Sdet (). 0

We deduce:

THEOREM 6.10. Let 0 : K < RY be the additive embedding as defined above,
and let A be a Z-lattice in K. Then:

5a = (—4)*(Covol o(A))?.
ProOOF. Using Lemma 6.9, we have
da = (det S(x))? = ((—=24)* det T(x))? = (—4)*(det T(x))* = (—4)* Covol(A)%. O

As an interesting byproduct of our approach, we deduce a result of Brill. Recall
the signum (or sign) function

1 x>0
sgn: R—=>R,z— <0 z=0.
-1 =<0

Then immediately from Theorem 6.10 we get:
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THEOREM 6.11. Let K be a number field of degree N, with s complex conjugate
pairs of complex embeddings. Then:

sen(dxc) = (~1)".

If we wanted to, we could set things up so as not to get the factor of 4°. As we
saw, it came from our identification of R™ x C* with R"™t2¢. If intead we took the
Haar measure on each factor C to be twice the standard Lebesgue measure, then
this factor would disappear. This convention is sometimes taken: see e.g. [Clxx].

2.2. A Standard Volume Calculation.

PROPOSITION 6.12. Let r,s e N, n=1r+2s,t € R, and let

T S
Bt:{(y17"'7y7‘7zla"'azs)ERTX(CS‘ Z|y1|+22|zj‘§t}
=1

j=1
Then for all t > 0, we have that By is a compact, convexr body and
s ¢

Vol B, = 2" (g)

EXERCISE 6.20. Prove Proposition 6.12. (Cf. [S, pp. 66-67].)
2.3. Finiteness of the Ideal Class Monoid.

nl’

For a number field K of degree N = r 4 2s, we define the Minkowski constant

4\° N! 1
M) = (1) Jxlonl*

THEOREM 6.13. Let a be a nonzero integral ideal of Zy. Then a contains a
nonzero element x such that

[Nk jg(x)| < M(K)N(a).

PROOF. Let 0 : K — R” x C* be the canonical embedding. Let ¢t € R>°, and
as in Proposition 6.12 put

T S
Bt = {(y17"'7yT7Z1a"'azs) € RT’ X (CS ‘ Z|y1| +QZ|Z]‘ S t}
i=1 j=1
B, is a compact, convex body (Proposition 6.12). Choose ¢ such that
r (T s tN N No—s

2 (5) 7 = Vol B = 2V Covola = 2V27/[ox| N (a),

i.e., such that
tN = 2N="7 =S N1\ /|6 | N (a).
By Minkowski’s Convex Body Theorem, there is € a® such that o(x) € By, so
N

T r+s 1 T 2 r+s tN
Nieo@)| = [[lo@ I[ los@P < {5 X lo@+ 5 > lo@l] <
i=1 j=r+1 i=1 j=r+1

4\* NI
~ (%) VBRIV G) = M(E)N o)
the first inequality uses the AGM Inequality and the second the definition of B;. [
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LEMMA 6.14. Let K be a number field of degree N, and let v € Z. Then
#{aeFracZk | a D Zk, [a:Zk] =1} < " < 0.

PROOF. If a D Zk and [a: Zk] =, then ra C Zg and thus

1
ZK g ag *ZK.
r

1
Since TZZKK & (Z/rZ)"™, there are at most as many choices of a as there are subsets
of an r"-element set (of course this is a ridiculously crude upper bound). ([

COROLLARY 6.15. Let K be a number field. Then PicZy is finite.

PrROOF. By Lemma 6.14 the set of fractional Zk-ideals containing Zg with
index at most M (K) is finite: let us call these fractional ideals Iy,...,I.. Let
a € FracZg. By Theorem 6.13, there is a € a® such that

[Zk : aZk] = [Nk jg(@)| < M(K)N(a) = M(K)[Zx : a,

and thus we have

Ba : ZK] o oz = BEEOLR] g,

[ZK : Cl] -
It follows that there is some 1 < ¢ < ¢ such that éa = I, and thus a = of;. It
follows that # PicZk < c. O

EXERCISE 6.21. Let K be a number field. Show: PicZk is generated by classes
of I € IntZg such that N(I) < M.

Although we only recorded that Pic Z is finite, the proof gives an explicit (though
not very good) upper bound on # PicZg in terms of n, r, s and |0k|.

Next we observe that in the above argument, we never inverted any nonprinci-
pal ideal, so we have not used that we were working in the Dedekind domain Zx
in any crucial way. So in fact we can prove a more general finiteness result: let
O C Zk be any Z-order in K: i.e., a Z-lattice in K that is a subring.

For any domain R with fraction field K, we define the ideal class monoid ICM(R):
we introduce an equivalence relation ~ on Frac R: a ~ b if there are o, € K*
such that ca = 8b. (The fact that principal fractional ideals are invertible makes
this relation transitive.) Then ICM(R) is the set of equivalence classes. It is easy to
see that if a; ~ by and as ~ by then ajas ~ bybs, so the multiplication of fractional
ideals descends to a binary operation on equivalence classes that makes ICM(R)
into a commutative monoid. Moreover, by definition of a fractional ideal, every
nonzero fractional ideal is equivalent to a nonzero integral ideal, so ICM(R) may
also be viewed as equivalence classes of nonzero integral ideals. Finally, we have:

ICM(R)* = Pic(R).
That is, the group of invertible elements is precisely the Picard group.
Now let O be a Z-order in K: that is, a Z-lattice in K that is also a subring.

Since O is finitely generated over Z, every element is integral over Z, so O C Zg,
with finite index.
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The following exercise is essentially asking you to revisit everything that we have
done in this section and realize that we could have worked a bit more generally, in
particular with ideals of O.

EXERCISE 6.22. Let O be an order in K, and put f = [Zk : O]. Let a be a
nonzero O-ideal.
a) Show: o(a) is a lattice in RN of covolume 275 f /|0 k |[O
b) Show: there is x € a® such that

[Nk /(@) < flO: a] M(K).
¢) Show: ICM(O) is finite. Thus also Pic(O) is finite.

When we study nonmaximal orders more deeply® we will learn that in fact the nat-
ural map Pic O — PicZg given by pushing forward fractional ideals is a surjection,
so #PicZy | #Pic O, and moreover there is a nice formula for ;flf;i:czi' In other
words, Pic O is rather well-understood in terms of Pic Zy, so proving the finiteness
of Pic O is not much of an additional contribution. However we showed that the
set of classes of not necessarily invertible O-ideals is still finite. This is interesting!

In general, ICM(O) is much less well understood than Pic O.

3. Discriminant Bounds and Hermite’s Theorem

THEOREM 6.16. (Minkowski) Let K be a number field of degree N > 2 with s

complex places.
2s N2N r (3n\" !
x| = () w2 <3 <4> '

a) We have
b) We have |6k | > 1. That is, at least one prime p ramifies in K.

PROOF. a) Applying Theorem 6.13 with a = Z, we get: there is x € Z}, such
that
[Nicjo()] < M(K).
Because |Ng q(z)| = #Zk /(x), certainly 1 < |NK/@(J:)|, and we deduce

i |
™

= ()" i zf

Thus
' =l an-.

We have

and the binomial theorem gives

Thus for N > 2,

|5|>£2 3771—N_27E 3£N_1
Kl="4\4 3\ '

3Unfortunately this does not take place in the current draft! But see [N, §1.12].
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b) If N > 2, then |0 | > T .30 = =2 > 1, O

EXERCISE 6.23. Let K be a number field with r real embeddings, s pairs of
complex embeddings and degree N .

a) Use Theorem 6.16a) to show:
(1) If (r,s) = (2,0), then §x > 4. There is no such K with §x = 4, but
there is with 0 = 5.
(i) If (r,s) = (0,1), then dx = —3. There is such a K with 0 = —3.
(iii) If (r,s) = (3,0), then 0 > 21.
(iv) If (r,s) = (1,1), then dx < —13.
(v) If N >4, then |0k| > 44.
b) Show: if d € {+1,£2,3,4,6,7,9,10,11,—12}, then there is no number
field with discriminant d.

Later we will show that for any number field K we have dx = 0,1 (mod 4) (Theo-
rem 7.3). In view of this, the most interesting parts of Exercise 6.23b) are that 4,
9 and —12 are not discriminants of number fields.

EXERCISE 6.24. Show that the cubic field K := Q[t]/(t3 —t* — 1) has discrimi-
nant —23.

The LMFDB contains the complete list of all cubic number fields K with |dg| <
3,375,000. For instance there are nine cubic fields with 0| < 100:

i) Q[t]/(t3 —t? — 1), with 6x = —23;
Qlt

i) Q[t]/(#3 +t — 1), with § = —31;

iii) Q[t]/(t3 — t2 +t+1), with 65 = —44;

iv) Q[t]/(#3 — 2t + 1), with dx = 49;
Q[t}/(t?’ + 2t - 1), with dx = —59;

Qt)/(t® — 3t — 1) with 65 = 81;
Q[t ]/(t3 —t2 +t—2), with dx = 83;
ix) Q[t]/(t® — t* + 2t + 1), with 65 = —87.

EXERCISE 6.25. The LMFDB contains complete tables of number fields of small
degree and small discriminants: see http: //www. Imfdb. org/NumberField/Completeness.
In particular, it contains tables of all number fields K of degree 3 < n < 7 and all
degree 8 number fields that are not totally real with |55 < 10°.

a) Show: if K is a totally real number field of degree 8 then |0 | > 173,141
and if K is a number field of degree at least 9 then |0k | > 165,029.

b) Thus the LMFDB tables allow the complete determination of all d € Z
with |d| < 165,028 such that d is the discriminant of some number field.
What is this list of d?

-

Our next theorem is of the form: “there are only finitely many number fields such
that...” Since so far for us a number field is just a finite degree field extension of
Q, there is a shallow set-theoretic problem here. For instance, consider the number
fields Q[z]/(x? + 1) and Q[z]/(2? — 2z + 2). The first field is isomorphic to Q]
and the second field is isomorphic to Q[1 + 4; but Q[1 + ¢] = Q[], so the two fields
Qlx]/(2? + 1) and Qx]/(2? — 2x + 2) are isomorphic. But are they equal? The
answer is no, but the question is not so great either. It would be better not to
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distinguish between isomorphic number fields.

However there is another approach that is often better still. Let Q be the alge-
braic closure of Q that lives inside C: that is, the integral closure of Q in C. We
can then think of number fields as being the subfields of Q that have finite degree
over Q. Every abstract number field K can be embedded inside Q: indeed, we know
that the number of such embeddings is N = [K : Q]. The field K/Q is Galois if and
only if for any two embeddings 0;,0; : K < Q we have 0;(K) = 0;(K). In general,
these isomorphic but possibly distinct subfields of Q are called the conjugates of
o1(K) over Q. So an abstract number field may have multiple isomorphic copies
inside @, but at most [K : Q] so certainly finitely many. Therefore any statement
about finiteness of a class of number fields means the same thing if we count iso-
morphism classes as it does if we count subfields of Q. We will always interpret
finiteness statements in these equivalent ways.

THEOREM 6.17 (Hermite I). For all d € Z, there are only finitely many number
fields with discriminant d.

PrOOF. By Theorem 6.16, it suffices to show that for any fixed r, s € N, there
are only finitely many number fields with r real places, s complex places, degree
N =r + 2s and discriminant d. We may, and shall, assume that N > 2. Let K be
such a number field.

Let B C R" x C? be as defined as follows:
eIfr >0, B= (yi,...,Yr 21,--.,2s) € RV such that [y1| < 2V~ (Z)7"/]d],
lyi| <2 for2<i<r and|z]| <3 for1<j<s.
oifr=0,B=(y1,...,Yr,21,---,2s) € RY such that |z; — z7| < 2V (%)175 \/E,
|21 +7Z1] < 1and |z < Lfor2<j<s

We leave it as an exercise to show that B is a compact, convex body, and

Vol B = 2N=5,/]d|.

By Theorem 6.10, the lattice o(Z ) has covolume
27/ |d],

so — what luck! — we have Vol B = 2% Covolo(Zx). Thus Minkowski’s Convex
Body Theorem applies to give us « € Z$, such that o(z) € B.

We claim z is a primitive element of K, i.e., that K = Q[x]. Suppose first that
r >0, so |oj(x)| < 3 for all i > 2. Since

N
Nigso(@)| =[] loi(2) € 27,
i=1

we must have |o1(x)] > 1. Thus we have o1(x) # o;(z) for all ¢ > 2, and it fol-
lows that z is a primitive element for K. (Cf. [CI-FT, Thm. 5.5].) Similarly,
if r = 0, then |o1(z)| = |o1(z)| > 1. Moreover one of the defining conditions for
B gives [R(o1(z))| < 1, so it follows that o1 (z) is not real. Thus again we have
o1(x) # o;(x) for all > 2, so x is a primitive element for K.

Let f =[], (t —oi(z)) € Z[t] be the minimal polynomial for z. The inequali-
ties defining B show that all the conjugates o;(x) are bounded, hence coefficients of
the minimal polynomial of z, being elementary symmetric functions in the o;(z)’s,
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are also bounded, and this gives finitely many choices for  and thus finitely many
choices for K. ([

EXERCISE 6.26. Let A be a Dedekind domain with fraction field K, let L/ K be
a degree N separable field extension, and let B be the integral closure of A in L. Let
p € MaxSpec A and let P € MaxSpec B lying over p. Let e be the ramification index
of P/p. Let v, be the p-adic valuation on K and let vp be the P-adic valuation on
L. Show:

Vo e KX, vp(x) = evy(z).

LEMMA 6.18. Let K/Q be a number field of degree N > 2. For each prime
number p, we have

vp(dx) < Nllog, N| + N =1 < N|logy N| + N — 1.
PrOOF. We have

vp(0x) = vo(Nijo(Ak /o) = Y from(Axk).
Plp

Since ep < N we have vy(ep) < [log, V], so by Exercise 6.26 we have
vp(ep) < epllog, N|.
Using this together with (27), we get
vp(Ak) <ep —1+uvp(ep) =ep — 1 +epvy(ep) < ep —1+epllog, N,

SO
vp(0K) = ZfPUP(AK) < pr (ep —1+epllog, N|)
Plp Plp

:N+NLlogpNJ—Zf7>SNLlogpNJ—l—N—l. O.
Plp

THEOREM 6.19 (Hermite’s Theorem II). Let S be a finite set of prime numbers,
and let N € Z*. Then there are only finitely many number fields K of degree N
that are unramified outside S.

PROOF. Let p; < ... < p, be the primes of S. If K is a degree N number field
that is unramified outside of S then |§x| = p{*---p2 for some ai,...,a, € Z=°.
By Lemma 6.18 the exponents a1, ...,a, are bounded in terms of N, so there are
only finitely many possibilities for dx, and by Hermite’s Theorem I there are only
finitely many number fields with any given discriminant. (]

4. The Dirichlet Unit Theorem
Let K be a number field. For x € K, we will abbreviate N /q(z) to N(z).

We wish to study the structure of the unit group Zj.

LEMMA 6.20. For x € Zy, the following are equivalent:

(i) We have z € Zj;.
(ii) We have |N(z)| = 1.
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PROOF. If x € Z}, there is y € Z) such that zy = 1, and then
IN(@)||N(y)| = [N(zy)| = [N(1)] = 1.

Since |N(z)|,|N(y)| € Z*, this forces |N(z)| = 1. Conversely, if |[N(z)| = 1, the
minimal polynomial of z over Q is 2" +a,_12" ' +...4+a;2+1 = 0 (cf. Proposition
5.10a)), so z - (2" '+ ap_12" 2+ ...+ a1) = £1,s0 x € Z). O

EXERCISE 6.27. Let K be a number field, and let ( € K be a root of unity: that
is, (" =1 for some n € Z*. Show: ¢ € Zj.

THEOREM 6.21 (Dirichlet Unit Theorem). Let K be a number field of degree
n=r+2s. Then Z}; is a finitely generated abelian group, with free rank r + s — 1
and torsion subgroup the group u(K) of roots of unity in K, which is finite.

PRrROOF. Letoy,...,0, : K — R be the real embeddings, and let o, 41,...,0,45 :
K — C be complex embeddings, no two of which are complex conjugate. We define
the multiplicative embedding, a homomorphism L : Zg \ {0} — R"™¢ by
L:z~ (logloi(z)l,...,log|o,ts(x)]).
Step 1: We claim that for any compact subset B C R, its preimage
B'=L7Y(B)
is finite. Because B is bounded, there is o > 1 such that:
Vee B, V1<i<r+s, |oi(z)] <a.

It follows that the coefficients of the characteristic polynomial of an element x € B’
are bounded; since these coefficients lie in Z, there are therefore only finitely many
such polynomials and hence only finitely many elements of B’.

Step 2: It follows from Step 1 that L=!(0) = Ker L is finite. In particular, each
element of Ker L has finite order, i.e., is a root of unity. Conversely, since L is a
homomorphism of Z-modules, we have

L(Z}[tors]) C R""*[tors] = {0}.
So Z[tors] — i.e., the set of roots of unity in K — lies in L~1(0).

Step 3: It follows from Step 1 that L(Z}) is a discrete subgroup of R"*#, hence
free abelian of rank at most r + s. Moreover, for « € Zj, by Lemma 6.20 we have

n T r+s
+1=N(2)=[Joi(2) = [[oi@) [] os(2)o;@),
i=1 i=1 j=r+1
hence L(x) lies in the hyperplane
r r4+s
W:Zyi+2 Z y; = 0.
i=1 j=r+1

Thus
L(Z;() C W =~ Rrﬁ*sfl,

so in fact L(Z}) is free abelian of rank at most r + s — 1.

Step 4: The last, most delicate part of the argument, is to show that L(Z}) has
rank 7 + s — 1. We show this by a duality argument: for any nonzero linear form
[+ W — R, we claim there exists u € Zy such that f(L(u)) # 0. From this it
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follows that (L(Z%))r = W, so L(Z}) = Zr+s—1,
Put M :=r+ s — 1. The map
W= RM; (yla e 7yr+s) — (yh s 7yr+s—1)
is an R-linear isomorphism, so for any y = (y1,...,ym+1) € W, we may write
fly)=cayi+...+cuym, ¢ €R.

Fix a real number o > 2V ( ) V00K \ For any A = (A1,..., Ay ) with \; > 0 for
all 4, choose Aps41 > 0 such that

T r+s
H/\ II ¥ =«
=1 j=r+1

In R" x C®, the set B of elements (y1,...,Yr, 21,-..,2s) with |y;| < \; and |z;]| <
Ar4j is a compact, symmetric convex set of volume

r+s

HQ)\ [T = =2"7"a > 2V /Jok]|.

=1 Jj=r+1

By Minkowski’s Convex Body Theorem and Theorem 6.10 there is x5 € Zj, such
that o(zy) € B. Thus

r+s
1<\Nx>\|—H|JZx>\|<H)\ H)\2—a
=1 j=r+1

Moreover, for all 1 <i < M, we have
los (@) = IN@)[ [ [ loj @)™ = A" = dia™?
JFi i
S0
ia~ < loi(za)] < A,
hence
0 <logA; —log|oi(zy)| < loga.
Applying the linear form f we get

M M
’f(L(w,\)) — Zci log \;| < (Z cl|> log o =: 7,
i=1 i=1

say. Let 8 > + be a constant, and for each h € Z™, choose positive real numbers
ALk, -+, An,p such that Zf\il cilogAip = 2Bh. Put AM(h) = (AL n,-.., Anp) and
let xj, = () be the corresponding element of Zj-. Then |f(L(xx)) —28h| < S, so

(20— 1)8 < f(L(wn)) < (2h+1)5.
It follows that the f(L(zp)) are all distinct. But since |N(xj)| < «, there are only

finitely many principal ideals 2,Z g, so there exists h # h' with (z,) = (z/) and
thus zj, = uzy with u € Zj. Thus f(L(u)) = f(L(zy)) — f(L(zn)) # 0. O

EXERCISE 6.28. Let K be a number field of degree N > 2. Let ug = K*[tors]
be the group of roots of unity in K. By Theorem 6.21, we know that px is finite.

a) Show: the group py 1is cyclic.
b) Put m = #ur. Show: o(m) < N.
(Hint: use that the cyclotomic polynomial ®,,(t) € Q[t] is irreducible.)
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¢) Show: if N = 2, then m € {1,2,4,6} and that all of these possibilities

occur for imaginary quadratic fields.
d) Show: there is an absolute constant C such that for all N > 3 we have

m < Cloglog N.



CHAPTER 7

Some Classical Number Theory

1. Stickelberger’s Theorem on the Discriminant

Let A be a Dedekind domain with fraction field K, let L/K be a degree n separable
field extension, and choose o € L such that L = K(«a). Put O := Ala].

LEMMA 7.1. We have
Al a,...,a" 1) = H (a; — ozj)2 .
1<i<j<n

EXERCISE 7.1. Prove Lemma 7.1.

The siginificance of this is that if f € K[t] is the minimal polynomial for «, then
H1§i<j§n (a; — aj)2 = A(f) is the discriminant of the polynomial f, say by defi-
nition. It is then a piece of classical algebra that A(f) can also be computed as the
resultant Res(f, f’) of f and f’. This makes the computation of the discriminant
of a monogenic order A[«a| very straightforward (especially for a computer).

PROPOSITION 7.2. Let A be an integrally closed domain with fraction field K,

let f € K[t] be a separable monic polynomial, with splitting field L. Then there is
P € A such that A(f) = P? (mod 4A).

Proor. Write f =[]/, (t — o;) with o; € L. Consider the quantity
P = H (o + ).
1<i<j<n
Then: P lies in L, is integral over A, and is invariant under Aut(L/K), so P € A.
Now consider the quantity F
E = A(f) — P2

If K has characteristic 2 then A(f) = P? is a square in A. Otherwise £ is an

element of K that is integral over A, so E € 44 and thus A(f) = P? (mod 44). O

THEOREM 7.3 (Stickelberger). Let K be a number field, and let O be any Z-
order in K. Then 6(O) = 0,1 (mod 4).

PROOF. Step 0: It is enough to show that dx = A(Zk) = 0,1 (mod 4); then
for any Z-order O in K we have
5(0) = [Zk : Ok = [Zk : 01?0 (mod 4) =0,1 (mod 4).
Step 1: Suppose that 2 | dx. Then there is a prime ideal p of Zg such that
e = e(p|(2)) > 2. Then by Theorem 5.54b) we have v,(Az, /z) > e — 1, with

equality if and only if 2 { e, from which it follows that v,(Az, /Z) > 2 and thus
that dx is divisible by ||p?|| = 22/*I2) hence by 4.

147
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Step 2: Suppose 2 t dx. If 0k is a square, then dx is a square modulo 4 and
thus 6x = 1 (mod 4), so we may assume that Q(v/0x) 2 Q is a proper quadratic
field extension. If M is the Galois closure of K/Q, then by Exercise 5.23 we have
V0x € M. Since 6 is odd, the prime 2 is unramified in K, hence also in the Galois
closure L (Corollary 5.71), hence also in Q(v/dx), so 6 =1 (mod 4). O

EXERCISE 7.2. Let d € Z\ {0,1} be such that d =0,1 (mod 4).

a) Show: there is an order O in a quadratic number field such that 6o = d.
b) Show: if O1 and Os are two orders in quadratic number fields, then O =
Os as rings if and only if do, = do, .

While we are discussing Stickelberger’s work:

THEOREM 7.4 (Pellet-Stickelberger). Let K be a number field of degree n, and
let f € Z[t] be a polynomial such that Q[t]/(f) = K. (Thus f is the minimal
polynomial of an algebraic integer o such that K = Q|a].) Let p be an odd prime
that does not divide 6(f), and let v be the number of maximal ideals of Zy lying

over p. Then
5K> n
N — _1 n 7".
( p 1)

PrROOF. The hypothesis p t §(f) means that the order Z[a] is maximal at p
and Zg is unramified at p, so

L [pLi = Llo)/pZa] = Z/pZ[t]/ (f)

is an étale Z/pZ-algebra, and by Dedekind-Kummer the polynomial f € Z/pZ]t]
has r irreducible factors. By Proposition 5.18, we get that dx (mod p) = &(f)
(mod p) is a square if and only if n 4 r is even, which is the desired result. [

Stickelberger’s work went a bit deeper than Theorem 7.4. First of all, the result
holds verbatim for all odd primes p that do not ramify in K: this generalization
is straightforward from the perspective of Number Theory II, since one can work
over the complete DVR Z,, for which unramifiedness implies monogenicity. Second,
the result applies also to p = 2 when p is unramified in K, provided one uses the
Kronecker symbol (‘STK) — which is 1 if and only if 2 is split in Q(v/dx ), hence (using
that 6 =1 (mod 4) by Stickelberger’s Theorem!) if and only if 6x =1 (mod 8).

2. Coprime Number Fields

The following is a basic piece of multilinear algebra that unfortunately may not be
very familiar:

EXERCISE 7.3. Let R be a ring, let ni,ns € Z%, and for i = 1,2, let V; be
a free, finitely generated R-module of rank n;. Then V = Vi3 ®@p Vo is a free,
finitely generated R-module of rank nmins. For i = 1,2, let A; € EndgrV;, so
A= A ® A2 S EndR V. Show:

det A = (det A1)™2(det Ag)"*.

Suggestion: see https: //math. stackezchange. com/ questions/ 1316594 , where
several answers are sketched. The one I found most immediately appealing first ob-
serves that one can reduce to the case of R = C and then to the case where Ay
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is diagonalizable with eigenvalues a1, ..., o, and As is diagonalizable with eigen-
values B1,...,0n,, and it is enough to show that Ay ® As is diagonalizable with
eigenvalues {1 S b<i<n,, 1<j<n,...which is actually easy.

THEOREM 7.5. For i = 1,2, let K;/Q be a finite Galois extension of degree

n;, let §; be the discriminant of Zk,/Z, le o, ..., an, be a Z-basis for Zy, and let
B1,--., Bn, be a Z-basis for Zk,. Put
L= KlKQ.

We suppose that:
(i) K1N Ky =Q; and
(ll) ng((Sl, 52) =1.
Then:
a) The set {o;f;}1<i<ni 1<j<n, 1S a Z-basis for Zr.
b) The discriminant of Zy, is 67205".

PROOF. Step 0: Since K;/Q and K5/Q are both Galois, by [CI-FT, Prop.
12.11] the hypothesis K1 N K2 = Q is equivalent to the linear disjointness of K;
and Ky over Q: that is, the natural Q-algebra map K ®g Ko — K1 K> = L is an
injection, hence a Q-algebra isomorphism, since both sides are Q-vector spaces of
dimension ninsy. It follows that {a13;}i<i<n,,1<j<n, is @ Q-basis for L. Moreover
we have

Aut(L/Q) = Aut(L/Ky) x Aut(L/K>).

Indeed, if we put G := Aut(L/Q) and for ¢ = 1,2 put H; = Aut(L/K;) then
#G = nins, Hy is a normal subgroup of G of order no, Hs is a normal subgroup of
G of order ny, H; N Hy consists of elements of GG that pointwise fix both L and Lo,
so Hy N Hy = {e}, and L{HH2) — [Hin[H: — K N K, =Q, so (Hy, Hy) = G.
Step 1: Let x € Z1,, so we may write

xr = Zaijaiﬂj with ai; € Q,
()

and our task is to show that for all ¢, 7 we have a;; € Z. For 1 < j < nq, put
ni
bj = Zaijai € K.
i=1
Write out the elements of Hy as 7y,...,Tp,, so for all 1 < k < ny we have
na nz
(@) = > m(b;8;) = > bii(B)).
j=1 j=1

This shows that if A is the matrix with (¢, j) entry 7,(8;), 7(x) is the column vector

(11(),..., 7, (2))T and b is the column vector (by,...,b,, )T, then we have the
matrix equation
(31) T(x) = Ab.

Multiplying both sides of (31) on the left by adj(A), we get
(32) adj(A)7(z) = det(A)b.
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Both adj(A) and 7(x) have entries in Zp,, so (32) implies that we have det(A)b; € Zj,
for all 1 < j < ny. By (11) we have that d = det(A4)?, so for all 1 < j < ny we
have

(Sgbj el NKy = ZKU
and since

ni
62bj = Z(SQCLU‘O&Z‘,
i=1

it follows that for all 4, j we have d2a;; € Z. The same argument applies with K,
and K interchanged, giving d1a;; € Z. Since ged(d1,92) = 1, we deduce a;; € Z
for all 7 and j, completing the proof of part a).

Step 2: Let 6 := dz. By (11) again, we have § = (det B)?, where B € M, ,,(L)
is the matrix with (4,7, %,1) entry o;7;(axf;). This means B = C ® D is the
Kronecker product of the matrix C € M, (L) with (i,k) entry o;(ax) and the
matrix D € M,, (L) with (j,1) entry 7;(5;). By Exercise 7.3 we have

§ = (det B)? = (det C ® D)? = ((det C)"2(det D)™ )? = 67255, O

EXERCISE 7.4. Let ni,ny € ZT with ged(ny,no) = 1.

a) Let K be a field containing for i = 1,2 a primitive n;th root of unity C,,.
Show: the subgroup of K* generated by (,, and (,, has order nins and
thus contains a primitive (ninz)th root of unity Cnin,-

b) Let K be a field with characteristic does not divide ning. For i =1,2, let
Cn, be a primitive (n;)th root of unity in an algebraic closure of K, and
let Cnyn, be a primitive (ning)th root of unity in an algebraic closure of
K. Show:

K(Cnl )K(an) = K(Cmnz)-
THEOREM 7.6. Let n € Z7, let ¢, = e*™/™ and put

K, = Q(Cn)7
the nth cyclotomic field.

a) For a prime number p, if p | §(K), then p | n.
b) We have Zk, = Z[(,].

PROOF. Recalll that for all n € ZT, the extension K, /Q is Galois — for any
two roots of ®,, in C, one is a power of the other, so K, is the splitting field of ®,,.
Step 1: Let mi,no € ZT be such that ged(ny,ny) = 1. Suppose that for i = 1,2
we know that Zg, = Z[(,,] and that if a prime p ramifies in Zg, then p | n;. For
i=1,2,let §; = 0(Zk,, ), and let 0 == §(Zk,,,,). Then by our assumptions we
have ged(d1,02) = 1. Moreover, by Exercise 7.4 we have

Kﬂlan = Q(Cﬂncnz) = @(Cnan) = Kﬂlnz'

Applying Theorem 7.5 with K; = K,,, for i = 1,2, we get that
LKpyny = LG, Gy 10 <0 < p(n1), 0L < (n2)] = Z[Gnyns]
and
5 = 5;0(”2)55(”1).

Step 2: We prove the result by induction on the number r of distinct prime divisors
of n. The base case r = 1 — i.e., n = p* — is Exercise 5.39. Now suppose that
r > 2, that the result holds for all positive integers with fewer than r distinct
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prime divisors, and let n = p{* ---p2". Applying Step 1 with ny = p{* ---pi"7" and
ng = por gives the result for n. ([

EXERCISE 7.5. Let n > 3. Determine all primes that ramify in Q(¢,).
(In view of Theorem 7.6a), the natural first guess is that p ramifies if and only if
p | n. But since for odd n we have Q((,) = Q((an), this cannot be quite right.)

3. Quadratic Number Fields
3.1. The norm map.

PROPOSITION 7.7. Let K be a number field of signature (r,s). Let N : K — Q
be the norm map. then N(K) C RZC if and only if r = 0.

ProOOF. Let Kgp = K ®p R. As we know, there is an R-algebra isomor-
phism ¢ : Kg — R” x C%; for y € Kr we have N(y) = N(u(y)), and for x =
(Y1, s Yry 21, -+, 2s) € R” x C* we have

Nx)=y1-yplzal - |z
This shows that N(Kg) C R=% if and only if 7 = 0. So if r = 0, then N(K) C R20.

Now suppose that » > 1. Our expression for the norm map on R* x C*® shows
that it is a continuous function (indeed, with respect to any R-basis for K, the
norm map is a homogeneous polynomial function of degree n = r +2s). Since K is
dense in Kg, if we had N(x) > 0 for all 2 € K then it would follow that N(y) > 0
for all y € Kg, which we just saw is not the case. O

Because every element of K is of the form - for a« € Zx and N € 77, it is imme-
diate from Proposition 7.7 that there is @ € Z g of negative norm if and only if r > 1.

Suppose now that » > 1, and let o1,...,0,. : K — R be the real embeddings
of K. We define a map

5: KX — {+1}"
by mapping x € K* to (sgn(o1(z)),...,sgn(o.(z)); to be sure, for y € R*, we
put sgn(y) = 1 if y is positive and —1 if y is negative. The proof of Proposition
7.7 shows that the map (o1,...,0,) embeds K* as a dense subgroup of (R*)",
from which it follows that the map s is surjective. However, a more interesting
invariant comes from restricting s to the unit group Zj . This map factors through
a homomorphism

s: L5 )T — {1}

The Dirichlet Unit Theorem implies that Z /Z5? is cyclic of order 2"+, We define
the unit-sign group

ug = s(Z5|Z32).
Then ug = (Z/2Z)*5). Clearly s5(1) # s(—1): 1 is positive with respect to every
real embedding and —1 is negative with respect to every real embedding, so:

1<u(K)<r.

We will see later that already for real quadratic fields, we can have either u(K) =1
or u(K) = 2 and that this is a fundamental dichotomy in their arithmetic.

Now let D € Z* be squarefree and not a square, and let K := Q(v/D). Let o be the
nontrivial field automorphism of K. Then for all « € K we have N(a) = ao(a),
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but we can be even more explicit than this.
First suppose that D = 2,3 (mod 4), so Zk (resp. K) is the Z-module (resp.
Q-vector space) spanned by 1 and V/D. Then

Va,y € K, N(z+yVD) = (z+yVD)(w —yVD) = 2° — Dy*.

This certainly confirms Proposition 7.7 in this case: there are elements of Zg of
negative norm if and only if D > 0.

Next suppose that D = 1 (mod 4), so Zg (resp. K) is the Z-module (resp. Q-
vector space) spanned by 1 and %. Then:

1+VD 1+vD 1-vD 1-D

2 = N () = et (R0 o2

This time it is slightly less immediate that the norm takes negative values if and
only if D > 0, but this would follow e.g. from completing the square.

EXERCISE 7.6. Let K = Q(v/D) be a quadratic field, with D a squarefree integer
that is not a square. Show: if a € Zy, then N(«) is a square in Z/DZ.

3.2. Imaginary Quadratic Fields. Suppose now that K = Q(v/D) with
D < 0 squarefree. The Dirichlet Unit Theorem implies that Z is finite...but this
is overkill. By Lemma 6.20 and Proposition 7.7, for a € Zg we have a € Zj if
and only if N(a) = 1. Thus to find the units in Zx we need to find all z,y € Z
such that 22 — Dy? = 1 if D = 2,3 (mod 4) or such that 2% + zy + (%) y?=1
if D=1 (mod 4).

EXERCISE 7.7. With notation as above, show:
o If D = —3, then Zj; is cyclic of order 6.
o If D = —4, then Zj; is cyclic of order 4.
o If D < —4, then Zj; is cyclic of order 2.

Vo,y € K, N(z+y(

There is however another approach: for any R > 0, the set of x € Kg = C such
that N(x) < R is the set of points lying on or inside an ellipse in the complex
plane, hence compact, hence has finite intersection with any Z-lattice in C, so Zy
is finite, so is the set of Nth roots of unity for some N € Z™. Indeed, because &1
are units we must have that N is even. If N > 4, then K contains Q(({x), so

2<@(N)=[Q(N): Q| [K:Q] =2
and thus ¢(N) = 2, which implies N € {4,6}. If N = 4 then K contains Q(¢4) then

since the latter number field also has degree 2 we have K = Q({y), i.e., D = —1;
similarly, if N = 6 then K = Q((g); i.e., D = —3.

3.3. Real Quadratic Fields. Let K = Q(v/D) be a real quadratic field; for
a given K, D is unique if we require it to be positive a positive squarefree integer
that is not a square. We regard K as a subfield of R. Let o be the nontrivial
element of Aut(K/Q).

In this case the Dirichlet Unit Theorem applies to show that there is an isomorphism
L Ly — Lox {£1}.

The group K* is equipped with two natural involutions: the first is u — —u and the
second is u — u~t. (So far the same can be said about the unit group of any ring.)
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These two involutions commute with each other — —u~! = (—u)~! — so overall we
get an action of U = Z/2Z x Z/2Z on Zj;. The U-orbit of 1 is {£1}, of size 2;
every other orbit has size 4. Indeed, the U-orbit of any unit u ¢ {£1} consists of
one element in each of the four intervals (—oo,—1), (—1,0), (0,1) and (1,00) on
the real line.

EXERCISE 7.8. Let o = x + yV'D € Z} (here z,y lie in Q). Show that the
U-orbit of a is

{z+yVD,z —yVD, -z +yVD,—z — yVD}.

By precomposing the isomorphism ¢ by multiplication by —1 on Zj if necessary,
we may assume that ¢=1(0,1) is positive; and then by postcomposing with the
isomorphism (n,€) — (—n,€) on Z x {£1} if necessary, we may assume that € :=
t71(0,1) is greater than 1. Then every element of Z) that is greater than one is
of the form €" for a unique n € ZT. We call € the fundamental unit of K. By
Exercise 7.8, we have € = a + bv/D with a,b > 0.

PROPOSITION 7.8. The fundamental unit € = a + b\/D has the following prop-
erty: for any unit n = ¢+ dvD > 1, we have a < ¢, with equality if and only if
€=1.

PROOF. For n € Z™, we may write

" =a, + bn\/ﬁ,

and it suffices to show that the sequence {a,}22; of rational numbers is strictly
increasing. We have

T =" = (a+ b\/ﬁ)(an + bn\/ﬁ) = (aa, + Dbb,) + (ab, + anb)\/ﬁ.

If D = 2,3 (mod 4) then a,a,,b,b, are all positive integers, so it is clear that
aa, + Dbb, > a,. When D =1 (mod 4) then a,a,,b,b, are all positive integers
or positive half-integers, so the same argument works when a > 1. The remaining
case is a = %, and then

1
N(e) = 1 DV = +1,
which implies D = 5 and b = % The element

1+

2

is an element of Zk and satisfes N(e) = —1, so is a unit. Since for any unit n > 1
we have ¢,d > 1, clearly @ < 5, so « is the fundamental unit of Q(v/5). Moreover
we check that as = %, so the fundamental unit is the unique entry with minimal
rational part among units greater than 1. This ends the proof...except that above
we claimed that {a,}5°; is strictly increasing, which we haven’t shown if D = 5.
Because

€

o(e)" = an — by VD,

1+v5\" | (1=v5)"
(%) (=)
2 9
from it which it follows that for all n > 2, a,, is the unique nearest half-integer to

we find:

Vn € Zt, a, =

n
% (1+2\/5) , which is easily seen to be strictly increasing. U
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EXAMPLE 7.9. We list the fundamental units ep for some real quadratic fields

Q(VD):

a) We have ea = 1 ++/2, with N(es) = —1.
b) We have e3 = 2+ /3, with N(e3) = 1.
c) As seen above, we have €5 = 1+2\/g) with N(es) = —1.
d) We have e = 5+ 2v/6, with N(eg) = 1.
e) We have e; = 8 + 3v/7, with N(e7) = 1.
f) We have €19 = 3 + /10, with N(eo) = —1.
)

We have €11 = 10 + 3v/11, with N(ern) =1.

o

Already we see a basic dichotomy: the fundamental unit e¢p could have norm 1 —
in which case every unit of Zx has norm 1 — or the fundamental unit could have
norm —1. Recall we defined for a number field with a real embedding the unit sign
group ug which is the collection of possible “total signs” of units under all the real
embeddings; for a real quadratic field we have r = 2 and thus ux has order 2 or
order 4. Indeed it has order 4 if and only if N(ep) = —1: indeed, if this holds, then
ep has different signs with respect to the two real embeddings (or, more concretely,
if ep = a + bv/D, then a — bv/D < 0), whereas if N(ep) = 1 then all units have
norm 1 and thus have the same sign with respect to the two real embeddings.

EXERCISE 7.9. Let D be a positive squarefree integer that is not a square.

a) Show: the fundamental unit of @(\/D7) has norm —1 if and only if there
is u € Z[v/D)* with u = 1, as follows:
(i) Suppose D =1 (mod 8). Show: Z[%}X = Z|VD]*.
(ii) Suppose D = 5 (mod 8). Show: if u € Z[%]X, then u® €

Z[VD]*.

b) Deduce: the fundamental unit of Q(v/D) has norm —1 if and only if the

negative Pell equation x> — Dy?> = —1 has an integral solution.

The sequence of positive integers D for which the negative Pell equation 22— Dy? =
—1 has an integral solution has an entry on the Online Encyclopedia of Integer
Sequences: see \https://oeis.org/A031396. In particular, the set of such D in
the interval [1, 300] is

{1,2,5,10,13,17, 26,29, 37,41, 50, 53,58, 61, 65, 73, 74, 82, 85, 89, 97, 101, 106, 109...
..113,122, 125,130, 137, 145, 149, 157, 170, 173, 181, 185, 193, 197, 202, 218, 226...
229,233,241, 250, 257, 265, 269, 274, 277, 281, 290, 293, 298}

From this data, one can see some apparent patterns: first, every prime p = 1
(mod 4) (in the given range) appears on this list; and second, no integer (in the
given range) that is divisible by a prime p = 3 (mod 4) appears on this list. These
facts are not so hard to prove:

PROPOSITION 7.10. Let D € Z7F be squarefree and not a square, let K = Q(+v/D)
and let ep be the fundamental unit of K.

a) Suppose that D = p is a prime number such that p = 1 (mod 4). Then
N((ED) =—1.
b) Suppose that is divisible by a prime p =3 (mod 4). Then N(ep) = 1.
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PROOF. a) By Exercise 7.9, it is enough to find integers z, y such that 22 —py? =
—1. That exercise also shows that the index of the unit group in the nonmaximal
order Z[\/ﬁ]>< in the unit group Zj is either 1 or 3, which gives us the classical
result that the Pell equation 22 — py? = 1 has an integral solution with =,y € Z*.
Since p = 1 (mod 4), any such solution has z odd and y even. We are going to
make a classical descent argument: among such solutions to the Pell equation,
choose one, (g, yo), such that yo is minimal. Since

:c%—l: (g +1)(zo — 1) = py?

and ged(xg + 1,290 — 1) = 2, at least one of 2o — 1 and xo + 1 is divisible by 2p. In
the former case, we have
xo—l—l'xo—l _(y)2
2 2p 2
so we have a product of coprime integers being a square, so both are squares: we
get uv € Z such that

zo — 1 = 2pu® and zo + 1 = 202

Then
2 o 1
v° — pu 25((x0+1)—(x0—1)):1.
Since
pyg =(zo—1)(xzg+1) = 2pu2(x0 +1),
we have

2u?(xg +1) = y2
and thus |u| < yo, so |[v|?> — plu/? = 1 is a solution to the Pell equation that is

smaller than the minimal solution, a contradiction. Thus we must be in the latter
case: Xo + 1 is divisible by 2p, so

1:0+1'x0—1:(g)2
2p 2 ’

which as above implies that there are u,v € Z such that
o — 1 )

x0+1:u2and = v,
2p 2

and then we have
1
v =pu? = 5((330 1) —(xzg+1))=-1,

so we have a solution to the negative Pell equation.
b) By Exercise 7.6, we have that N(e) is a square modulo D, hence also modulo p,
but if p =3 (mod 4) then —1 is not a square modulo p. O

Proposition 7.10 of course only determines the sign of N(ep) in certain cases. For
instance, for a prime p =1 (mod 4), it is often the case that N(ez,) = —1 but not
always, e.g. not for p = 17. Similarly, if p = ¢ = 1 (mod 4) are primes, then it is
often the case that N(e¢p,) = —1 but not always, e.g. not for p = 5 and ¢ = 41.
Some further results like Proposition 7.10 are known, but in general case the best
we can say is that N(ep) = 1 if and only if the period length of the c*nt*n**d
frct**n expansion of v/d is even. We will not discuss such matters here, but the
reader may see e.g. [D, p. 96] for further details.
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3.4. The 2-torsion subgroup of the class group of a quadratic field.
For a quadratic field K = Q(v/D), let G = (o) = Aut(K/Q). We will compute
(C1K)[2], the 2-torsion subgroup of the ideal class group of K. Being a finite group
of exponent 2, we have (Cl K)[2] = (Z/2Z)% for some R € N, so it is equivalent to
determine its size. This theorem is due to Gauss, who established it via his theory
of binary quadratic forms. We will give a treatment using the metods of algebraic
number theory that those who are in the know will recognize as employing some
rudiments of group cohomology...but we will neither assume nor explicitly use any
group cohomology whatsoever.

Before beginning our exposition of the proof, we establish the following basic result
that we will use in due course.

PROPOSITION 7.11. Let K = Q(v/D) be a quadratic number field.
a) For o € K*, the following are equivalent:
(i) There is B € K™ such that o = Uiﬁ)
(ii) We have N(a) = 1.
Moreover, when these equivalent conditions hold, 5 is unique precisely up
to multiplication by an element of Q°.
b) For a € FracZg, the following are equivalent:
(i) There is some b € Frac Zy such that a = b(a (b))~ L.
(ii) We have N(a) = 1.
Moreover, when these equivalent conditions hold, we may take b € Int Zg .
PROOF. a) (i) = (ii): Since N(5) = N(o(p)), this direction is immediate.
(ii) = (i): Suppose N(a) = 1. If & = —1, then we may take 8 := v/D. Otherwise
we take 8 =14 a:
Ié] 1+« a(l + «) a(l+ )

o(B) 1+o(a) all+o(a) a+1
; : _ _B_ . Y8 o
Having found one 3 such that o = >(3)> how let v € K*. Then B = s

which is equal to « if and only if o(y) = v if and only if v € Q°.

b) (i) = (ii): Since N(a) = N(o(a)), this direction is again immediate

(ii) = (i): Suppose N(a) = 1. We may uniquely write a = bc™! for b, ¢ € Int Zx
coprime. Thus N(b) = N(c). Let p be a prime dividing N(b). If p ramifies or
is inert, then there is a unique p € MaxSpecZk lying over (p), so both b and ¢
must be divisible by p, a contradiction. Therefore every prime p | N(b) is split.
If pZix = pip2 and ord,(N(b)) = a, then either vy, (b) = a and v,,(b) = 0 or
vp, (b) = 0 and vy, (b) = a: a is equal to the number of primes over p that divide b,
with multiplicity, and b cannot be divisible by both p; and ps because then ¢ must
be divisible by either p; or ps and would then not be coprime with p;. Therefore,
after interchanging p; and p if necessary we have

vp, (0) = a, vy, (b) =0, vy, (c) =0, vp,(c) =a.
Since ps = o(p1), it follows that ¢ = o(b), completing the proof of part b). O
Our argument beings by noticing that the action of G on K* induces an action on
the group FracZpg of fractional Zk-ideals that stabilizes its subgroup PrinZg of

principal fractional Zg-ideals, so therefore also G acts on the quotient Cl K. For
any commutative group A on which a group G acts via group automorphisms, we
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have the subgroup A® of G-invariant elements: i.e., the set of a € A such that
ga =a for all g € G.
In our case, for a € FracZg, by (26) we have
ac(a) = N(a)Zxk,
where N(a) € FracZ is the ideal norm of a. Taking ideal classes, we find that

[a]o([a]) = 1.
That is, o acts by inversion on Cl K. It follows that
(C1K)Y = (C1K)[2].

Thus we will compute (Cl1K)[2] by computing the group (Cl1K)¢ of G-invariant
ideal classes. It turns out to be easy to compute a variant of this group: if a €
(FracZx )% — i.e., o(a) = a — then o[a] = [0(a)] = [a], so [a] € (C1K). But it is
not clear whether the converse is true: if a € (FracZx )%, then o(a) lies in the same
class as a, and the question is whether there is some a € K* such that o(aa) = aa.
The group of classes of G-invariant fracional ideals is the subgroup

(Frac Zg )% Prin Zg / Prin Zg = (Frac Zg )< /((Frac Zg )Y N Prin Zg)
= (FracZg )% /(Prin Zg )¢
of (C1K)¥. To ease the notation, let us put
A = FracZg and Bg = PrinZg
so (Ag/Bk)® is the group of G-invariant ideal classes and A§ /B¢ is its subgroup
of classes of G-invariant ideals. If we also put
Bz = PrinZ = Frac Z = Az,
then By lies in the kernel of AG — A% /B%, so we get an exact sequence
1— BY /By — A% /By — A% /B — 1.

In fact we know the group A% /Bz: as a special case of Exercise 5.47, if a is a
G-invariant fractional Zg-ideal then there is a € Q® and distinct ramified primes
P1,...,ps of Zi such that a = apy - --ps. It follows that every element of AIG(/BZ
is represented by a squarefree product of ramified primes. If a,b € A% are such
that a = ab for some a € Q°, then N(a)N((a))N(b) = a®N(b), so N(a) and
N(b) represent the same squareclass in @, but the norm of a squarefree product of
ramified primes is the squarefree product of the rational primes lying below each
ramified prime, so no two distinct such products lie in the same rational square
class. Finally, for each ramified prime p we have p? = (p) for a rational prime p, so
A% /By is a 2-torsion commutative group. We conclude:

PROPOSITION 7.12. Let r be the number of ramified primes in K. Then:
AS /By = (7.)27.)".
Thus also Blcj- /By is a 2-torsion group; the next step is to compute its order. For
this we need just a little more notation: we put
U:=17y,
Ut ={aclU|N(a)=1}

and
«

U~ = {m |« € U}.
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Since for all x € K* we have N(z) = N(a(z)), we have
U-cutcu.
The following result explains the relevance of these subgroups:
PROPOSITION 7.13. We have an exact sequence
1 =U" sUT — BY /By — 1.
PrOOF. We define a homomorphism
AUt — (PrinZg)¥ /(Prin Z)

as follows: by Proposition 7.11a), there is § € K* such that a = %, and (8
is uniquely determined precisely up to multiplication by an elment of Q°®. Since
a € Zj; we have fZg = 0(B)Zk, so [ generates a G-invariant principal fractional
Z-ideal; and since g is uniquely determined up to multiplication by an element of
Q*, we may define A\(a) to be fZx modulo PrinZ. If « lies in U'~7, then we may
take B to be a unit in Zg so fZk = (1). Conversely, if A(«) € PrinZ then § = ra
forr € Q®* and v €U, so a = ULB) = ﬁ ceU'=7, so KerA=U'"".

The surjectivity of A is immediate: to say that an element bZ g of PrinZg is
G-invariant is to say that o(b)Zx = bZx, so a == % lies in U and thus also in

U™ since N(b) = N(o(b)). O
Thus we've reduced the computation of BY /A% to determining the index of U*~°
in U™, which is quite elementary:
PRrorosITION 7.14. With notation as above, we have
Z)2Z  if D <0,
UT U7 =2 L (2)27)?  if D >0 and N(ep) = 1,
727 if D> 0 and N(ep) = —1

PRrROOF.
e Suppose that D < 0. Because every a € U has norm 1, for all « € U we have
o(a) =a™!, so for all a € U we have £ = a® and thus 4'~7 = Z32. Tt follows
that

Ut U = TR TS,
and since Z7 is cyclic of even order we have Z % /Z 5> = 7,/27.
e Suppose that D > 0 and N(ep) = 1. Then every unit in Zg has norm 1, so as
above we get U'™7 = Z% so Ut U7 = 7% JZX2. Because Z) = 7 x 7/27Z, this
time its quotient modulo squares is isomorphic to (Z/27Z)?.
e Suppose that D > 0 and N(ep) = —1. This time U™ has index 2 in U so is the
subgroup (e2,, —1). For n € Z we compute
iﬁ% 6% n_ 2n

e (—651)” (=1)"ep".
Thus U= = (—€%, €}), which indeed has index 2 in (e%,, —1) since —1 does not lie
in the first group and adjoining it to the first group we get the second group. [

Combining Propositions 7.12, 7.13 and 7.14, we get:

PROPOSITION 7.15. Let v be the number of ramified primes in the quadratic
field Q(v/D), and let BE/AS be the group of classes of G-invariant ideals. Then:
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a) If D <0, then BYJAS = (z/27)7 1.
b) If D >0 and N(ep) = —1, then BE /AG = (Z/)Z)"~*.
¢) If D >0 and N(ep) = 1, then BE/AG = (Z./27)" 2.

Finally, we address the discrepancy between the group (C1K)[2] = (Ax/Bg)¢ of
G-invariant ideal classes and its subgroup A% /B$ of classes of G-invariant ideals.
First we will show that in the cases addressed in parts a) and b) of Proposition 7.15
these two groups are the same, so Proposition 7.15 computes (Cl K)[2]. The case
of part ¢) turns out be more complicated and more interesting.

Let a € (Bx/Ak)Y, so there is some a € K* such that
ac(a)™! = aZk.

Applying o, we get
1

ola)a™ =0(a)Zk.
Multiplying these last two equations gives
ZK = N(Q)ZK,

so N(a) e Q*NZy =7 = {+£1}.

Case 1: Suppose that —1 ¢ N(K*): this certainly occurs when D < 0 and may
or may not occur when D > 0: more on this shortly. Then N(a) = 1, so by
Proposition 7.11a) there is b € K such that a = %; replacing b with b/ == o (b)

we get a = Ugff),so

aa(a)*l#ZK

or
o(b'a) ="ba,

showing that [a] € AEK/BE. Henceforth we may assume D > 0.

Case 2: Suppose N(ep) = —1. If N(a) = 1, proceeding as above shows [a] €

A% /BS. 1f N(a) = —1, then also

1

ua(a)f = aeply,

and now N(aep) = 1, so replacing a with a’ := aep and arguing as above we get
[a] € AG/BS.

Case 3: Finally we suppose that —1 is the norm of an element of K but not of an
element of Z}. In this case the argument of Case 2 fails in a way that will allow
us to define a homomorphism

n: (Ax/Bg)% — {£1}

whose kernel is A% /B$. Indeed, given [a] € (Ax/Bk)®, as above there is a € K*,
well-defined up to multiplication by a unit of Zy, such that

-1

ac(a)”" = aZlg.

Since this time all units have norm 1, it follows that N(a) € {£1} is well-defined.
Indeed this is an invariant of [a] and not just of a, since if we multiply a by x € K*
then a gets replaced by a%, which has the same norm as a. Thus we may define

n([a]) == N(a). This argument shows that if N(a) = —1, then [a] has no G-invariant
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representative, whereas as we saw above, if N(a) = 1, it does. It is immediate that
7 is a homomorphism, so we get an exact sequence

1 — A% /BG — (Ax/Bg)® 5 {£1}.
The remaining question is whether 7 is surjective. We claim that it always is,
which will complete the computation of (Ax /Bx)¢ = (C1K)[2] in this final case.
To see this, we use some undergraduate number theory in a rather surprising way.
The element —1 is a norm from K if and only if there are =,y € Q such that

22— Dy? = —1. (This is because 1, VD is a Q-basis for K in all cases, even when it

is not a Z-basis for Zy.) Clearly denominators, we get a nonzero integer solution
(X,Y,2) to

(33) X2 -DY?*+ 7% =0.
Conversely, because D is not a square in Q, a nonzero integer solution to (33) must
have Z # 0 and thus yields a rational soluton to 2?2 — Dy? = —1. A very old

theorem of Legendre tells when a diagonalized conic aX? + bY? + ¢Z? = 0 has
nonzero integer solutions: see e.g. [CI-NT, Thm. 18.4]. Applied to (33), we get
that —1 is a norm from K if and only if —1 is a square modulo D, which since D
is squarefree is equivalent to —1 being a square modulo every odd prime divisor of
D, which is equivalent (by results referred to and proved in Chapter 1) to D being
divisible by no prime p = 3 (mod 4) which is at last equivalent to D being a sum
of two integer squares: there are a,b € ZT such that

D = a% +b%;
since D is squarefree, we may and shall assume that a is odd, which ensures
ged(a,2b) = 1. In the dramatic conclusion, we will use this representation to

build an explicit element of ¢ of (Ax/Bx)® with n(c) = 1. Indeed, we take

a:=(a,b+ VD).

Since
N(b+ VD)~ (b+vD)(b— VD) =b*~D = —a?,
we have
a? = (a® ab + avVD,b* + D+ 2b\/5>
= (a%,ab+ aV'D,2b* + 20vV/'D) = (a%, a(b+ VD), 2b(b + VD))
= (a?, b+f>=<b+f>
so a2 is principal — and thus [a] € (Ax/Bk)® of norm a2, so
ao(a) = N(a) =
and thus
ac(a)t = a?/N(a) = b+a\/EZK.
Since N (L) = —1, we find that n([a]) = —1.

Finally, we can state and prove our main result:

THEOREM 7.16. Let K = Q(v/D) be a quadratic field with r ramified primes.
a) If D <0, then (C1K)[2] = (Z/2Z) L.
b) If D > 0 and D is not divisible by any prime p = 3 (mod 4), then
(C1K)[2] = (z/27) 1.
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¢) If D > 0 and D is divisible by some primep = 3 (mod 4), then (Cl K)[2] =
(Z.)27)"2.

PROOF. a) Suppose D < 0. By our argument above and Proposition 7.15 we
have
(C1K)[2) = A% /BS = (z/2Z) .
b) Suppose that D > 0 and D is not divisible by any prime p = 3 (mod 4). By our
above discussion, —1 is a norm from K*.
e Suppose N(ep) = —1. By our argument above and Proposition 7.15 we have

(C1K)[2] = AG/BS = (7./22)" .

e Suppose N(ep) = 1. By our argument above and Proposition 7.15 we have that
AG/BS = (2/22)7~2 and #G = 2#(A$/BS), so

(C1K)[2] = (z/2Z)"*.

¢) Suppose D > 0 and D is divisible by some prime p = 3 (mod 4). Then —1 is
not a norm from K, so certainly N(ep) = 1, and then by our argument above and
Proposition 7.15 we have

(C1K)(2] = AG/BS = (z./22)" 2. O

Theorem 7.16 is more often covered in the easiser imaginary quadratic case: Cox for
instance covers his early on in his lovely book [Co, Prop. 3.11] using the language
of quadratic forms and even gives the generalization to nonmaximal imaginary
quadratic orders. This result is extremely dear to me because of its applications to
complex multiplication of elliptic curves.

In contrast, the real quadratic case of this result is strangely hard to find
in texts: when searching the literature, I found many assertions that “Gauss’s
genus theory allows us one to compute (ClK)[2] for any quadratic field K,” but
the only textbook I know that states and proves this result is a recent one of F.
Lemmermeyer [Le]. My exposition here largely follows [Le, Ch. 9]. Theorem
7.16 is a manifestly equivalent restatement of [Le, Thm. 9.10]: Lemmermeyer’s
description of #(Cl1K)[2] is 2”72 makes reference to N(ep) and whether D is a
sum of two squares, but this must be a matter of taste.

It is curious that while the proof of Theorem 7.16 in the real quadratic case
makes such critical use of the sign of the norm of the fundamental unit, in the
end the final result does not depend on this. This makes one wonder whether this
division into cases is really necessary. In fact there is a closely related result that
is easier and in some sense more natural: when D > 0, rather than considering the
ideal class group Ak /By, one can consider the narrow class group Cl, K =
Ak /Ck, where Ck are principal fractional ideals that can be generated by totally
positive elements: i.e.,elements that are positive in both real embeddings. As above,
one finds that (Cly, K)[2] = (Ax/Ck)¢ are the G-invariant narrow classes. Then
one has the following result:

THEOREM 7.17. Let K be a real qudaratic field with r ramified primes. Then
(Cly K)[2] = (Z/22) .

11 suspect that it is Theorem 7.17 rather than Theorem 7.16 that appears (in the guise of a
result on binary quadratic forms) in Gauss’s Disquisitiones Arithmeticae, but it would be better
for me to check than to speculate on this.
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EXERCISE 7.10. Modify the proof of Theorem 7.16 to prove Theorem 7.17. Show
in particular that in all cases we have A% /C$ = (A /Ck)C, so the situation is
actually simpler here.

In lieu of solving Exercise 7.10, the reader may wish to consult the text of Frohlich
and Taylor: Theorem 7.17 appears therein as [FT, Thm. V.39], and the proof is
along similar (though not identical) lines to the proof we’ve given of Theorem 7.16.

It is easy to see how the narrow class group relates to the class group:

EXERCISE 7.11. Let K = Q(v/D) be a real quadratic field. There is a canonical
surjective group homomorphism

q:Clyw K — CIK.

a) Show: if N(ep) = —1, then q is an isomorphism, and deduce Theorem
7.16 from Theorem 7.17 in this case.
b) Show: if N(ep) = 1, then Ker g has order 2.

However, the relationship between the 2-torsion subgroups of Cl,, K and Cl K is
not as simple. Surprisingly, the text of Frohlich and Taylor (who are two very
distinguished algebraic number theorists) stumbles on this point: [FT, Cor. 1,
p. 181] asserts that #(Clw K)[2] = #(Cl1K)[2] when N(ep) = —1 and that
#(Cl K)[2] = 2#(C1K)[2] when N(ep) = 1. The first assertion is immediate
from Exercise 7.11, but comparing the statements of Theorems 7.16 and 7.17 shows
that the second assertion is not always true.

EXAMPLE 7.18. Let D = 205 = 5-41, and let K = Q(/D), sor = 2. As
reported above via \https: //oeis. org/A031396, we have N(ep) = 1. Theorems
7.16 and 7.17 give

(C1K)[2] 2 Z/2Z = (Cly K)[2].
MAGMA computes class groups and narrow class groups and gives
(Cloo K) 2 Z/A7 and C1K = 7/27,

so indeed the class group has half the size of the narrow class group in this case,
but that does not hold on the 2-torsion subgroups.

In [Le], Lemmermeyer also gives an application of Theorem 7.16 to proving qua-
dratic reciprocity. We cannot resist repeating it here: recall that for an odd prime
number p and an integer n that is prime to p, the Legendre symbol ( %) is defined

to be 1 is n is a (necessarily nonzero) square modulo p and —1 otherwise. By
Dedekind Kummer, if n is not a square, then p splits in the quadratic field Q(v/n)

if (%) = 1; otherwise p is inert in Q(1/n).
THEOREM 7.19 (Quadratic Reciprocity). Let p and q be distinct, odd primes.

(a) If at least one of p and q is 1 modulo 4, then (%) = (E).

b) If p and q are both 3 modulo 4, then (%) =— (2).

q

PRroOOF. Case 1: Suppose ¢ =1 (mod 4) and (%) = 1, so p splits in Q(,/q) and
thus there is a prime ideal p of norm p. By Theorem 7.16 (and the structure theory
of finite commutative groups), the class number h = # Cl1Q(,/q) is odd, and ph is
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principal, so there is an element of o = Zg of norm +p”. Writing a = %(x +y/q)
with z,y € Z, this gives us

:|:4ph =22 — q.
Reducing modulo ¢ and using that (since ¢ = 1 (mod 4)), —1 is a square in Z/qZ
and that h is odd, we get that p is a square in Z/qZ, i.e., (%) =1.

Case 2: Suppose p = 1 (mod 4), ¢ = 3 (mod 4) and (%) = 1. Again we get
x,y € Z such that
+ap” = a? — qy?,
but now, since ¢ = 3 (mod 4), if the minus sign held then reducing modulo ¢ yields
(%) = —1, which is the negation of what we’re trying to prove...so let’s show that
this cannot happen. Indeed, since ¢ = 3 (mod 4), we have
0=2?—q* =2>+y* (mod 4),

which means that z and y are both even. Writing z = 2X and y = 2Y and
subsituting, we get

+ph = X2 — ¢Y?2.
The left hand side is 1 or —1 mod 4 according to whether we have the plus sign or
the minus sign, while the right hand side is X2+ Y? (mod 4), which cannot be —1.
So — thank goodness — we must have the plus sign, and reducing modulo ¢ gives
(g) = 1. This completes the proof of part a).
Case 3: suppose p = ¢ = 3 (mod 4). By Theorem 7.16 the quadratic field K =
Q(,/pq) has no elements of order 2 The unique prime p lying over p has p? = p,
so [p] is a 2-torsion element of Cl K, so p is principal: thus there is an element of
norm =+p, which leads to z,y € Z such that

+4p = 2 — pay”.
Thus p divides x; writing z = pX and substituting, we get:

+4 =pX?% — 2.

Suppose that the plus sign holds. Reducing modulo ¢ shows that

~~
ESYiS)

) — 1, while

reducing modulo p shows (since —1 is not a square modulo p) that ( = —1. Now

q
P
D) = 1 while
q

N— —

suppose that the minus sign holds. Reducing modulo ¢ shows that (

reducing modulo p shows that (%) = 1. Thus exactly one of (g) and (%) is 1,
completing the proof of part b).
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