THE GROUP-THEORETIC PRIME AX-KATZ THEOREM

PETE L. CLARK AND UWE SCHAUZ

ABSTRACT. We give a version of Ax-Katz’s p-adic congruences and Moreno-Moreno’s
p-weight refinement thereof from that holds over any finite commutative ring of prime
characteristic. We deduce this from a group-theoretic result that gives a lower bound
on the p-adic divisibility of the number of simultaneous zeros of a system of maps
from a fixed “source” finite commutative group of exponent p to varying “target”
finite commutative p-groups. Our proof is morally a recasting of Wilson’s proof of
Ax-Katz over Fp in terms of the functional calculus of Aichinger-Moosbauer.

1. INTRODUCTION

This is the second in a sequence of papers in which we attempt a synthesis and further
development of work of Wilson [Wi06] and of Aichinger and Moosbauer [AM21]. Whereas
in the first paper [CS21] we applied arithmetic results of Weisman [We77] and Wilson
[Wi06] to answer a algebraic problem posed by Aichinger-Moosbauer, in this paper the
process is reversed: we use the algebraic work of [CS21] along with Aichinger-Moosbauer’s
functional calculus to deduce arithmetic results. In particular we give a group-theoretic
result that implies the theorem of Ax-Katz in the case of systems of polynomial equations
over a prime finite field IF, and the theorem of Moreno-Moreno on systems of polynomial
equations over a finite field Fy.

1.1. Notation and Terminology. We denote by P the set of (positive) prime numbers.

We denote by N the non-negative integers and put Z* := N\ {0}. We endow the set
N := NU {—o0, 00}

with the total ordering that extends the usual one on N and in which —oo is the least
element and oo is the greatest element.

Throughout, ¢ = p™ denotes a positive integer power of a prime number p and F, shall
denote “the” (unique up to isomorphism) finite field of order q. For n € Z\ {0}, we
denote by ord,(n) the largest power of ¢ that divides n; we also put ord,(0) = oco.

We say that a (not necessarily commutative) ring R is a domain if for all z,y € R,
if vy =0 then z =0 or y = 0.

1.2. Chevalley-Warning and Ax-Katz. We begin by recalling the following results of
Chevalley-Warning and Ax-Katz.
Theorem 1.1. Let n,r,dy,...,d, € Z* withd, > ... > d, and

(1) d1+...+d,«<n.
1
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For1<j<wr,let Pj(t,...,t,) € Fy[t1,...,t,] be a polynomial of degree d;. Let
Z ={(w1,...,2,) €Fy | Pi(21,...,20) = ... = Pu(21,...,2,) = 0}

be the common zero set in Fy of the P;’s. Then:
a) (Chevalley-Warning [Ch35], [Wa35]) We have #Z =0 (mod p).

b) (Az-Katz [Ax64], [KaTl]) We have ord,(#2) > ["_(dljﬂ—‘.

Theorem 1.1b) in the case of one polynomial (i.e., r = 1) was proved in 1964 by J. Ax
[Ax64], while the general case was proved in 1971 by N.M. Katz [Ka71]. Also in [Ax64],
Ax gave a strikingly simple ten line proof of Theorem 1.1a). There is certainly no known
ten line proof of Theorem 1.1b): Ax’s proof for one polynomial used methods of algebraic
number theory — Jacobi sums and Stickelberger’s congruence — while Katz’s proof of the
general case used some sophisticated arithmetic geometry — zeta functions and p-adic
cohomology. An Ax-style proof of Theorem 1.11.1b) was given by D. Wan [Wa89], while
Hou [Ho05] gave a short deduction of Theorem 1.11.1b) from the r = 1 case. Also D.J.
Katz [Kal2] proved a result in coding theory that implies Theorem 1.1b).

What if we replace F; by a finite ring R? When R is finite commutative and princi-
pal (i.e., every ideal of R is principal) then for each prime number p the largest power
of p that divides #{(z1,...,2n) € R" | fi(x1,...,2n) = ... = fr(x1,...,2,) = 0} for
all polynomials fi,..., f. € R of given positive degrees was determined: for » = 1 by
Marshall-Ramage [MR75] and in general by D.J. Katz [Ka09].

A finite commutative ring is Artinian, hence is a finite product of finite local Artinian
rings, each of which must have prime power order. In this way we immediately reduce to
the case of finite rings of prime power order. Most such rings are however not principal,’
and there had been no known analogue of Chevalley-Warning — let alone of Ax-Katz —
over any finite nonprincipal ring until the following recent result.

Theorem 1.2. (Aichinger-Moosbauer [AM21, Thm. 12.6]) Let R be a finite rng® of order

a power of a prime number p. Let n € Z%t, and let f1,..., f. be polynomial expressions
over R in n variables. If Y ._, deg(f;) <n, then
p| #{(z1,...,z,) € R"| fi(z1,...,2n) = ... = fr(z1,...,2,) = 0}.

The first main result of the present paper shows that the Ax-Katz Theorem extends
verbatim to all finite commutative rings of exponent p.

Theorem 1.3. [Ring-Theoretic Prime Ax-Katz Theorem] Let R be a finite rng with
underlying additive group (R,+) of prime exponent p, so (R,+) = (Z/pZ)N for some

N € Z*. Let fi,..., f. be polynomial expressions over R in m > 1 variables, of degrees
dy >...>d.>1. We put
Z(f1y.. s fr)=#{z e R" | fi(z)=... = f.(z) =0}.
Then
Nn—(dy+...+d,
) ond (2o )) 2 | B0

1For every n € Z%1 there is a finite commutative ring in which every ideal can be generated by n
elements and some ideal requires n generators [Cl18, Cor. 4.3].
2A rng is like a ring but not necessarily having a multiplicative identity. It need not be commutative.
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Remark 1.4. If in Theorem 1.8 we take R to be the finite field F,~ of order pV, the
concluston is that

(3) ord, (z) > [

The conclusion of the Az-Katz Theorem is
n—(d1—|—...—|—d7.)—‘

N(n—(dy +...+d,«))w
dy '

ord,x (z) > [

dy
Since ord,~ (z) = %p(z), the p-adic congruence given by Ax-Katz is
(4) OI‘dp(Z)ZN’Vn_(dl—;”._Fdr)“.
1

The latter placement of the ceiling functions is more favorable, so that the bound (4) is
better than the bound (3). This is why we speak of Theorem 1.3 as a generalization of the
“Prime Az-Katz Theorem” and not of the Ax-Katz Theorem.

Moreno-Moreno [MM95] used the Prime Ax-Katz Theorem as input to give a different p-
adic congruence for polynomial systems over any finite field I, that takes into account the
p-weight degrees of the polynomials. When g > p the Moreno-Moreno p-adic congruences
neither imply nor are implied by the Ax-Katz p-adic congruences: cf. [MM95, Thm. 0-1].
In §4 we will give a p-weight version of Theorem 1.3 that generalizes the Moreno-Moreno
p-adic congruences from I, to any finite commutative ring of prime exponent.

Theorems 1.2 and 1.3 follow from deeper group-theoretic results, as we now explain.

1.3. The Aichinger-Moosbauer Functional Calculus. In their recent work [AM21],
Aichinger-Moosbauer developed a fully fledged calculus of finite differences for functions
f A — B, where A and B are commutative groups. When A and B are R-vector
spaces, this subject has a long pedigree, going back at least to work of Fréchet [Fr09].
More recent works addressing the same topic include Leibman [Lei02] — who works with
not necessarily commutative groups — and Laczkovich [La04] — who surveys and works to
synthesize some of the prior literature. Neverthless, though the idea of such a calculus
was not new, Aichinger-Moosbauer’s work is strikingly elegant, systematic and useful.
We denote by B# the set of all functions f : A — B; so B is itself a commutative
group under pointwise addition. For a € A, we define an endomorphism A, of B4 by

(Aaf) s 2= flz+a) = f(x).
These endomorphisms all commute. Following Aichinger-Moosbauer, we assign to each
f € B4 a functional degree fdeg(f) € N as follows:
e We put fdeg(f) = —oo if and only if f = 0.2
e For n € N, we say that fdeg(f) < n if we have Ay, ---A,,., f=0forallay,...,an41 €
A. If this holds for some n € N, then fdeg(f) is the least n for which it holds.
o If fdeg(f) < n holds for no n € N, then we put fdeg(f) = oco.

For commutative groups A and B and d € N, we put
FUA,B) = {f € B" | fdeg(f) < d},

3Aichinger—Moosbauer in [AM21] assign the functional degree 0 to the zero function. Here we follow
the convention of [CS21]. It certainly makes no mathematical difference.
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and we also put
F(A,B) ={f € B* | fdeg(f) < o0}.

As introduced in [AM21, §2] and also discussed in [CS21, §3], if Z[A] is the integral
group ring of A, then the commutative group B4 has a canonical Z[A]-module structure
determined by

([alf)(x) = f(z + a).
In view of this, we may view A, as the element [a] — [0] of Z[A], since this element acts
on B4 in the previously defined way. We write e(B) for the exponent exp(B) if this is
finite (i.e., if there is N € ZT such that Nb = 0 for all b € B, we take exp(B) to be the
least such N) and 0 otherwise, and then B4 is canonically a Z/e(B)Z-module, so we may
also view A, as living in the group ring (Z/e(B)Z)[A].

The functional degree gives a notion of “polynomial function of degree d’ even when
there is no ring in sight. Moreover the notion of functional degree is partially compatible
with the degree of an actual polynomial function, in the following sense:

Lemma 1.5. Let R be a rng, let f be a polynomial expression over R in n variables, and

let E(f) € R®" be the associated function. Then fdeg(E(f)) < deg(f).
Proof. This is [AM21, Lemma 12.5]. O

In other words, Lemma 1.5 shows that any discrepancy between the functional degree
and the degree of a polynomial map will only make Chevalley-Warning / Ax-Katz type
results stated in terms of the functional degree stronger than their classical analogues.

Here is the group-theoretic result of Aichinger-Moosbauer that underlies Theorem 1.2.
Theorem 1.6. (Group-Theoretic Chevalley-Warning Theorem] Let N € Z*, let p be a
prime number, and let

A= énaZ/p‘“Z, B = éZ/pbiZ
i=1 1=1

be finite commutative p-groups. Let fi,..., fr: AN — B be functions. If

(5) D> fdeg(f;) (Z(p’” - 1)) < (Zp‘” - 1) N,

i=1
then
p|#{ac AV | fi(a) = ... = fr(a) = 0}.
Proof. This is [AM21, Thm. 12.2]. O

Applying Theorem 1.6 with A = B = (R, +), the additive group of a finite ring of order
a power of p and using Lemma 1.5, we deduce Theorem 1.2.

Here is the main result of this paper.
Theorem 1.7. Let N,r € Z*, let A = (Z/pZ)N, and let B1,...,B. € Z*. For1 <j<r,

let fj € (Z/p%Z)" be functions. Let dy,...,d, € N be such that fdeg(f;) < d; for all
1<j<r and max(dy,...,d,) > 1. Put

M = Fi=td;.
SRS
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Put
Z(fiyeos fr) ={z € (Z/pZ)N | fij(x) =0 for all 1 < j <r}.
Then

. Bj _
N — Ej:l %dj
i .

ord, (#Z(f1,..-, fr)) > {

This result has the following consequence:

Theorem 1.8 (Group-Theoretic Prime Ax-Katz Theorem). Let NN,r € Z*, let A =
(Z/pZ)N, and let f1,..., f. € AY" be functions, not all constant, with functional degrees
dy>...>d.. If

z=#{zx e A" | fi(x)=... = f.(x) =0},

then we have

ordy (@) > | N (0=, 4/ |

Proof. Let A = A™ = (Z/pZ)™N. For 1 <i < N, let m; : A — Z/pZ be the kth coordinate
projection. For 1 < j <rand 1 <k < N, put f;; =m0 f; € (Z/pZ)*" = (Z/pZ)*. By
[CS21, Lemma 3.8b)], for all 1 <4 < N, we have

fdeg(fjr) < d;-
Since the functions f; are not all constant, we have d; > 1. For v € A", we have f;(z) =0
for all j if and only if f;,;(x) = 0 for all j and ¢, so applying Theorem 1.7 to the maps
fix € (Z/pZ)A we get
Nn— N Z;zl d;
dy '

Remark 1.9. In an earlier version of our work, Theorem 1.8 was our main result. Then
in March of 2022, D. Grynkiewicz sent us a draft manuscript [GGZ]. The statement
of our Theorem 1.7 is directly inspired by (GGZ, Thm. 1.3.22], which is closely related
to Theorem 1.7 but involves sums over residue systems modulo p and reductions modulo
powers of p of polynomials f1,..., fr € Z[t1,...,tN] rather than arbitary functions between
commutative p-groups. In a later draft of the same manuscript, Grynkiewicz, Geroldinger
and Zhong give a weighted version of their result.
Switching from Theorem 1.8 to Theorem 1.7 made the proof easier: cf. Remark 2.2.

ord,(z) > O

If R is a finite rng with underlying additive group (R, +) finite of exponent p, then
applying Theorem 1.7 with A = (R, +) and using Lemma 1.5, we deduce Theorem 1.3.
Combining it instead with a p-weight analogue of Lemma 1.5 (Proposition 4.2), we will
get our p-weight improvement of Theorem 1.3 that recovers the Moreno-Moreno Theorem.

1.4. Structure of the Paper.
e In §2 we give a canonical series representation for a map f : A — B between com-
mutative groups of finite functional degree when A is finitely generated. Moreover, for

commutative domains of characteristic 0, we explore the connection between functions of
finite functional degree and integer-valued polynomials.

e In §3 we carry over a lemma of Wilson to our setting and then prove Theorem 1.7.



6 PETE L. CLARK AND UWE SCHAUZ
e In §4 we discuss p-weights and prove a p-weight improvement of Theorem 1.3.

e §5 contains a provocative (but tentative) final thought.

1.5. Acknowledgments. Thanks to E. Aichinger for his interest in our present work,
which led to the communication of the results of Geroldinger-Grynkiewicz-Zhong. Thanks
to D. Grynkiewicz for showing us two early versions of [GGZ]. Thanks to A.C. Cojocaru,
N. Jones and N. Triantafillou for stimulating conversations.

N
2. THE FUNDAMENTAL REPRESENTATON FOR f € B%

2.1. Preliminaries. Let N € ZT. In this section we give a canonical series representa-
tion for each f € F(ZN, B).

For d € Z+, we put (fl) = W € Q[t]. For z € N, we have that (3) is the usual
binomial coefficient and is thus a non-negative integer. Moreover we have (fl) € Z for all
x € Z: see e.g. [CC, p. 19]. These integer-valued polynomials are discussed in §2.3.

We take (g) : Z — 7 to be the constant function 1 and for any negative integer n, we

take (fl) : Z — 7 to be the zero function.

For 1 < i < m, let e; be the ith standard basis vector of ZV. We write A; for A,

Lemma 2.1. Let B be a commutative group, and let B C B be a subgroup. For f € BZN,
the following are equivalent:

(i) We have f(ZN) C B.
(ii) For all 1 <i < N, we have (A;f)(ZN) C B, and we have f(0) € B.
Proof. (i) = (ii) is immediate.
(ii) = (i): For any z € Z" and any 1 <i < N, we have
(Aif)(@) = flz+e;) — f(z) € B,
which shows that f(z+e;) € B <= f(x) € B. Since f(0) € B, an immediate inductive
argument now shows that f(z) € B for all z € ZV. O

Because ey, ..., ey is a set of generators for Z%, it follows from [CS21, Lemmas 3.6 and
3.7) that for f € F(ZN,B)\ {0} the functional degree of f is the largest n € N such that
there are i1,...,4, € {1,..., N} such that

A Ay f#0.
For n == (n1,...,ny) € NV, we put
A= A" ... A" € Z/e(B)Z[ZN).
Let f € F(ZV,B)\ {0}, and fix 1 <4 < N. Then there is a largest d; € N such that
AL f#0
and we call this quantity the i-th partial functional degree fdeg,(f) of f. We also put

fdeg;(0) :== —oo, while if for all n € N we have A f # 0, we put fdeg;(f) = co. It follows
from [CS21, Lemma 3.12] that for all f € BZY and all 1 < 4 < N we have

N
(6) fdeg,(f) < fdeg(f) < Z fdeg, (f)-
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Remark 2.2. Let Ay,..., AN, B be commutative groups In [AM21, §5], Aichinger and
Moosbauer associate partial functional degrees fdeg, (f), ..., fdegn(f) to amap f € BOL: Ai
in a way that generalizes the definition we have given and such that (6) continues to hold.
The proof of their more general form of (6) becomes significantly more difficult.

For the convenience of the reader, we restate [CS21, Lemma 2.2].

Lemma 2.3. Let A and B be commutative groups. Let a € A, n € N and let A be the
n-fold product Ay --- A, € End B4 For all f € B4 and all z € A, we have

n

@6 =30 () e+ =i = S0 (1) s+ o)

i=0 §=0
The following result is related to [AT92, Lemma 2.1] and [Sc14, Thm. 2.5].

Theorem 2.4. Let N € Z*, let B be a commutative group, let f € BZY. If there is
(ai,...,an) € ZN such that for all (by,...,by) € ZN with 0 < b; < fdeg,(f) for all
1<i< N we have f(a; +b1,...,any +by) =0, then f =0.

Proof. For 1 < i < N we put d; := fdeg,(f). If some d; = 0, then f = 0, so we may
assume that d; > 0 for all 1 < < N. We proceed by induction on N.

Base Case: Suppose that N = 1, so we have f € B%, fdeg(f) < dy and f(a) = f(a+1) =
...= f(a+dy) =0. Applying Lemma 2.3 with n = dy + 1, we get that f = 0.
Induction Step: Suppose that N > 2 and that the result holds for all f € F(ZN~1 B).
For 0 < j <dp, put

g =f(..,an +3): ZV7 = B.
Then we have fdeg;g; < d; for all 1 < % < N — 1 and g; vanishes identically on
HNfl[:ci,xi + d;], so induction gives g; = 0 for all 0 < j < d,,. It follows that for all

i=1

(ai,...,an—1) € ZN~1 the function f(ai,...,an_1,-) : Z — B vanishes on [ay,an +dy],
and it has functional degree at most d,,. By the Base Case these functions are identically
zero, which means that f is identically zero. O

2.2. The Fundamental Representation.

Theorem 2.5. Let B be a commutative group, and let f € BZY.

a) There is a unique function ae : N~ — B such that

(7) Vo e NV, f(z)= > Cﬁ)(mjv)a"

n
neNN N

Namely, for alln € NV we have a,, = (AZf)(0).
b) Let d € N. The following are equivalent:
(i) We have fdeg(f) < d.
(ii) We have

(®) v ez, S = 3 () (”CN)m"f)(o»

nn
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Proof. a) First of all, for each z = (x1,...,2x5) € NV we have (f&) (21]\\;) = 0 unless

n; < x; for all 1 < i < N, so the sum in (7) is actually finite. As seen above, for all
n € Z* we have (m:l) - (:’3) = ( r ) From this it follows that for all m,n € N we have

n n—1

(9) am ((f;) (Zﬁi)) 0= ﬁ (n ’ m) B {3 e

It follows that if we apply AZ to > aﬂ(fli) i (zz ) and evaluate at 0 we get part a) except
for the existence of the function a,. To see this, consider

=1 () () ern e 5

n
neNN N

Then we have AZ(g)(0) = 0 for all n € NV, so it suffices to show that the only function
with this property is the zero function. We show that g(xi,...,zx) = 0 for all z =
(71,...,2x5) € NV by induction on

|z =21+ ...+ 2N.

The base case is g(0) = (A%)(0) = 0. Now fix d € Z*, suppose that for all h € BZ"
with (A%h)(0) = 0 for all n € NV we have h(z) = 0 for all z = (x1,...,2y) € NV with
|z| == 21+ ...+ zxy < d, and let 2 € NV with |z| = d. Choose 1 < i < N such that
x; > 1. By our induction hypothesis we have

(AT g)(x1, ... 2i-1,0, @41, ..., xN) =0,
and using Lemma 2.3 together with the inductive hypothesis that
VO<y <z, g(x1,...,Ti=1,Yi, Tit1,...,ZN) =0,

we get that g(x1,...,2x) = 0, completing the induction step and the proof of part a).
b) (i) = (ii) Since fdeg f < d, we have (AZf)(0) = 0 for all n € NV with |n| > d, so

e, fo =3 (1) ()@,

n
neNn N
|n|<d

If we put P = 3, cnn jnj<d (21) e (f&)(Aﬂf)(Q), then f — P has functional degree at
most d and vanishes on NV, so by Theorem 2.4 we have f = P.

(i) = (i): It follows from (9) that the functional degree of

> () (o)

nenN

In|<d
is the largest |n| such that a, # 0, which is by assumption at most d. g
Remark 2.6. a) For B a finitely generated commutative group, the series represen-

tation (8) was explored in [Scl4, §2].
b) The series expansion of Theorem 2.5 is a discrete analogue of the Taylor series
expansion of a smooth function f : RN — R. Theorem 2.5a) implies a uniqueness
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property: for any two functions ae,be : NN — B that each map all but finitely
many elements of the domain to 0, define associated functions

foa:ZN 5Bz Y (il>(”)an

peny 1 nN

fo. :ZN - B, z— Z (wl) ("TN>bn.
nENN ni nnN;) —
Then fa, = fo, if and only if ae = be. This is a discrete analogue of the fact that
in a power series expansion centered at 0O, the coefficients are determined by the
partial derivatives at 0.
b) Just as it is immediate to also consider Taylor series expansions centered at a
nonzero point a € R, there are also representations of f € F(ZN,B) based on
the values (A™f)(a) for any fived a € ZN.

2.3. Polynomial Functions and Integer-Valued Polynomials. In this section we
use Theorem 2.5 to make some further extensions of the Aichinger-Moosbauer functional
calculus, in particular comparing integer-valued polynomials to functions of finite func-
tional degree. The results of this section are not used elsewhere in this paper. However,
integer-valued polynomials and their reductions occur in Wilson’s proof of Ax-Katz over
F, [Wi06, Lemma 4], and the technique of representing functions between residue rings
of Z via integer-valued polynomials also occurs in a work of Varga [Vald] generalizing
Warning’s Second Theorem. It seems useful to understand that these techniques can be
viewed in terms of the Aichinger-Moosbauer calculus.

Let R be a nonzero commutative ring, let N € Z™, and consider the evaluation map
E:R[t1,... . ta] = BRE | f s (x> f(2)).

This is an R-algebra homomorphism; its image is, by definition, the ring of polynomial
functions on RY, which we denote by P(R™, R).

The map FE is never an isomorphism, though the manner of the failure depends upon
R. If R is finite then R[ty,...,t,] is infinite while REY is finite, so F has an infinite
kernel. If R is infinite, then E is not surjective [C114, Thm. 4.3]. More precisely:

Proposition 2.7. Let R be a nonzero commutative ring, and let N € Z. The following
are equivalent:

(i) The evaluation map E : R[t1,...,tn] — RE" s surjective.

(ii) The function
1 ifz=0

1] GRRN, —
0.1 * {0 ifz#0

lies in the image of E.
(iii) The ring R is a finite field.

Proof. Case 1: Suppose R is a finite field IF,. In this case the study of £/ was the essence
of Chevalley’s proof of Theorem 1.1a) in [Ch35]. He showed that E is surjective and
explicitly determined its kernel: it is (t{ —t1,...,t2 —t;). For English language proofs of

modest generalizations, see [Cl14, Cor. 2.5 and Prop. 4.4].
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Case 2: Suppose that R is not a field; equivalently, there is an ideal (0) C I C R. Then for
all F' € P(RY, R), the function F is congruence-preserving: for z = (xq,...,zy), ¥y =
(y1,-..,yn) € RN are such that 2; = y; (mod I) for all 1 < i < N, then f(z) = f(y)
(mod I). Let a € I\ {0}. Then

9,1(0,...,00)=1#0=27p1(a,...,a) (modI),

so 0p,1 is not congruence-preserving.
Case 3: Suppose that R is infinite. Then [CS21, Thm. 4.9a)] gives fdeg(do.1) = oo, so
00,1 is not a polynomial function by Lemma 1.5. O

If R is an infinite commutative ring that is not a field, we just gave two proofs (in Cases 2

and 3) that dp 1 € RE" \P(RY, R). The second proof showed more: that d; has infinite
functional degree. In general, for a nonzero commutative ring R, by Lemma 1.5 we have

P(RN,R) C F(RN,R) C RE".
This leads to a more interesting version of the question of when E is surjective:

Question 2.8. For which nonzero commutative rings R and N € ZF do we have P(RN, R) =
F(RN,R) —i.c., when is every f € REY of finite functional degree a polynomial function?
Here is an answer to Question 2.8 when R is finite.

Proposition 2.9. For a nonzero finite commutative ring R, the following are equivalent:
(i) For all N € Z*, we have P(RN,R) = F(RN, R).
(ii) For some N € Z%, we have P(R™,R) = F(RV,R).

(iii) For some r € Z*, prime numbers p1 < ... < p, and positive integers ai, ..., a,,
we have
-
R= H Fpei.
i=1
Proof. If R is a finite commutative ring of order pj* ---p% (for primes p; < ... < p;),

then we have a unique internal direct product decomposition R = H:Zl v; with v; a ring
of order p{* [CI-CA, Thm. 8.37]. We call t; the p;-primary component of R. We have
a natural ring isomorphism

R[tl, N ,tn] = Hti[tla"'7tn]
i=1
and also, by [AM21, Thm. 9.4] or [CS21, Thm. 3.13] a natural decomposition
F(RN,R) = [[FN, ).
i=1

Using these decompositions we get that
P(RY,R)=F(RV,R) «—= V1<i<N, P, v;)=F(N, ),

so we reduce to the case in which R has prime power order. In this case, by [AM21, Thm.
9.1] we have

RE" = F(RN,R)
and so our problem reduces to the previous problem of when the evaluation map is
surjecitve. By Proposition 2.7, this holds if and only if R is a finite field. So: independently
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of N € ZT, every function f € RE™ of finite functional degree is a polynomial function if
and only if for all p | #R, the p-primary component of R is a finite field. 0

When R is infinite we do not know a complete answer to Question 2.8, but we will exhibit
some positive and negative results. Here is one:

Proposition 2.10. For all N € Z*, we have P(QY,Q) = F(QV,Q).
Proof. Let g € F(QV,Q). By Theorem 2.5 there is a function ae : NV — Q and d € N

such that
N T Ty
vl’:({l}l,...7.’L‘N)€Z 7g(.’l’,‘): E Ap .

n n
neNy, |n|<d ! N

Let f € Q[t1,...,tn] be the polynomial

fti ot = > an(;ll) (:L;)

neNN, |n|<d
Then E(f),g € F(QV,Q) and
ve e ZV, E(f)(x) = g().
By [AM21, Lemma 3.2] Theorem 2.4 applies to (E(f) — g)|z~, giving (E(f) — g)|z~ = 0.
This implies E(f) = g: in fact, we claim that if h € F(QV,Q), if h|zy = 0, then h = 0.
To see this, let D € Z+, and define hp € Q%" by

hp(x) ::h(%,...,%).

The function hp is obtained by precomposing h with a group endomorphism of (QV, +),
so hp € F(QV,Q) by [AM21, Thm. 4.3]. By hypothesis, hp is identically zero on DZ",
so by Theorem 2.4 we have (hp)|z~ = 0. This holds for all D € Z*, so h = 0. O

From now until the end of the section we will assume that R is an infinite commutative
domain, with fraction field K. In this case the evaluation map E : R[ty,...,tx] — REY is
injective [C114, Prop. 4.5] and thus induces an isomorphism Rl[ty,...,tx] — P(RY,R). It
is a result of Aichinger-Moosbauer [AM21, Lemma 10.4] that for all f € K[t1,...,,] we
have fdeg(FE(f)) = deg(f). We will show that the same conclusion holds over the infinite
domain R and, in fact, a little more. Namely, we define the subring of integer-valued
polynomials

Int(RN,R) == {f € K[t1,...,tn] | E(f)(RN) C R} C K[t,...,tn].

Proposition 2.11. Let R be an infinite commutative domain, with fraction field K, and
let f € Int(RN,R). Let E(f) == E(f)|px € RE". Then

—_—

fdeg(E(f)) = deg(f).
Proof. Let f € Int(RY,R). We write E(f) for associated function from K~ to K and

E(f) for the associated function from RY to K. Thus E(f) is obtained from E(f) by
restricting the domain from K% to RN and then resttricting the codomain from K to R.
By [CS21, Cor. 3.10] domain restriction causes the functional degree to stay the same or
decrease, while codomain restriction preserves the functional degree, so

—

fdeg(E(f)) < fdeg(E(f)) = deg(f).
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Put d := deg(f); we may certainly assume that d > 0. Seeking a contradiction, suppose

—_— —

that fdeg(E(f)) < d. Then for all x1,...,24 € RN we have A,, ---A,,E(f) = 0. Thus
the polynomial functionA,, ---A,,E(f) vanishes identically on RY, and Theorem 2.5
implies that it must be 0. But over any field K of characteristic 0, for d € N, evidently

Bd:{@ll)(:jv) |n:(n1,...,nN)eNNn|§d}

is a K-basis for the space of polynomials of degree at most d ( equivalently, for the space
of polynomial functions of functional degree at most d). Since deg(f) = d, the polynomial
f has at least one “binomial monomial term” (:111 ) . (Ti?v) with n; +...+ny = d and

then A(MtmN)E(f) # 0, a contradiction. O

So for commutative domains of characteristic 0, we get a further refinement
P(RY, R) C Int(RY, R) € F(RY,R) C R*",

which yields in particular a negative answer to Question 2.8 whenever we have Int(RY, R) D

P(RY,R). This certainly holds for R = Z: e.g. w is an integer-valued polynomial
that does not lie in Z[t]. This motivates the following result:

Theorem 2.12.
a) The set B = {(f&) (S;) | n € NV} is a basis for the Z-module F(ZN 7).
b) We have F(ZN,Z) = Int(ZN ,Z).

Proof. a) Theorem 2.5¢) implies that B spans F(Z,Z) as a Z-module. For m € N, the
Z-linear map Ly, : 7% = 7 given by f (AZ2£)(0) kills (zi) (Zg) iff m # n, so

(;Lll) e (Tijv) cannot be a Z-linear combination of any of the other elements of B.
b) By Proposition 2.11 we have Int(Z™,Z) C F(Z",Z). The well-known fact that for all
n € N we have () € Int(Z, Z) follows from Lemma 2.1 and induction. Since Int(Z",Z)

is a ring, we have b € Int(Z",Z) for all b € B. So
F(ZN,7Z) = (B)z C Int(ZN,Z). O

Theorem 2.12 implies that B is a Z-basis for the ring Int(Z", Z) of integer-valued polyno-
mials, a result of Ostrowski [Os19]. See [CC, Ch. 11] for a general treatment of Int(R"™, R)
for a commutative domain R. Cahen-Chabert also address when Int(RY, R) = P(R™, R)
in [CC, §1.3], showing in particular that equality holds when every residue field of R is
infinite [CC, Cor. 1.3.7], so e.g. when R is a Q-algebra. Our next result implies that for
all N € Z* we have Int(R'N) C F(RY, R) when R 2 Q is a Q-algebra.

Let us say that a commutative ring R is a Cayley ring if the Cayley homomorphism
C:R— End(R,+), r—re:xz—rx
is an isomorphism (equivalently, is surjective).

Example 2.13. a) Each of the following rings is a Cayley ring: F,,, Z, Q. Moreover
any subring of Q is a Cayley ring: such rings are precisely the localizations of Z
and they are in bijection with subsets of the set P of prime numbers.



THE GROUP-THEORETIC PRIME AX-KATZ THEOREM 13

b) A commutative ring R is not a Cayley ring if it is free of rank greater than 1 as
a module over some proper subring. From this we see that none of the following
rings are Cayley rings: a field other than Q or Fp; an algebra over a field F' such
that F C R; the ring of integers Zy of any number field K 2 Q; the valuation
ring of a p-adic field K 2 Q,.

Proposition 2.14. Let R be a commutative domain of characteristic 0. If for some
N € Z* we have Int(RY, R) = F(RN, R), then R is a Cayley ring.

Proof. Proceeding by contrapositive, suppose that R is not a Cayley ring: this means
precisely that there is a Z-linear map L : (R, +) — (R, +) that is not of the form E(f) for
a linear polynomial f € RJ[t]. If K is the fraction field of R, then moreover L is not of the
form E(f) for a linear polynomial f € KJt]: if f = ax+b with a,b € K, then evaluating at
0 gives b = 0 and evaluating at 1 gives a = L(1) € R. Since fdeg(L) = 1, by Proposition
2.11 L is therefore not given by any integer-valued polynomial. This establishes the result
for N = 1. For any N € Z*, the function Ly : RN — R by Ly(z1,...,2x) = L(z1) is
again Z-linear but is not the restriction to R of any K-linear polynomial function, so
Ly € F(RN,R)\ Int(RN, R). O

Proposition 2.14 and Example 2.13 give lots of examples in which Int(RY, R) C F(RY, R):
e.g. any field K D Q. On the other hand, using similar arguments to the ones we have
made, one can show that Int(RY, R) = F(RY, R) for any subring R of Q.

2.4. Lifting.
Corollary 2.15 (Homomorphic Functoriality II). Let B, B’ be commutative groups, let
B: B — B’ be a homomorphism, and let f € BZY

a) For all x € NN we have

@ = Y () (2.

nenn 1 nN

b) If f has functional degree d < oo, then for all x € ZN we have

G = Y (1) (2 ) e,

neN™ nN
In|<d

Proof. On one hand, by Theorem 2.5a) we have

vre NV, (B.f)@) =Y (””) <$N)(A"6*f)(0)~

n n
netin N1 N

And, if f has functional degree d < oo, then by [CS21, Lemma 3.9b)], the function
B«f € (B )ZN has functional degree at most d, as well, so by Theorem 2.5b) we have

vreZN, (B.f)@) =Y () (xN>(A”ﬁ*f)(0)-

neNT nl nN
[n]<d

On the other hand, the map 3, : BZ — (B’)ZN is a homomorphism of Z[Z"]-modules,
so for all n € NV we have A%(B, f) = B0 A%f. The result follows. g
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Let A, B, B’ be commutative groups and let 8 : B — B’ be a surjective homomorphism.
As mentioned in [CS21, §2.5], the map B4 > f — Bo f € (B")4 gives a surjective group
homomorphism
B.: BA — (B4

Suppose now that A = ZY and f € F(ZN,B’), so f is of the form (8) for a finitely
nonzero function ae : NV — B’. By a lift of ae we will mean a function A, : NV 5 B
such that 8o As = ae and such that for all n € NV we have 4, =0 <= a, = 0. Such
lifts always exist. To such a lift we attach the following function F' € B4:

veeZV, Flz)= Y. <21><W>A

nENN 1 nn
By Corollary 2.15 we have that 8,F = f, and by our choice of A, we have
fdeg(F') = fdeg(f).

We will also call the associated function F' € B4 a lift of f € (B’)A. Notice that in
general a given f € F(ZY, B') has many different lifts.

Combining this discussion with Theorems 2.5 and 2.12 we find that for N,m ¢ ZT,
every f € F(ZN,7Z/mZ) is the reduction of an integer-valued polynomial of degree equal
to fdeg(f). In particular, this applies when for some p € P we have m = p® and f is
(p™,...,p*)-periodic for some ay,...,ay € Z*, i.e., lies in the image of the natural

map BDL1Z/p"Z _y BZY  This situation is considered in the next subsection.

Remark 2.16. The fact that functions Z/p*Z — 7.]pZ can be represented by reductions
of integer-valued polynomials is applied in work of Varga [Vald]. In [CW18| this work
was generalized to maps of the form Zi /p® — Ly /p® where K is a number field, Zy is
its ring of integers, and p is a nonzero prime ideal of Zx (so that Zx /p® and Zx /p® are
finite rings of p-power order for some p € P). Perhaps these works could be refined using
conisderations from the present paper and from [CS21].

2.5. Representation of Functions Between Finite Commutative p-Groups. If A
is a finitely generated commutative group, then of course for some N € Z* we have a
surjective group homomorphism « : Z¥ — A. Up to a harmless isomorphism, we may
write A as @fvzl Z/a;Z with a; € {0} UZ>? and take

N
a:ZN - @Z/aiZ, (1,...,zn) — (r1 (mod ay),...,zxy (mod ay)).
i=1

We then have an embedding

F(A,B) — F(Z",B),
and thus every f € F(A, B) has the same functional degree as its pullback to Z~ which
by Theorem 2.5b) has a canonical series representation (8).

The following notation will be helpful: for p € P, N € Z* and a = (ay,...,ay) € ZN
with a; > ... > ay and b € ZT, we put

N
0p(a,b) = (@D Z/p™Z,Z/p"Z) = > (p™ = 1)+ (b—1)(p— 1)p™ "

=1 =1
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Theorem 2.17. Let p € P, let N,aq,...,any € Z*, put A = @f\il Z/p%Z, and let
: @N — A be the above quotient map. Let B be a commutative group, let f € B4, and
let f = a*f be its pullback to a function from Z" to B.

a) Let b€ Z*t. If B has exponent p°, or if just p®y = 0 for all y € f(A), then for all
z € ZN we have

o= X () ()@
om0

b) For allb € Zt and all n € N™ with |n| > 6,(a,b) we have

(A%(1))(0) = (A%())(0) € p"B.

Proof. Let B := (f(A)) be the subgroup generated by the image of f. Since A is finite
and B is commutative, the subgroup B is finite. In the situation of part a) we have that
B is a p’-torsion group. By [CS21, Cor. 3.10b)] we may assume that B = B, so that part
a) follows from Theorem 2.5 and [CS21, Thm. 4.9¢)].

To prove part b), let 8, : B — B/p"B be the natural quotient map. We consider the
expansion of the map Byo f : ZN — B/p’B. By Theorem 2.5 a), combined with Corollary
2.15 a), for all z € NV,

hof@ =3 () (V) (e + ),

neNN ™ an

But, since the exponent of B/p®B divides p®, we can also apply part a), combine it with
Corollary 2.15 b), and obtain, for all z € ZV,

Gon@= 3 (7)) + .
2S5 )

Comparing coefficients, and using the uniqueness in Theorem 2.5a), we get
(AZf)(0) +p"'B=0€ B/p'B
for all n € N with |n| > d,(a,b). The stated result follows. O

3. THE GROUP-THEORETIC AX-KATZ THEOREM

3.1. Wilson’s Lemma. For p € P, we abbreviate {0,...,p — 1} to [p). Let Z,) be the
rational numbers of non-negative p-adic valuation.

Let A and B be commutative groups, and let S C A be a finite subset. Following

[KP12], for f € B4 we put
/Sf::Zf(x)eB.

The following result is an equivalent (but simpler) reformulation of [Wi06, Lemma 4].

Lemma 3.1. Letp € P and let N, b€ Z*. If f € 72" is such that
fdeg(f) < (N —b+1)(p—1),
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then

f=0 (mod p®).
)N

Proof. Step 1: If 0 < i < p — 2 then ZIGZ/I)Z z' = 0: indeed, upon choosing a generator
¢ of the cyclic group (Z/pZ)*, we get

Czpl
Zm—z 71:0.

T€ZL/pL

It follows that if i1,...,4, € [0,p — 2} then

b
Z x?um?j’:H Z :c;jz() (mod p?).

z€[p)b j=lz;€[p)
From this we deduce that if g € Z)[t1, ..., 1] has fdeg;(g) <p—2for all 1 <i <b then

/ = Z z) =0 (mod pP).
[p)®

z€[p)b

Step 2: If the result holds for a set of polynomials fi,..., f, then it holds for the Z-
submodule of ZZ" that they generate. Because of this and Theorem 2.5 it suffices to
show that the result holds for

o =11(7) ()

for all (ny,...,ny) € NV with [n| < (N —b+1)(p—1). Since for all 1 <4 < N we have
fdeg;(f) = ni, it follows that

#{1 <i < N [fdeg;(f) <p—1} =D,

for if not we would have deg(f) > (N —b+1)(p—1). So we may suppose without loss of
generality that fdeg,(f) <p—1 for all 1 <4 <b. Then for all yp41,...,yn € Z, we have

f(tla"'7tb7yb+17"'ay1v) GZ(P)[tla"'atbL
so using Step 1 we get
/ f: Z f(xla"'ambayb+l-”ayN)EO (mOdpb) O
2 (®1,...,75) E[P)®

3.2. The Proof of Theorem 1.7. Put

M = max p%~ dj

1<5<r
and . .
j—1 i1
B . N - Z;:l ppj—l d] _ N - Z;:l pp]—I d]
’ maxlgjgrpﬁi_ldj M '
We have

[

N->" 1 J_ld
B i= p- +1
< M )
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SO

T ﬁjfl
P

1 § < N+M(1-B

(10) 2 p—ld]< + M( )

For 1 <j <, let

1 ifz=0 (modp?)
xj:Z — Z/pPZ by X(a:):{ ) .

0 otherwise
Let

X = ®Xj (ZT = L/pPZ, (x4,...,1,) — ij(zj).
j=1 =1
Let X be a lift of y from Z/pPZ to Z in the sense of §2.4, and similarly for 1 < j <7 let
X, be a lift of x; from Z/pPZ to Z.
Let z € ZV, and write 7 for the image of = in (Z/pZ)", so for all z € ZV, we have

{1 itz e Z(f1,..., fr)

0 otherwise

X(fl(f)v'“vfr(f)) =

For 1 < j < r, let F; be obtained from f; by pulling back from (Z/pZ)" to ZV, and let
Fj be obtained from F} by lifting from Z/p% 7 to Z in the sense of §2.4. In particular,
by §2.4 we have fdeg(ﬁj) = fdeg(F};) = fdeg(f;) < d; for all 1 < j < r. Thus the desired
conclusion that p? | #Z(f1,..., fr) is equivalent to

/)NX(F177FT)OEZ/pBZ
p

and thus also to

(11) ord, (/ 55(F1F> > B.
PN

The function x; is the pullback from Z/p 7 to 7 of the function &g 1 € (Z/pBZ)Z/ijZ,
so by [CS21, Prop. 4.4 and Thm. 4.7] and §2.4, we have

fdeg(X;) = fdeg(x;) = 8(Z/p¥ Z,Z/p"Z) = (p* — 1) + (B~ 1)p% "} (p - 1).
By Theorem 2.17, there is a function ¢; : N — Z such that ¢&;(n;) = 0 for all but finitely

many n;’s, such that
Iy
Vo € L, xjlz) =) (;)Cj(”j)
n; EN J

and such that for all b € ZT we have
Bi — 1
p
> (p—1
n; > (p ) < b1
Our lift of x; to X; consists of lifting ¢; to ¢; : N — Z in such a way that ¢;(n;) =0 =
¢;(n;) = 0. It follows that

. 1>pﬁf1) — 2 | cs(ny).

PP -1
p—1

(12)  VI<b<B, n;>(p—1) ( +(b— 1)pﬂfl> = " | &(ny).
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Now we have

/{p)N X(Fy, ... F) = /[p)N x1(F1) - xo ()

S YR SR G B ) RIS

n
z€[p)N n=(nq1,...,n,)EN" 1

Thus to prove (11) it suffices to show that

(13) Vn € N, ord, Z (Fl($)> <F,«(a:)>01(n1) e(ny) | > B

zepyy N M i

To show this, fix n = (n1,...,n,) € N". For 1 < j <7, let a; be the integer such that

Bj _1 /8_] _1
(p—1) (p + (o — 1)pﬁj—1) <n;<(p—1) (Pp - +a pﬁj—1> ’

p—1

o (12) gives that either ord,(¢;(n;)) > B for some j — so (13) certainly holds — or
V1< j <, ordy(¢(ng)) = a.

Define ¢ € Z by

{=B— XT:O‘J”
j=1

SO
(14) > ordy(é(n)) =Y oy =B L.
j=1 j=1

Then (13) certainly holds for n if £ < 0, so we may assume that £ > 1.
Applying [AM21, Thm. 4.3 and Lemma 6.1], the definition of M and (10) we get

fdeg ((51) (i)) < jz:njdy

<=0 (B v ) a <o) Zp H(B-OM

<@p-1DWIN+M—IM)< (p—1)(N-L£+1),

so Lemma 3.1 yields

([ ) ()

Combining (14) and (15) we get (13), which completes the proof of Theorem 1.7.

Remark 3.2. From Theorem 1.7 we can immediately deduce an analogous result for maps
fi:A—= By,...,fr: A— B,, where A is a finite commutative group of prime exponent
p, Bi,..., B, are any nontrivial finite commutative p-groups, and dy, ...,d, € N are such
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that fdeg(f;) < d; for all j and maxi<;<,d; > 1.
Indeed, up to isomorphism we may write A = (Z/pZ)N and for all 1 < j <r,
K(j)
B; = @ z/p" 2 with Bj1 > ... > B k() > 1.

j=1
Let Z(f1,...,fr)={z € A] V1 <j<r fi(z)=0}. Composing each f; : A — B; with
the coordinate projections my, : B; — Z)pPir7, = Bj i, we get maps fj i =m0 f; for all
1<j<r 1<k <K(j) such that max;<p<k(j) fdeg fjx = fdeg(f;) < d;. Evidently, for
x € A we have f;(x) =0 for all j if and only if f;r(x) =0 for all j and k, so applying
Theorem 1.7 to the family of maps {f;r : A — Bj i} we get

J.k
Z] 1Zk j)pp 11d]-‘

maxi <<, pi1td;

ordy(£Z(f1r. ., ) > [

This result may be viewed as a generalization of Theorem 1.7, which we recover by taking
each Bj; to be cyclic. However, in practice this result seems to lose information from
Theorem 1.7 in that for each j we use only max,<p<g ;) fdeg(my o f;) instead of the
individual functional degrees of the maps m, o f;. Farlier in our work we proved Theorem
1.8 (which is essentially this result with B, =1 for all j and k) directly, and this loss of
information made the proof significantly more difficult.

4. p-WEIGHTS

For p € P and d € N, we may uniquely write d = Zivzo a;p* with each a; € [p). Using
this base p expansion, we define the p-weight

We have o,(d) < d with equality iff d € [p). For fixed p and large d, we have o,(d) =
O(logd), so the p-weight of d can be much smaller than d itself.

Let R be a commutative ring. The p-weight degree of a nonzero monomial ct‘fl N
with ¢ € R\ {0} is defined to be

n
d dny .
my(ctlt ot = Y (d
=1

and the p-weight degree of a nonzero polynomial f € R[ty,...,t,] is the maximum p-
weight degree of a nonzero monomial term. We put ¢,(0) := —oo0.
A polynomial has positive degree if and only if it has positive p-weight degree.

Lemma 4.1. Let Aq,..., A, be commutative groups, let R be a rng, and for each 1 <
1 <nlet f; : A; — R be a nonzero function. Let
I HAi = R, (a1,...,a,) > fi(a1) - fulay).
i=1
a) We have fdeg(f) < >0, fdeg(f;).
b) [AM21, Lemma 6.2] If R is a domain, then we have fdeg(f) = ., fdeg(f;).
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Proof. Induction reduces us to the n = 2 case. For x € A1 and y € Ay we have
(Azf)(a,b) = f(x +a,b) — f(a,b) = (Az f1)(a) f2(D),
(Ayf)(a,b) = fla,y +b) — f(a,b) = fi(a)(Ayf2)(b),

and thus it follows that for all zy,...,z;,a € A; and y1,...,y5,b € Ay we have

I J J
(16) 12 [] 2y f ] (ab) = (HMﬁ )(H%ﬁ%)
i=1 j=1 j=1

Both parts follow easily from this. For part a), for ¢ = 1,2 put d; = fdeg(f;). We may
assume that dj,ds < oo or there is nothing to prove. Then in (16) the right hand side
is 0 unless I < d; and J < da, hence is certainly 0 if I + J > dy + d2 + 1. For part b),

taking I = dy and J = d there are sequences 1, ...,Z4,,a € Ay and y1,...,Y4,,b € Az
such that (( ?;1 Amifl)(a)) and (( ?2:1 Ay, fg)(b)) are both nonzero, hence so is their
product since R is a domain. O

Proposition 4.2. Let p € P, and let R be a commutative ring of characteristic p. Let
f € R[t1,...,tn] be a polynomial, with associated function E(f) € RE". Then we have

(17) fdeg(E(f)) < op(f)-

Proof. Since fdeg(E(f)) = —oo iff E(f) = 0, we may assume that E(f) # 0.

By [AM21, Lemma 3.2] we have fdeg(f1 + f2) < max(fdeg(f1),fdeg(f2)). Since o,(f)
is the maximum of the p-weight degrees of the nonzero monomial terms of f, we reduce
to the case of a monomial

f=cti .t ce R\ {0}
Using [AM21, Lemmas 6.1] and Lemma 4.1a), we get

fdeg(ct(li1 <o) < fdeg(c) Z fdeg(F Z fdeg(F

We have reduced to the univariate monomial case and must show: for all n € Z* we have
E{") < op(t").
Writing n = Zilio a;p’ with a; € [p) and using [AM21, Lemma 12.5], we get
N ‘ N _ N
fdeg(E(t")) = fdeg (H E(tpl)‘“> <Y aifdeg(E™) =) a; = 0,(n)
since each (t”i) is a nonzero group homomorphism and thus has functional degree 1.

Combining Theorem 1.7 and Proposition 4.2 yields Theorem 1.3b). Applying Theorem
1.3b) to R = F,~, we get the Moreno-Moreno Theorem [MM95, Thm. 1].

Theorem 4.3 (Moreno-Moreno). Let fi,..., f, € Fyn[t1,. .., t,] be polynomials of posi-
tive degrees. Let

Z(frseos fr) =1, own) €Fpn | i, o20) = o= fr(21,.. 0, 2,) = 0},

Then .
omAmﬁpwﬁ»z[N<”zf”“ﬁﬁ].

max’_; op(f7)
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Let R be a commutative ring of prime characteristic p. Must we have equality in (17)?
When R is a field, this is answered by [AM21, Thm. 10.3]. In this result Aichinger-
Moosbauer show that fdeg(E(f)) = o,(f) whenever R is an infinite field of characteristic
p. For our purposes the more interesting case is when R = FFy, as a strict inequality
fdeg(E(f)) < op(f) would yield a further improvement of the Ax-Katz Theorem. It
turns out that strict inequality can occur, however in a way that leads only to improve-
ments of the Ax-Katz Theorem that had already been well understood.

To explain, we say that a nonzero monomial ¢t ---tdn € F,[t;,...,t,] is reduced
ifd; <gq—1forall 1 <i<mn. A polynomial is reduced if each of its nonzero monomial
terms are reduced.

Just using the fact that 7 = x for all x € Iy, it is easy to see that for any f €
F,lt1,...,t,] there is a reduced polynomial f € F[ty,...,t,] that induces the same func-

tion Fyy — F, as f. Already in [Ch35], Chevalley showed that every function E € ]ng
is E(f) for a unique reduced polynomial f. (For an English language proof and some
modest generalizations, see [C114, §2.3 and §3.1].) In particular, the polynomial f alluded
to above is the unique reduced polynomial inducing the same function as f.

Now for any f1,..., fr € Fy4[t1,...,ts], since the solution set
Z(fr,oon fr) ={z e Fy | fi(z) = ... = fr(z) = 0}
depends only the associated functions E(f1),..., E(f.), we always have
Z(f17"'7f7”) = Z(E7?ﬁ>
One gets easy strengthenings of many results of Chevalley-Warning type — in particular

the theorems of Chevalley-Warning and Ax-Katz — by replacing fi,..., fr by fi,..., fr.
since in this process none of the degrees can increase.

The following result is part of [AM21, Thm. 10.3].

Theorem 4.4 (Aichinger-Moosbauer). Let f € F,[t1,...,t,] be a nonzero polynomial,
and let E(f) € IF‘]S" be the associated polynomial function. Then

fdeg(E(f)) = 0, (F).
Proposition 4.2 and Theorem 4.4 imply that

op(f) = fdeg(E(f)) < op(f);

that is, passing to the reduced polynomial also cannot increase the p-weight degree. So
in the setting of the Moreno-Moreno Theorem one can improve the conclusion to

" s [

which by Theorem 4.4 is the optimal application of Theorem 1.7 to polynomials over IFy.

Remark 4.5. For a reduced polynomial f € Fplt1,...,t,], we have deg(f) = o,(f), so
Moreno-Moreno gives no essential improvement upon Az-Katz when q = p.

It would be interesting to characterize the functional degree for polynomial functions over
other finite rings, especially finite commutative rings of characteristic p.
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5. FINAL THOUGHTS

In this paper we have given a group-theoretic version of the Prime Ax-Katz Theorem. It
would clearly be desirable to have a group-theoretic version of Ax-Katz over F, rather
than just over F, (cf. Remark 1.4). But what form should this result take?

Again we remark that neither Ax-Katz nor Moreno-Moreno encompasses the other. That
is, for a polynomial system f1,..., fr € Fyn[t1,...,t,], when n > 1 it is not known that

ordow (Z(f1, .1 f)) > [" 2j=1 ””(fﬂ.

max’_, op(f7)
Next we remark that Moreno-Moreno is not really about F,: indeed, given any extension
of finite fields F, C Fy~ and any polynomial system f1,..., f,, € Fyn[t1,...,t,], the proof
of Theorem 4.3 works verbatim, taking Ax-Katz over IF; as input, to show that
- Z;=1 oq(f;) —‘

max’_ oq(fj)

ordy(Z(f1,..., f,)) > [N

where o4(f) is the g-weight degree of the polynomial f, defined as for the p-weight
degree but using base ¢ expansions: this result appears for instance as [MCO03, Thm. 6].

This makes us suspect that there ought to be an R-linear generalization of the Aichinger-
Moosbauer calculus: that is, for a commutative ring R, two R-modules A and B and a
function f : A — B, there should be fdegy(f) € N satisfying most of the formal proper-
ties of the usual functional degree but having fdegp(f) = 1 if and only if f — f(0) is an
R-module homomorphism and such that if f € Fyn[t1,...,%,], then

fdegg, (E(f)) = 0q(f),

where f is the F4n-reduced polynomial associated to f.

We hope to return to these ideas in a future work.
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