AX’S LEMMA AND AX’S THEOREM IN THE
AICHINGER-MOOSBAUER CALCULUS

PETE L. CLARK AND NICHOLAS TRIANTAFILLOU

ABSTRACT. In 1964, J. Ax gave a ten line proof of the Chevalley—Warning
Theorem. The novelty was an innocuous result about summing a polynomial
f € Fqlt1,...,tn] over all z € IFéV Recent work of Aichinger—Moosbauer
provides a context in which we can seek to generalize Ax’s Lemma to maps
f: A — B between any two finite commutative groups, and indeed Aichinger—
Moosbauer proved such a result when the target group B has prime exponent.
In this paper we define a summation invariant (A, B) that fits naturally
into the Aichinger—Moosbauer calculus. We give upper and lower bounds on
o(A, B) and its exact value in many (but not all) cases. We also give Diophan-
tine applications, including a qualitative Ax—Katz Theorem for polynomials
over any finite rng. The bounds that we get turn out to be closely related to
Ax’s part of the Ax—Katz Theorem.

1. INTRODUCTION

1.1. Overview and Main Results. In this paper A and B will always denote
commutative groups, and except for occasional allusions and recalled general re-
sults, A will be assumed to be finite. We denote by B4 the set of all functions
f:A— B. Then B* is itself a commutative group under pointwise addition, and
indeed has a natural Z[A]-module structure (see §3).

To each f € B4, following Aichinger and Moosbauer [AM21] we assign a func-
tional degree fdeg(f) € NU {£oo}. Here we use the convention of [CS22, Defini-
tion 2.3], in which fdeg(f) = —oo if and only if f = 0.

For d € NU {—o0}, the following are subgroups of B*:
FUA,B) == {f: A— B|fdeg(f) < d}
and
F(A,B) ={f:A— B|fdeg(f) < oo}.
Using the finiteness of A, w define a summation map
/;BAaB, (f:A%B)H/f::Zf(x)
T€EA
and then the summation invariant

0(A, B) ==sup{d € NU {—o0} | /f =0 for all f € F4(A, B)}.
In this paper we are interested in the following problem.

1Aichinger and Moosbauer do not allow —oco as a functional degree and instead define the 0
map to have functional degree 0. We find that the present convention deals with the trivial case
in a tidier way, but there is certainly no essential difference.
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Problem 1. Compute o(A, B) for every finite commutative group A and commu-
tative group B.

We do not completely solve Problem 1, but we address it significantly enough to
give a wide-ranging Diophantine application. Here are some of our main results:

e In §2 the computation of o(A, B) is reduced to the case in which A is a p-group
and B is a finite cyclic p-group for some prime number p.

e In §3.2 we give an upper bound on o(A, B) (Proposition 3.7).
o In §4 we determine o(A, B) when A is cyclic (Theorem 4.2).

e In §5 we determine o(A, B) when A has exponent p (Theorem 5.1). In order
to do so, we make use of a characterization of o(A, B) in terms of the filtration on
the group ring (Z/exp(B)Z)[A] given by powers of the augmentation ideal in order
to reduce to a purely algebraic result on group rings (Theorem 5.2), which in turn
requires an auxiliary result on Grassmannians that we establish in §5.3.

e In §6 we give a Diophantine application (Theorem 6.2): let R be a finite rng.? Let
p be a prime number dividing the order of R. Let r,d1,...,d, be positive integers.
Then there is a function V : ZT — Z* such that for all b € ZT, if n > V(b), then
for every system fi,..., f, of polynomial expressions with n indeterminates and
coefficients in R such that for each j, f; has degree d;, the cardinality of the zero
locus {z € R" | fi(x) = ... = f.(z) = 0} is divisible by p*. When R is a finite field,
this is a qualitative consequence of a celebrated result of J. Ax [Ax64]. Thus our
result extends this “Ax Effect” from finite fields to all finite rngs. Even restricting
to finite commutative rings, this is the first Ax—Katz type result over any ring that
is neither a principal ideal ring nor has prime characteristic.

We deduce Theorem 6.2 from a purely group-theoretic result (Theorem 6.5) in close
analogy to Aichinger-Moosbauer’s group-theoretic generalization of the Chevalley-
Warning Theorem (see §1.2). The Diophantine content of these results is carried
by a group-theoretic result (Theorem 6.4) whose proof is a classic argument of Ax
translated into the Aichinger-Moosbauer functional calculus. This shows that the
computation of the key invariant o(A, B) — along with another invariant 6°(A, B)
that was computed by the first author and U. Schauz — is where the content resides.

1.2. Motivation and Context. In this section we would like to provide some
additional context, explaining how our work is motivated by and may be viewed
as a continuation and synthesis of prior results of Chevalley—Warning, Ax—Katz,
Wilson, Aichinger—Moosbauer and Clark—Schauz.

Throughout this paper p will be a prime number, g is a positive integer power
of p and Fy is “the” (unique up to isomorphism) finite field of order g¢.

We begin by recalling the following celebrated results on the p-divisibility of the
number of solutions to a low degree system of polynomial equations over a finite

2A “rng” is like a ring but need not have a multiplicative identity. It need not be commutative.
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field. For a nonzero integer n and an integer ¢ > 2, we denote by ord,(n) the largest
b € N such that ¢ | n; we also put ord,(0) = co.

Theorem 1.1. Let N,r,dy,...,d, € Z* withdy, > ... > d, and

(1) di+...+d. <N.

For1<j<uwr,let fi(ti,...,tn) € Fylt1,...,tn] be a polynomial of degree d;. Let
Z=A{(x1,...,an) €FY | filar,...,an) =...= fo(21,...,2n) =0}

be the common zero set in Fév of the polynomials f1,..., f.. Then:

a) (Chevalley-Warning [Ch35], [Wa35]) We have #Z =0 (mod p).
b) (Az-Katz [Ax64], [KaTl]) We have ordy(#Z2) > [W—‘

The proofs of Theorem 1.1a) given by Chevalley and by Warning are elementary
but nontrivial: they require more than one page. In [Ax64], apart from proving
the r = 1 case of Theorem 1.1b), J. Ax also gave a remarkable ten line proof of
Theorem 1.1a). What Chevalley and Warning had missed is merely the following:

Lemma 1.2 (Ax’s Lemma). Let ay,...,an € N.
a) If each a; is a positive multiple of ¢ — 1, then

Yoo apay = (=Y.

r=(21,....,xN)EFY

b) If a; is not a positive multiple of ¢ — 1 for some 1 < i < N, then

a1 aN
E itz =0.

T=(T1,....xN)EFY

c) If f € Fylts,...,tn] has degree less than (¢ — 1)N, then ) e~ f(x) = 0.

There is no known ten line proof of Theorem 1.1b). Ax’s proof of the r = 1 case
polynomial used Jacobi sums and Stickelberger’s congruence, while N.M. Katz’s
proof of the general case used zeta functions and p-adic cohomology. An Ax-style
proof of Theorem 1.1b) was given by Wan [Wa89], while Hou [Ho05] gave a short
deduction of the full statement of Theorem 1.1b) from the r = 1 case, and D.J.
Katz [Kal2] proved a result in coding theory that implies Theorem 1.1b).

None of the proofs of Theorem 1.1b) look anything like Ax’s proof of theorem
1.1a). However, Wilson gave in [Wi06] a proof of Theorem 1.1b) in the case of q a
prime number using a result [Wi06, Lemma 4] that is cognate to Ax’s Lemma: we
will state a form of his result after introducing some further terminology.

Next we discuss the recent work of Aichinger-Moosbauer [AM21] that gives a fully
fledged finite difference calculus for maps between commutative groups. As men-
tioned above, for commutative groups A and B and any function f : A — B, this
calculus assigns a functional degree [AM21, §2], [CS22, §2.3]

fdeg(f) € NU {£o0}.

In the case in which A and B are both finite p-groups, every function has finite
functional degree, and thus there is a largest functional degree §(A, B). The quan-
tity 6(A, B) was determined by Aichinger-Moosbauer in special cases and then in
general by Clark—Schauz [CS22, Thm. 4.9]: see §2.1. Moreover, if R is a rng,
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f € R[t1,...,ty] is a polynomial and E(f) : RN — R is the function obtained by
evaluating f at elements of RV, then we have [AM21, Lemma 12.5]

(2) fdeg(E(f)) < deg(f).

The following is a result of Wilson ([Wi06, Lemma 4]) translated into the language
of functional degrees. It appeared in a draft of [CS23a] but was later taken out
because only a variant “lifted version” was used [CS23a, Lemma 3.1].

Lemma 1.3 (Wilson’s Ax Lemma). Let 1 <b < N. Let f: (Z/pZ)N — Z/p*Z be
a function. If

(3) fdeg(f) < (N —-b+1)(p—1),
then
Y fla)=
z€(Z/pZ)N

In §7 we will deduce Lemma 1.3 from [CS23a, Lemma 3.1].

Aichinger and Moosbauer also proved an Ax-type Lemma:

Lemma 1.4. (Aichinger—-Moosbauer’s Az Lemma [AM21, Lemma 12.1])
Let A and B be finite commutative p-groups, with A nontrivial and B of exponent
p. Let f,g: A — B be maps such that {deg(f) < fdeg(g). Then we have

> fla)=

z€A

Proof. This is [AM21, Lemma 12.1]. It also follows from our Corollary 3.3 . O

Aichinger—-Moosbauer applied Lemma 1.4 to prove the following result.

Theorem 1.5. Let A= @;-, Z/p“Z and B = @]_, Z/p*Z be finite commutative
p-groups. Let fi,..., fr: AN — B be functions, and suppose that

> fdeg(f;) ( (p" — 1)) < (Zp‘“ - 1) N
Jj=1 i=1

Then p | #{x € AN | fi(z) = ... = f.(x) = 0}.
)

As explained in §6.4, Theorem 1.1a) is a consequence of Theorem 1.5 and (2).

H'M:
N

Recently Clark-Schauz used Lemma 1.3 to prove the following Group-Theoretic
Prime Ax—Katz Theorem [CS23a, Cor. 1.9]:

Theorem 1.6. Let N,n,r € Z*t, and put A = (Z/pZ)". Let f1,...,fr : AN — A
be nonconstant functions. If

Z={xec AN | fi(z) =... = fr(x) =0},
then

N = iy ()]

ord,(#2) > { max’_, fdeg(f;)
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This recovers Theorem 1.1b) over the prime field F,, and also the p-weight variant of
Theorem 1.1b) given by Moreno-Moreno [MM95]. It is natural to ask for a version
of Theorem 1.6 for any finite commutative group A.

‘We observe that both Lemma 1.3 and Lemma 1.4 address Problem 1:

Lemma 1.7.
a) (Wilson) Let N,b € Z+ with N > b. Then we have

o((Z/pZ)N,Z/p"Z) > (N —b+1)(p—1) - 1.

b) (Aichinger—-Moosbauer) Let A be a nontrivial finite commutative p-group,
and let B be a commutative group of exponent p. Then we have

o(A,B) > 5(A, B) — 1.

This strongly suggests that a systematic study of o(A, B) is relevant to extending
Theorem 1.6 to the situation where A has composite exponent. This leads to the
“Ax Effect” and related results pursued in §6 of this paper.

Remark 1.8.

a) As we will record later on, equality holds in Lemma 1.7b): since §(A, B) <
oo when for some prime p the groups A and B are both finite commutative
p-groups, if equality failed then we would have fAf = 0 for all f € B4,
which is absurd: take f to be nonzero at exactly one point.

b) In contrast, equality does not hold in Lemma 1.7a) when N > b > 2. Our
Theorem 5.1 computes o((Z/pZ)N,Z/p*Z) in all cases.

1.3. A Concurrent Work. After this paper was first written, the first author
and U. Schauz continued their work on group-theoretic generalizations of Theorem
1.1b) in [CS23b]. A version of Ax’s Lemma appears there as well, but with some
differences. In order to explain the discrepancy, in §7, for a finite commutative
group A and B € Z* we define a lifted summation constant 5(A,Z/BZ).

We include in this section a brief comparison of §(A,Z/BZ) and o(A,Z/BZ): we
have 6(A,Z/BZ) < 0(A,Z/BZ) in all cases, but the inequality can be strict: in
particular we have 6(A,Z/BZ) < o(A/Z/BZ) when A = (Z/pZ)N, B = Z/p"Z
and N > b > 2. This explains the lack of sharpness in Lemma 1.7a): actually
Wilson’s argument shows

G((Z/p2)™  Z/p"Z) > (N =b+1)(p— 1) — 1,

and here — i.e., on the lifted summation invariant — it turns out that we do have
equality. So there is no suboptimality in Wilson’s argument, as Remark 1.7b) may
have suggested; rather he is working in a subtly different context. This discrepancy
between o and & seems to underlie the viability of the methods of this paper. In
general there is a kind of “rivalry” between our approach and the approach taken in
[CS23Db] that seems interesting. But we leave the task of a systematic comparison
and possible synthesis to a future work.

1.4. Acknowledgments. We are grateful to the referee, whose exceptionally thor-
ough, knowledgeable and insighftul comments improved the paper. In particular
the referee communicated to us a version of Proposition 5.5 and how to use it to
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clean up the end of the proof of Theorem 5.2. They also informed us that one of
our remarks was already in Konig’s class text [K9].

2. INTRODUCING o (A, B)

2.1. Notation and Recalled Results. We write N for the set of non-negative
integers, Z* for the set of positive integers and P for the set of prime numbers.

If R is a commutative ring, M is an R-module, and I is an ideal of R, then we put
M| ={x e M|ax=0Vael},
the I-torsion submodule of M.

In this paper, abstract commutative groups will always be written additively. For
a commutative group A, we put A®* := A\ {0}. For N € Z* we put

A[N]={a€ A| Na =0},

A[N*]:={a€ A| N*a =0 for some k € ZT},
and
Altors] = ] A[N].
NezZ+

If there is some N € Z* such that A = A[N], then we say A has finite expo-
nent and define the exponent exp(A) to be the least such N; otherwise we put
exp(4) :=0.3

In [CS22, §4] the authors determine, for each finite commutative group, the set
of functional degrees

D(A, B) = {fdeg(f) | f € B"}.
We also put
8(A, B) == {supfdeg(f) | f € B} and §°(A, B) := {supfdeg(f) | f € F(A, B)}.
In particular, we have:

Theorem 2.1 (Clark—Schauz). Let A, B be nontrivial commutative groups, with
A finite and B of finite exponent.

a) Suppose that for a prime number p and positive integers a; > ... > a, and
b, we have A= @;_, Z/p“Z and exp(B) = p’. Then

T

§(A,B) =0°(A,B)=> (p* = 1)+ (b—1)(p— 1)p™ .
i=1
b) If there is no prime number p such that A and B are both finite p-groups,
then 0(A, B) = oo.
c) Suppose that the distinct prime divisors of #A are p1 < ... < p.. For
1<i<r,let A; == A[p°] and B; = B[p$°]. Then

5O(A,B) = 1I£13<X 5O(Ai,Bi) = Imax 6(AZ,B1)

1<i<r

3This is not a standard definition, but it is analogous to the definition of “characteristic zero.”
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Remark 2.2. While for any commutative ring R, any n € Z and any d € N, we
know an explicit R-module basis for the set R[t1,...,tn]<q of polynomial functions
of degree at most d — namely the set of monomials t{* - - - t3Y with a1 +...+an < d
— for most finite commutative p-groups A and B we do not (yet) know the structure
of the finite Z-module F(A, B) nor a minimal set of generators.

2.2. The Summation Invariant. If A is finite, we define a map

/:BA%B, (fA%B)H/f:Zf(Q:)
T€EA
It is immediate that / is a group homomorphism. Still assuming that A is finite,
we define the summation invariant

0(A,B) ==sup{d € NU {—oc0} | /f =0 for all f € F(A, B)}.

For b € B, let Cy, : A — B be the function mapping every a € A to b. Then
/Cb = (#A)ba

S0 / Cy» =0 if and only if b € B[#A]. Since the functions of functional degree 0 are
precisely the functions Cj for b € B*®, we deduce:

Lemma 2.3. Let A be a finite commutative group, and let B be a commutative

group. Then o(A, B) > 0 if and only if exp(B) | #A.

In particular, we have o(A, B) = —oo unless B has finite exponent.

2.3. Reductions in the computation of o(A, B). Throughout this section A
and B are nontrivial commutative groups with A finite and B of finite exponent.
In this context it is certainly clear that / f # 0 for some f € BA: just take a

function that is nonzero at exactly one element of A. However this kind of “delta
function” (cf. [AM21, §7] and [CS22, §4.2]) need not have finite functional degree,
making it non-obvious that (A, B) is necessarily finite. However the next result
shows that this is always the case as a consequence of an important “primary
decomposition” for the summation invariant.

Proposition 2.4. Let A and B be nontrivial commutative groups with A finite and
B = B[N] for some N € Z*. Let p1 < ... < p, be the distinct prime divisors of
(#A)- N, and for 1 <i<n, let A; = A[p°] and B; = B[p$°], so

A= HAi and B = HBi'
i=1 i=1
We have
(4) (A, B) =min{c(A;,B;) | 1 <i<mn and B; # {0}} < .
Proof. Let f € B” have finite functional degree. By [AM21, Lemma 9.3], we
have f = (f1,..., fn) for functions f; € BlAi. We have /f = 0 if and only if
Y weafilz) =0forall 1 <i<n. Forl<i<r wehave

> i) = ﬁi > sl
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Since ), ¢4, fi(:) is an element of the p;-group B; and p; { ﬁ, we deduce:
. #A .
/f:O — Vi<i<r #—A/fizo — Vi<i<r /fi:().
i

If ¢ is such that B; # {0}, then we have
o(Ai, B;) < 0(A;, B;) < 00
indeed for any b; € B; \ {0} the delta function ¢, has /507“ =b; # 0 and — like
every function between finite commutative p-groups — finite functional degree. In
particular, there is f; € B;“i of functional degree o(A;, B;) + 1 such that /fz- #0.
By [CS22, Thm. 3.13] we have

fdeg(f) = max{fdeg(f;) | 1 <i <n} = max{fdeg(f;) | 1 <4 <n and B; # {0}}.
Thus for d € N, there is f € B4 of functional degree d with /f # 0 if and only if
for some ¢ there is f; € BlAi of functional degree d with / fi # 0 if and only if

d>min{o(A4;,B;) | 1 <i<nand B; # {0}},
and thus we have
(A, B) =min{o(A;,B;) | 1 <i<nand B; # {0}}.
For all ¢ with B; # {0} we have o(A;, B;) < 6(A;, B;) < 00,80 0(A,B) <oo. O

Lemma 2.5. Let A and B be nontrivial commutative groups, with A finite and B
of finite exponent.

a) We have 0(A, B) < §(A, B).

b) If v : B < B’ is an injective homomorphism, then o(A, B) > o(A, B').

c) If t: A— A" is an injective homomorphism, then o(A’, B) > o(A, B).
Proof. a) If A and B are not both p-groups for the same prime p, then

0(A,B) < 00 = (4, B).
If A and B are both finite p-groups for the same prime p, then 6(A, B) < oo, so
o(A, B) = 0(A, B) would imply that /f =0 for every f € BA. Taking f to be any
delta function dy for b € B\ {0} we get /507b # 0.
b) If f € B4 has functional degree at most o(A, B’), then to f € (B')# and
fdeg(v o f) = fdeg(f) < o(A, B'),

[1=[won=o.

¢) Without loss of generality we may identify A with t(A) and assume that A is
a subgroup of A’. Let f : A’ — B have functional degree at most o(A4, B). For
y € A, we write [y]f : A’ — B for the function x — f(y + x).*

It is easy to see that fdeg([y]f) = fdeg(f): for instance, this follows from the fact
that fdeg(f) depends only on the annihilator ideal of f as a Z[A]-module [CS22,

SO

4The notation comes from the interpretation of the set BA ofall maps f : A’ — B as a module
over the group ring Z[A']: see §3.
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Lemma 3.7] because [y] is a unit in the group ring and thus ann([y]f) = ann(f).
Or: just because for all a € A’ we have

Aa(ylN)(@) = fla+y+z) = fly+2) = ([y]Aaf)(2)

we get: for all ag,...,aq € A, Ay, -+ Ay, f =0ifand only if Ay, -+ Ag, ([y]f)
Now let x1,...,x, be a set of coset representatlves for Ain A’, and for 1 < ¢
let g; be the reth‘lCthH of [x;]f to A. By [CS22, Lemma 3.9a)], we get

fdeg(g;) = fdeg(f[a) < fdeg(f) < o(4, B),
and thus

/f:/IEA/ Zfol—ka /gz—O (]

i=1 acA
Lemma 2.6. Let A be a finite commutative group, and let B be a commutative
group of finite exponent.
a) Let {B;}zex be a family of nontrivial commutative groups. We have
AEBB —UAHB mmaAB)
reX zeX
b) We have (A, B) = (A, Z/exp(B)Z).
Proof. a) Let f: A — [ cx Bz, so [ = (fz) with f, : A = B,. By [CS22, Lemma
2.16] we have fdeg(f) = sup,¢ x fdeg(fz). Moreover we have /f = 0 if and only if

/ fz =0 for all x € X, and it follows that

o(A, H B,) = gél)t{l (A, By).

zeX

If this minimum is —oo, then there is + € X and b, € B, \ By[#A4]. Let b €
@xe x Bz have z-coordinate b, and all other coordinates 0; then the constant

function Cy : A — B has functional degree 0 and / Cy # 0, so

(A, @ B,) = —oc0 =mino(4, B,).

reX
rzeX

Otherwise, let £ € X be such that
o0(A,B;) = mino(A, B;) > 0.

reX
Then there is a function f, : A — B, of functional degree o(A, B;) + 1 such
that /fJB #0. Let f: A — @,cx Bz be the function with 2z-component f,
and every other component 0. Then fdeg(f) = o(A,B,) + 1 and /f # 0, so
(A, D,cx B:) < 0o(4, erX 2). Since @, cx Bx — [l cx Bz is an injective

homomorphism, so part b) gives

o(A, P B.) > o(A, [] B)

zeX rzeX
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b) Let N be the exponent of B. Then by the “first Priifer theorem” (see e.g. [Ka,
Thm. 6]), we may write B = @, x Cs, where C, is cyclic of exponent M, | N
and M, = N for at least one x. By parts b) and c), we get

o(A,B)=o(A, P C,) = min o (4, Cy) = 0(4,Z/NZ) = (A, Z/exp(B)Z). O
zeX

2.4. When o(A, B) =0.

Theorem 2.7. Let A and B be nontrivial commutative groups, with A finite. The
following are equivalent:
(i) We have o(A, B) = 0.
(ii) We have exp(B) | #A and moreover: the Sylow 2-subgroup A[2%°] is non-
trivial, cyclic and isomorphic to the Sylow 2-subgroup of Z/exp(B)Z.

Proof. Step 1: By Lemma 2.3, we have o(A, B) = —oc if and only if exp B 1 #A4, so
we may assume that exp B | #A. Let p; < ... < p, be the distinct prime numbers
dividing exp B, and for 1 < ¢ < r put
A; = A[p{°] and B; := B[p°].
For all 1 < i < r we have exp B; | #4,, so 0(A;, B;) > 0. Proposition 2.4 thus gives
0(A,B)=0 <= 0(A;,B;) =0 for some 1 <i <.

so we are reduced to the case in which A is a finite p-group and B is a p-group of
exponent dividing #A. Moreover Lemma 2.6b) gives 0(A, B) = 0(A,Z/exp(B)Z),
so we are reduced to the case in which

A=EZ/p"Z and B = Z/p"Z with a1 > ... > a, > 1.
i=1

We must show that if p > 2 then /f =0 for all f: A — B of functional degree 1,

while for p = 2 there is f : A — B of functional degree 1 such that / f#0if and

only if A is nontrivial, cyclic and isomorphic to B.
Step 2: Let f: A — B have functional degree 1. By [CS22, Remark 4c)], there is
a nonzero group homomorphism € : A — B and b, € B such that

Ve e A, f(z) = e(z) + be.

/f:/€+(#A)'b.:/6,

so we may assume that f is a group homomorphism. The image B = f(A) is
therefore cyclic of order pb/ for some 1 < ¥ < min(ay,b), and conversely every such
b’ is certainly attained by a suitable f. Every nonempty fiber of f has cardinality

’

ig — pa1+...+ar—b , SO
_ +...+a.—b'

/f =ptTT Zy

yEB

‘We have

Since p=?" (mod p?) is a generator for B, we have
ph/—l o / ’
b=t (p — 1)pb

Y . p p
Su=p Y i mod pf) = LTI g g,
yeB =0
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e When p > 2, this shows: Zyegy =0, so /f =0. So 0(A, B) > 1 in this case.
e When p = 2, we find that

/sz = a1 +...4+a —-b+b—-1>b < a;+...+a,>b+1.

As mentioned above, the largest possible value of ¥’ is min(a,b), so we find that
that 0(A, B) = 0 if and only if a3 = b and » = 1. This holds if and only if A is
nontrivial, cyclic and isomorphic to B. (]

Remark 2.8. Maintain the notation of Theorem 2.7. The proof of Theorem 2.7
shows that if f: A — B is a group homomorphism, then /f # 0 if and only if the
Sylow 2-subgroup A[2°°] of A is nontrivial cyclic and the restriction of f to A[2°°]
is an injection. Moreover, because in all cases we have

a+...+a. —b+b—1>b-1,

it also shows that when /f # 0, then /f has order 2 in B. Taking f to be the

identity map on a finite commutative group A, we recover Miller’s group-theoretic
generalization of Wilson’s Theorem: see [Mi03] and [Cl-W, Thm. 1.4].

3. GrouP RINGS

3.1. Two group ring characterizations of o(A,Z/NZ). Let A, B be commu-
tative groups with A finite. Then B4 is naturally a module over the group ring
(Z/exp(B)Z)[A]. We have an augmentation homomorphism

¢ : (Z/exp(B)Z)[A] — Z/exp(B)Z
that is uniquely determined by mapping, for each a € A, the element [a] to 1. Put
I = ker(yp),

the augmentation ideal. Since B is a Z/exp(B)Z-module, we may endow B with
the structure of a (Z/exp(B)Z)[A]-module by letting each [a] act on B as 1p: this
is the natural Z/exp(B)Z-module structure on B pulled back via the map ¢.

Aichinger and Moosbauer define the functional degree of a nonzero f € B4 us-
ing the augmentation ideal: namely, we say fdeg(f) < n if and only if I"*! kills f.
Equivalently, for d € N we have

FUA, B)=BA[I" | ={feB*| Vo eI of =0}

This also means that the determination of §(A, B) — the largest possible functional
degree for f € BA — is equivalent to the commutative algebra problem of deter-
mining whether the augmentation ideal of (Z/exp(B)Z)[A] is nilpotent and if so
computing its nilpotency index v4 g(I), i.e., the smallest power of I that is (0). If
we put v4 g(I) = oo if I is not nilpotent, then we get [CS22, Thm. 4.1]

5(A,B) = vap(l) - 1.

Aichinger and Moosbauer showed that for nontrivial finite commutative groups A
and B, the augmentation ideal I of (Z/exp(B))Z[A] is nilpotent if and only if A
and B are both p-groups for some prime p, which was the first result determining
when 0(A, B) is finite for such groups A and B (a special case of Theorem 2.1).
In the works of Aichinger-Moosbauer and Clark—Schauz, this algebraic inter-
pretation of §(A, B) allowed information to flow in both directions: in many cases
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va,p(I) is easy to compute or was already known, and this determines §(A, B).
However for most pairs of finite commutative p-groups A and B, the nilpotency
index v4,g(I) had not been known, so that Theorem 2.1 gave the first general so-
lution to this algebraic problem. Clark—Schauz reduce the computation of 6(A, B)
to the case in which A and B are both cyclic commutative p-groups and give two
different computations in this case [CS22, Thm. 4.7]. Both of these proofs have an
essentially arithmetic component, involving p-adic congruences for binomial sums.
Earlier Schauz had established what is essentially a variant of this key computa-
tion in [Scl4, Cor. 3.5, and his argument uses Kummer’s theorem on the p-adic
valuation of a binomial coefficient.

In this section we will give an analogous discussion for the quantity o(A, B). Indeed
we will give two interpretations of o(A, B) in terms of powers of the augmentation
ideal in the group ring (Z/exp(B)Z)[A].

First: the map [ : B4 — B is in fact a (Z/exp(B)Z)[A]-module homomorphism:
it is evidently a Z/exp(B)Z-module homomorphism, so the matter of this is that
for all @ € A and f € B4 we have

Jan =S (dn@ =Y sla+0) =3 f@) = [ £

€A T€EA T€EA
It follows that
/ (IBA) = 0.
Suppose now that B = Z/NZ for N € N. (Recall that in Lemma 2.6b) we reduced
the general case to this case.) Let ¢ : Z/NZ[A] — (Z/NZ)* be the map that sends
the group ring element ), 4 nq[a] to the function a € A +— n, € Z/NZ. Then
¢ is a Z/NZ]A]-module isomorphism, which shows that (Z/NZ)* is a free, rank 1
(Z/NZ)*-module with basis dg 1, the function that maps 0 to 1 and every other
element of A to 0. Let
I(Z/NZ)* = 1(I)

be the image of the augmentation ideal under the isomorphism ¢. Then we have
o= fou

I(Z/NZ)* = Ker/.

SO

We deduce:
Theorem 3.1. Let A be a finite commutative group, and let N € Z7T.

a) For f € (Z/NZ)*, we have /f =0 if and only if f € I(Z/NZ)*.

b) If N | #A, then 0(A,Z/NZ) is the largest k € N such that

(Z/NZYAI*] € 1(Z/NZ)A.

Corollary 3.2. Let N € Z%*, and let A be a finite commutative group. Then
[(Z/NZ)A : I(Z/NZ)4] = N.
Proof. By the preceding discussion, the quotient ((Z/NZ)4)/(I(Z/NZ)") is iso-
morphic to the image of /: (Z/NZ)A — Z/NZ, which is Z/NZ. O
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The following result is Lemma 1.7b) together with Remark 1.8b). But our proof is
different from the proof of [AM21, Lemma 12.1] and is perhaps more conceptual.

Corollary 3.3 (Aichinger-Moosbauer). Let p be a prime number, let A be a finite
commutative p-group, and let B be a commutative group of exponent p. We have

o(A,Z/pZ) =6(A,B) — 1.
Proof. Lemma 2.6b) gives 6(A, B) = §(A, Z/pZ), so we may assume that B = Z/pZ.
Every f € (Z/pZ)* is annihilated by I*A2/P2+1 " so every g € I1(Z/pZ)* is
annihilated by I°(42/P2) Tt follows that
[(Zfpz)* C FPAHPRITHA, 2/pT) C F(A,Z/pZ) = (Z/pL)".
By Lemma 3.2b) we have [(Z/pZ)* : I(Z/pZ)?] = p, so by Theorem 3.1 we have
Ker(/) = [(Z/pZ)* = FOALIPD-Y(A 7,/p7). O

Our next application is a sort of analogue of the Fundamental Theorem of Calculus
in the case where A is a finite cyclic group.

Corollary 3.4. Let M,N € Z", and let B = B[M] be an M-torsion commutative
group. For f :Z/N7Z — B, the following are equivalent:

(i) We have /f =0.
(ii) The function g “is a derivative”: there is g : Z/NZ — B such that f(z) =
g(x+1) — g(x) for allz € Z/NZ.

Proof. Step 1: The group B is isomorphic to @,y Z/M,7Z for M, | M. For a
finite commutative group A and a map f : A — [[,cx Z/M,7Z, we may write
f=(fs: A— Z/M,Z). Each of the properties of lying in the kernel of | and
being a derivative holds for f if and only if it holds for each f,, so to prove the
result for maps f : Z/NZ — [],c x Z/M,Z we reduce to the case of B = Z/M,Z.
Suppose now that f : Z/NZ — @, x Z/M,Z. Then for all a € Z/N7Z we have
fz(a) = 0 for all but finitely many x € X; but Z/NZ is also finite, so in fact
fz = 0 for all but finitely many x. Thus: if f is the derivative of some g : Z/NZ —
[l,cx Z/M,Z, then also f is the derivative of some h : Z/NZ — @, Z/M,Z,
since for all but finitely many x € X we may just take g, = 0. So we have reduced
to maps f : Z/NZ — Z/MZ.
Step 2: Let f € (Z/MZ)*N%. Lemma 3.2 says that / f=0iff f € I(Z/NZ)2/MZ,
By [CS22, Remark 2.7b)], the ideal I is generated by [1] — [0]. Thus we have
f € I(Z/MZ)*/NZ if and only if f = ([1] — [0])g = A1(g). O

We now move on to our second group ring interpretation of o(A, B), which holds
in the case B = Z/NZ. (Recall that in §2 we reduced the general computation of
o(A, B) to this case.) Let A be a finite commutative group, and let N € ZT. In
the group ring (Z/NZ)[A], consider the norm element

w = Z[x]

€A
For any n € (Z/NZ)[4], we have
wi = p(n)w,
where ¢ : (Z/NZ)[A] — Z/NZ is the augmentation map.
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Lemma 3.5. Let v be a finite commutative Ting in which each ideal is principal.
Form,n € Z", let My, »(t) be the set of m x n matrices with coefficients in v. For
A € My, (v), let rowspace(A) be the t-submodule of t™ generated by the rows of A.
Then we have

#rowspace(A) - # Ker(A) = (#v)".
Proof. Of course, the map v € M ,(t) =" — Av € My, 1(v) = ™ is v-linear, so
the first isomorphism theorem for v-modules gives us:
v/ Ker(A) =2 A(x")
and thus
(#1)" = # Ker(4) - #A(").
Evidently A(x™) is the column space of A, i.e., the t-submodule of t™ generated by

the columns of A. So our task is to show a version of “row rank” = “column rank”
in this context, namely that

m

# rowspace(A) = # columnspace(A).
The row space of A is the column space of the transpose A7, so it suffices to show:
BAG") = #AT (7).
We will use that the ring v is an elementary divisor ring [Ka49, §12]: this means
there are P € GL,,(v) and Q € GL,(r) such that PAQ is diagonal — i.e., has
a;; = 0 unless ¢ = j. Put r := min(m,n). We do not change the size of the
image of a map between finite sets by composing with bijections, so because t is
an elementary divisor ring we may assume that A is diagonal, say with diagonal
entries ai,...,a,. Then the row space is the direct sum of the cyclic v-modules
Ry,..., R, generated by the rows (a1,0,...,0),...,(0,...,a.,0,...,0) (all other
rows are zero). The cyclic t-module R; is isomorphic to t/ann(R;) = v/ ann(a;),
so the size of the row space is [[,_, #t/ann(a;). Exactly the same holds for the

column space: it is the direct sum of the cyclic t-modules C1, ..., C, generated by
the columns (a1,0,...,0),...,(0,...,a.,0,...,0) (all other columns are zero), so it
also has size []!_, #t/ann(a;). O

Theorem 3.6. Let A be a finite commutative group, and let N € Z+ be such that
N | #A. Let I be the augmentation ideal of the group ring R == (Z/NZ)[A], and
let w="7) calz] € (Z/NZ)[A] be the norm element. Then for all d € N, we have

0(A,Z/NZ) =d <= we I\ 72
Proof. Step 1: We will show that if w € 9!, then o(A,Z/NZ) > d.

Indeed, under our identification of (Z/NZ)#? with the group ring R, we have
FUA,Z/NZ) = R[I4], so if w € I?+! then for all f € F4(A,Z/NZ) we have

0=wf=p(f)w=([fw

and thus /f =0.

Step 2: Let J; 2 Jo be ideals of R. We claim that we have a proper containment
of torsion submodules:
R[J>] 2 R[]

For this it suffices to show that for any ideal J of R, we have
(5) #J - #R[J] = #R,
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for then as J grows in size, R[J] must shrink. To see this, let n := #A, and write
out the elements of A in some order: A = {x; = 0,z3,...,2,}, and thereby identify
R = (Z/NZ)[A] with (Z/NZ)™. Now let m := #J, and write out the elements of .J
in some order: J = {rq,...,7y,}, with each j; € (Z/NZ)™. This allows us to define
the matrix

Ay e My, o (Z/NZ),
whose rows are r1, ..., r,. Evidently the row space of A is J itself. We claim that
the size of Ker(Ay) is #R[J]; if so, we apply Lemma 3.5 with v = Z/NZ to get

#J - #R[J) = #rowspace(Ay) - # Ker(Ay) = #(Z/NZ)" = #R.
To establish the claim, for b =", b;[z;] € R, put
b* = Z bi[—xi}
i=1

and then define by, ..., b, by

Z bi* [.’L‘Z] = Z bl[—l‘l]

Then for a = Y. | a;[z;] € R, the matrix product

[al,...,an][bl,...,bn]T = Z(lﬂ)l
i=1

is the coefficient of [0] in ab*. It follows that b lies in the kernel of A if and only
if for all 1 < j < m, the coefficient of [0] in r;b* is 0. But for all x € A, we have
[—z]r; € J, so [~x|r; = ry;) for some 1 < x(j) < m, so the coefficient of [0] in
[—z]r;b* is the coefficient of [z] in r;b*. This shows that b lies in the kernel of A;
if and only if r;b* = 0 for all j. We deduce that the kernel of A; is R[J]*; since
b+ b* is an involution on R, we have # Ker(A;) = #R[J]* = #R[J].
Step 3: Let d € N be such that w ¢ 972, Then J := (1972 w) D 1?2, so by Step
2, there is

f € RII™|\ R[J] = F*™"(A,Z/NZ) \ R[J].
Since f is killed by 1?2 and not by .J, we must have

([ flo=wf #0,
and thus /f £0. So 0(A,Z/NZ) < d + 1. O

3.2. An Upper Bound on o(4, B).

Proposition 3.7. Let N,ai,...,ax € Z*. Then for any commutative group B,
N N
o(@7z/aiZ,B) < (ai—1)—1.
i=1 i=1

Proof. Put A = @fvzl Z/a;Z. If B does not have finite exponent, then by Lemma
2.3 we have o(A,B) = —oo and the result holds trivially. So we may assume
that B has finite exponent. Then using Proposition 2.4 we reduce to the case in
which A and B are both p-groups for some prime number p, so we may suppose
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that A = @f\;l Z/p®7Z. 1f exp(B) = p°, then using Lemma 2.6b), Lemma 2.5b),
Corollary 3.3 and Theorem 2.1a), we get

0(A,B) = 0(A,Z/p"Z) < 0(A,Z/pZ)

N N

=0(AZ/pZ) —1=) (p" -1)=1=) (a;—1)— L 0

i=1 i=1

As the proof shows, the upper bound on o(A, B) given in Proposition 3.7 is an
equality when A is a p-group and B has exponent p. We will see that equality also
holds when A has exponent p and o(A, B) > 0: this is Theorem 5.1.

Example 3.8. Taoke A = B = Z/4AZ. Proposition 3.7 gives o(Z/AZ,7/4Z) < 2,
while by Theorem 2.7 we have o(Z/AZ,Z/AZ) = 0. This is the minimal example
in which strict inequality occurs in Proposition 3.7 Our next result (Theorem 4.2)
implies that the inequality in Proposition is strict when A = Z/p°Z and B = Z/p*Z
for any prime p and integers 2 < b < a.

4. COMPUTING o(A, B) WHEN A 1S CYCLIC

In this section we will compute the invariant o(A, B) when A is a finite cyclic
group and B is a commutative group of finite exponent. By Lemma 2.5¢) we have
o(A,B) = 0(A,Z/exp(B)Z) so we may assume that B is also finite cyclic. Then
§3 further reduces us to the case in which A and B are p-primary groups. Thus we
are left to compute o(Z/p*Z, Z/p"Z) for a,b € Z+.

We need one preliminary. let k¥ € Z™, and consider the function
x> <i) (mod p°) : Z — Z/p"Z.

It is easy to see that this function descends to Z/p®Z for some a € ZT: indeed,
since (z) is an polynomial with integer coefficients divided by k!, we may take
a = b+ vp(d!l). However one can usually take a smaller value for a than this.
Indeed, the minimal a for each b and k is known:

Theorem 4.1. Let p a prime, and let k,b € ZT. The least N € Z% such that

Vo € Z, (m ZN> (mod p’) = (i) (mod p")

is pb+ llog,, k| ]

Proof. This is [Fr67, Thm. 4.8].5 O

Theorem 4.2. Let p be a prime, and let a,b € Z7.

a) Ifa <b, then o(Z/p*Z,7/p*Z) = —cc.
b) If(l Z b, then (T(Z/paZ,Z/pbz) _ pa_b+1 _9.

5me writes “Although this result and the corresponding one for fixed k are known, references
on them are not readily available.”
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Proof. a) If a < b, then o(Z/p°Z,7/p"Z) = —o0o by Lemma 2.3.
b) Suppose 1 < b < a. For any d € N, consider the function

By :Z — Z/p"Z, x (2) (mod p®).
Theorem 4.1 implies that for all 0 < d < p"_b‘“1 — 1, the function
By:7 — Z/p°Z, x (2) (mod p?)

is p®-periodic, so it descends to a function

By : 7./p"7 — 7./p"Z,
but the function B a—bt1 is not p%-periodic. It follows that for all 0 < n < p*~0+1 -1,
the functions By, ..., B, form a basis for the Z/p*Z-module F"(Z/p®Z,7Z/p"Z) of
functions f : Z/paZ — Z/p®Z of functional degree at most n. This in turn implies
that for all 0 < n < p?~ %! — 1 we have o(Z/p°Z,Z/p*Z) > n if and only if

/Bd =0 for all 0 < d < n. We claim that /Bd:()for all 0 < d < p* o+l —2but
/Bpu.berl_l 2 0, which will complete the proof.

By Corollary 3.4, for 0 < d < p®~?*'—1 we have /Bd = (Qifand onlyif By = Aig
for some g : Z/p®Z — 7Z/p’Z. Pulling back by the quotient map q : Z — Z/p°Z
induces an injective Z/p’Z[Z)-module homomorphism N

g : (/"L (Z/p"2)",

which means that we may view functions f : Z/p®Z — Z/p°Z as p®periodic func-
tions F : Z — Z/pZ, compatibly with the derivative operator A; = [1] — [0]. For
all d € N we have

A1Byy1 = By.
It follows that for all 0 < d < p®~ %1 — 2 we have
A1 Bgi1 = By,

s0 / By = 0 and thus o(Z/p°Z, Z/pPZ) > p*~*+' — 2. On the other hand, since

Aprafb«i»l = Bpa—b+1_1, every function G : Z — Z/p°Z with A1G = Bpaflﬂ»l_l is
of the form épa—b+1 + C for some C € Z/p®Z. Since none of these functions are

p®-periodic, the function Bja-»+1_1 is not a derivative, so /Bpa—b+1_1 # 0. ]

5. COMPUTING o ((Z/pZ)N,Z/p°Z)

5.1. Statement of the Result. In this section we compute o((Z/pZ)N,Z/pZ)
for all N,b e Z*.
Theorem 5.1. Let p be a prime, and let byN € Z*.

a) If N < b, then o((Z/pZ)N,7Z/p*Z) = —cc.

b) If N > b, then o((Z/pZ)N,Z/p"Z) = N(p — 1) — 1.
Part a) follows from Lemma 2.3, while the upper bound in part b) comes from
Proposition 3.7. The lower bound in part b) is a consequence of the following:
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Theorem 5.2. Let p be a prime, and let N € Z+. Let I be the augmentation ideal
of the group ring Z[(Z/pZ)N]. There is C,(N) € Z \ pZ such that

C,H(N) >l =pN | eNeTl,
w€(Z/pL)N

More precisely, we may take

1 if N =1

CMN%_{Hﬁﬁl—M*) FNz2

Assuming Theorem 5.2, let 1 < b < N. Under the reduction modulo p® map
Z[(Z)pZ)N] — Z/p*Z[(Z/pZ)N], the augmentation ideal I of Z[(Z/pZ)N] maps
onto the augmentation ideal of Z/p®Z[(Z/pZ)"], which we shall denote by I,». Let

wi= Y (&l €Z/p"Z(Z/pT)"].
z€(Z/pZ)N
Then Theorem 5.2 gives
Cp(N)w € IN#7Y,

pb
which implies w € I;Z(p*”, since Cp(N) is a unit in Z/p*Z[(Z/pZ)N]. According

to Theorem 3.6, since w € Ig(pfl), we have o((Z/pZ)N,Z/p*Z) > N(p — 1) — 1.

We will prove Theorem 5.2 by induction on N. We treat the base case, then

give a linear algebraic result, then use that result to prove the induction step.

5.2. The Base Case. We work in the group ring Z[Z/pZ], with augmentation
ideal I. Put

=3 (il - )" € ZiZ/pl.
1

Evidently « lies in 77~!. On the other hand, the multiplicative group
U(p) = (Z/pZ)"

acts on Z[Z/pZ] by ring automorphisms, such that for u € (Z/pZ)*, and x € Z/pZ
we have u[z] = uz. Then « lies in the invariant subring Z[Z/pZ]Y®) | which is
the ring of almost constant elements 1 = - ;7 nz[2] such that 1, = 7, for all
x,y # 0. The almost constant elements are precisely the Z-linear combinations of
w and [0], so there are m,n € Z such that

a = mw + n|0].
Since 0 = ¢(a) = mp + n and the coefficient of [0] in « is (p — 1)(—1)P~1, we find:
w—p=w-—p0] = (~1)Pac P~

Thus in the notation of Theorem 5.2, we may indeed take Cp(1) = 1.
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5.3. A bijection of Grassmannians. Let F' be a field, and let V,r be an N-
dimensional vector space. For 1 < d < N —1, let G4(V) be the set of d-dimensional
linear subspaces of V. Recall that there is a bijection from G4(V') to Gy_q(V): let
VY = Homp(V, F') be the dual space. Then

P:Gy(VY) = Gy_a(V), W P(W) = (] Ker(¢)
ew
is a bijection, so if ¢ : V — V'V is a vector space isomorphism then

Ga(e

®: G(V) 2 Gu(VY) -5 Gy_a(V)

is a bijection. An isomorphism ¢ : V — V'V comes in particular from any nonde-
generate symmetric bilinear form (-,-) on V: v+ (v,-). If V.= F¥ one can take
the standard dot product, and then the map ® is just

WeGy(V)—» Wt ={ve FN|YweW, v-w=0}.

When F' = R this bijection has an additional property: for all W € G4(V') we have
W N W+ = {0}. For a symmetric bilinear form (-,-) on V, the associated bijection
® has the property W N ®(W) = {0} if and only if the bilinear form is anisotropic:
for all v € V, (v,v) = 0 implies v = 0. However, depending upon F and N, an
N-dimensional F-vector space may or may not admit an anisotropic symmetric
bilinear form. In particular, such a form does not exist over a finite field F' unless
N < 2. Nevertheless we have the following result.

Proposition 5.3. Let N,d € Z with 1 < d < N — 1. For any field F, there is a
bijection

®:Gy(FN) = Gn_a(FY)
such that W N ®(W) = {0} for all W € Gy4(FN).

Proof. Consider the bipartite graph G = (V1, Va, E) where Vi = G4(FY), Vo =
Gn_q(F™N) and there is an edge connecting W € G4(F™) to X € Gy_q(FN) if
and only WNX = {0}. The desired result is equivalent to the existence of a perfect
matching in G: a bijection ® : V; — V4, such that  ~ ®(x) for all z € V.

Case 1: F =F, is finite. In this case we will apply Hall’s Marriage Theorem [IAM,
Thm. 9.46] to obtain a semi-perfect matching ® : V3 — V5, i.e., an injection such
that for all v € V; we have that ®(v) is adjacent to v. Since V; and V5 are finite
sets of the same cardinality, this gives the desired bijection.

For W € G4(FY), the number of X € Gy _q(F)) such that W N X = {0} is:©

@V =qgH-- @V =" N
@) e

Replacing d with N — d, we get: for each X € (GN_d(IFéV), the number of W €
Gd(FfIV) such that WNX = {0} is also ¢*™~9), Thus G is a ¢*(N~9_regular graph.
For any nonempty subset S C V7, the number of edges with a vertex lying in S is
q¥N=d) . 4£8. So if the set N(S) = {v € V5 | some vertex in S is adjacent to v}
had size less than #S, then by the Pigeonhole Principle some vertex in N(.S) would
be adjacent to more than ¢V ~% vertices in S, contradicting the regularity of the
graph. Thus Hall’s Marriage Theorem applies.

6The numerator is the number of ordered bases for such an X and the denominator is
#GLy_q(Fg).
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Case 2: F is infinite, say of cardinality . In this case the set of edges containing
a given vertex of G has cardinality x.” So it suffices to show that any s-regular
bipartite graph (Vi, Ve, E) with #V; = #V5 = k has a perfect matching. This is
a special case of one of the earliest results in the theory of infinite graphs [K&, p.
357, Thm. 8], and the proof is a transfinite back-and-forth argument that is simple
enough that we may as well give it here. Let o be the least ordinal of cardinality
k. We may identify V3 with a x {1} and Vo with o x {2}. We define a transfinite
process with two stages for each 8 € q, i.e., for each ordinal 0 < 8 < a. At Stage [3,
part one, if the element (3,1) of V4 has not been matched at any earlier stage, we
match it with the smallest unmatched element of V5; otherwise we do nothing. At
Stage 3, part two we do exactly the same with the roles of V5 and V; reversed. At
any stage [ of the process we have used at most 2#( < x edges, so these matchings
are always possible. In the end we get a perfect matching. [

Remark 5.4. A nearly identical argument shows that for 1 < d < N and any field
F, there is a bijection
U Ga(FY) = Gy_a(FY)

such that W N W (W) 2 {0} for all W € G4(FN). Taking F=R, N =3 andd =1
we find that there is a bijection from the the set of lines through the origin in R3
to the set of planes through the origin in R? such that each line is contained in the
plane it is mapped to. Since the argument uses set theory in a nontrivial way, it is
not clear from the proof how to construct such a 1, or even whether v can be taken
to be continuous. This example appears in Konig’s book [K6, pp. 360 and 363] as
an application of his theorem on perfect matchings in graphs of infinite degree.

In fact we need Proposition 5.3 only in the case that F' is finite and d = 1. In this
case, the referee explained how to make the bijection ® explicit, in a way that is
useful in an argument that we will make later on. Here is the referee’s construction
in a moderately generalized form:

Proposition 5.5. Let K/F be a field extension of finite degree N > 2. Let
e1,...,en be an F-basis for K, and use this to identify K with FN. We define

®: G (FN) = Gy_1(FN)
as follows: for £ = (z) € G1(F"), choose g € K* such that x = gey, and put
D(0) = (gea,...,gen)F-

a) The map @ is a well-defined injection with the property that £ N®(¢) = {0}
for all £ € Gy (FN).

b) The map ® is K*-equivariant: for all g € K* and ¢ € G1(FY), we have
9(B(0)) = B(g(0).

c) If N =2 or F is finite, then ® is a bijection.

7One can see this, for instance, as follows: for W € Gg4(FYN), let v1,...,vq be a basis of W,
and let vg41,...,vn—1 be such that v1,...,v4,v441,...,vN—1 is linearly independent. Then for
every w € FN that is nonzero in the quotient V = FV /(v1,...,v4,0441,-..,9N_1), We have
that Xo, = (vg41,...,vN—1,w) is an (N — d)-dimensional subspace such that W N X, = {0}.
Moreover X,, = X, if and only if ¢(w) = g(w’), where ¢ : FN¥ — V is the quotient map. But V is
a one-dimensional F-vector space, hence has cardinality . Since #G4(FN) =k foralll <d < N,
this is the largest possible degree. Alternately, for each W € G4(FN), the set of X € Gn_4(FY)
such that W N X = {0} is the set of F-rational points of a nonempty Zariski-open subset of Gy,
which is a rational variety, and every such set has cardinality «.
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Proof. a) Each g € K* acts F-linearly on K =p FY. Since F¥ \ {0} = K*, the
action of K* on FN \ {0} is simply transitive, which induces a simply transitive
action of K*/F* on Gy(F"). Thus for £ = () € G1(FY), there is g € K* such
that x = ge; and this ¢ is unique up to an element of F*, so the map ® is well-
defined. It clearly has the property that £ N ®(¢) = {0} for all £ € G1(FY).

It remains to show that ® is injective. For this it suffices to show: if v, ..., vy €
FN are F-linearly independent and g € K*, then

(gua,...,guN)F = (v, ..., uN)F = g € F*.

The minimal polynomial of g acting on FV is the minimal polynomial of ¢ as an
element of the field extension K/F, hence it is irreducible. It follows that F is
semisimple under the action of g, i.e., a direct sum of its g-invariant subspaces. We
have assumed that we have a codimension one g-invariant subspace, hence we also
have a one-dimensional g-invariant subspace, meaning that g scales some nonzero

vector by an element of F', meaning that g lies in F'.
b) If £ = (x) and x = hey, then g¢ = (ga) = (ghes), so

9(®(€)) = g(hea, ... hen) = (ghe, ..., ghen)r = ®(gl).

¢) If N = 2 then the surjectivity of ® follows from the transitivity of the action of
K*/F* on Gy (FN). If F is finite, then ® is an injection between two finite sets of
the same cardinality, so it is a bijection. [

If we apply Proposition 5.5 to the field extension C/R and the basis 1,4, then
®(¢) = ¢+ for all £.

5.4. The Induction Step. Let N > 2, and put V := (Z/pZ)N. We call elements
of G1 (V) lines and elements of Gy_1(V) hyperplanes.

Inductively, we may suppose that there is C\,(N — 1) € Z \ pZ such that for any
hyperplane H we have

Cp(N — 1)( T[] — p¥ 1) € ¢~V ¢ (v,
reH

Here I is the augmentation ideal of Z[H], which under the natural injective ring
homomorphism Z[H] — Z[V] is mapped into the augmentation ideal I of Z[V]. By
Proposition 5.3 there is a bijection ¢ — H(¢) from the set of lines in (Z/pZ)" to
the set of hyperplanes in (Z/pZ)" such that we have £N H(¢) = {0} for all lines /.
Now we put

ag = Cp(N —1) (Z[ﬂc] —p> > W=Vt ezv]

zel yEH (L)
and
= Z Qy.
LeG1 (V)
By our inductive hypothesis and the N = 1 case already established, we have
a € IN?=1D We wish to show that

a=Cy(N)(D_la] = p")
zeV

for some C,(N) € Z\ pZ. We claim that o = ), ag[z] is almost constant:
ie., for all z,y € V' \ {0}, we have a; = «,,. Assuming the claim: the almost
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constant elements are precisely the invariants Z[V]“V) | which consist of Z-linear
combinations of w = > [r] and [0] = 1. So there are m,n € Z such that

a = mw + n|0].

Let £ € G1(V). Since ¢N H(¢) = {0}, for x € £ and y € H; we have [z][y] =
[z + y] = [0] if and only if x = y = 0. Using this, we find that the coefficient of [0]
in ay is Cp(N —1)(pN =1 —1)(p — 1), so the coefficient of [0] in « is

Cp(N =1V = 1)(p— 1) - #G1(V) = Gp(N = )V = )" — 1).

‘We have
0=¢(a)= mpY +n,

SO
a=m(w—p").
Since also
m+n=a=Cy(N-1)(p" - 1)(p" " - 1),
we get

o= (1-p¥ 1), (N —1).
Thus, for N > 2 if we take

Co(N) = [[(1 ") € Z\ p,
d=2

then
a=Cy(N)(w—pV) e NP1,

Finally we must establish the claim that « is almost constant. This is true for
any bijection constructed using Proposition 5.3, but we can get a cleaner argument
using the equivariant bijection of Proposition 5.5 instead, so we will do so. We let

H: Gl(V) — GNfl(V)
be the bijection obtained by applying Proposition 5.5 with F = Z/pZ = F,, K =
F,~ and some F-basis e,...,enx of K. Because K* acts simply transitively on

V\ {0}, the set of almost constant elements of Z[V] is also equal to Z[V]X ™. Using
Proposition 5.5b)), we find that for g € K* and ¢ € G;1(V) that

gag =g | Cp(N —1) (Z[x} _p> Z [y] — pV

zel yeH (L)

=C(N=1)| > [a]-p > -Vt

z€g(£) yE€g(H (L))

=C,N-1) [ Y [ -»p Yo W=V = a0

z€g(L) yeH (g9(¢))

Since a = Z%Gl(v) ay, it follows that ga = «, so « is almost constant.
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6. THE AX EFFECT
6.1. Introduction. Consider the following result:

Theorem 6.1 (Ax Effect). Let ¢ = p® be a prime power. If we fixr,...,d. € ZT,
then there is a function
V.zZt >7*
such that for all b € ZT, if N > V(b), then every polynomial system Py,..., P, €
Fylt1, ..., tn] with deg(P;) = d; for all j has
ord, (#{x € IF(]]V | filx)=...= fr(z) = 0}) > b.

The Ax Effect says that if we hold the number and degrees of the polynomials fixed
and increase the number of variables, the guaranteed p-adic divisibility on the size
of the solution set grows arbitrarily large. This is an immediate consequence of
Theorem 1.1b). We call it the “Ax Effect” because it is also a consequence of a
weaker form of Theorem 1.1b) established in J. Ax’s 1964 work [Ax64, p. 260, Cor.].

In this section we will extend the Ax Effect to any finite rng.

Theorem 6.2 (Ring-Theoretic Ax Effect). Let R be a finite rng. Fiz positive
integers r,dy,...,d.. For each prime p | #R, there is a function V : ZT — Z*
such that for allb € Z7%, if N > V(b), then all polynomial expressions f1,..., fr in
N indeterminates over R with deg(f;) = d;) for all j, we have

ord, (#{z € RV | fi(z) = ... = fr(z) = 0}) > b.

Indeed, we may take

6°((R,+), 2/p'Z) (3], fdeg(f;)) + 1
p—1

V(b) = max | b,

Remark 6.3. Certainly in Theorem 6.2 we need p | #R: for a prime number
Lt #R, if we take dy = ... = d, = 1, then the solution locus is a coset of a
subgroup of (R™,4+) so has size not divisible by £. We wonder whether it is the case
that for all r,dy,...,d, € Z* and any £ #R, there is a system of v polynomials
with degrees dy,...,d, and solution locus of size not divisible by €.

As in the prior work of Aichinger-Moosbauer and Clark-Schauz [AM21], [CS23a],
this ring-theoretic result is an immediate consequence of purely group-theoretic
results that we now discuss. Here is the key:

Theorem 6.4 (Group-Theoretic Prime Ax Theorem). Let A be a finite commuta-
tive group. Let v € Z*. For each 1 < j <, let B; be a finite commutative group,
and let f; : A — B; be a map of finite functional degree. Put

Z=7Z(fr,....fr) ={x € A|V1<j<r fi(x)=0}
Let p be a prime dividing each of #A, #B1,...,#B,, and let b € Z*. If

(6) > 8°(By, L)L) tdeg(f;) < o(Ap™), Z/p"Z),

j=1
then
pb | #Z(fl,“',fr)
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Remarkably, the proof of Theorem 6.4 is a close analogue of Ax’s ten line proof of
Theorem 1.1a). More precisely, this proof generalizes seven of the ten lines of Ax’s
proof; the other three lines compute the quantities 6° and o appearing in (6) in the
cases needed to prove Theorem 1.1a).

The quantities 6°(B;,Z/p"Z) appearing in Theorem 6.4 are known in all cases:
see Theorem 2.1. Although we do not know the exact value of o(A[p™],Z/p*Z) in
all cases, we know enough about it to deduce the following result.

Theorem 6.5 (Group-Theoretic Ax Effect). Let p be a prime, and let A and B be
finite commutative groups, each of size divisible by p. For each r,dy,...,d, € ZT,
there is a function V : Z¥ — ZT such that for allb € Z*, if N > V(b) and

fiyooofr AN 5 B
are functions with fdeg(f;) = d; for all j, then
P’ [{ze AV | fi(z) =... = fr(x) = O}.
Indeed, we may take
0°(B,2/p'2) (X, fdeg(f;) ) +1
p—1

V(b) = max | b,

Theorem 6.2 follows immediately from Theorem 6.5 using (2).

We prove Theorem 6.4 in §6.2 and Theorem 6.5 in §6.3. In §6.4 we make some
further remarks about these bounds; in particular we will see that a special case of
Theorem 6.4 is even more closely connected to Ax’s work towards Theorem 1.1b)
than the qualitative consequence Theorem 6.1 suggests.

6.2. Proof of Theorem 6.4. We put B = @;:1 B;. For a commutative group
X, we put
X, = X[p™].

Step 1: Suppose A and B are p-groups. Let x : B — Z/p®Z map 0 to 1 and every
other element to 0. Then for all z € A, we have

1 if fj(z) =0 forall j
0 otherwise ’

X(fl(x)’ e 7fr(x)) = {
so we have /X(fl, cesfr) =#Z(f1,..., fr) and thus
BZ(fr, .. f) = /X(fl,...,fr) (mod p).
For commutative groups By, ..., B, and C, suppose we have a map
G:pB -~
j=1
For 1 < J < r, the Jth partial functional degree pfdeg;(G) [AM21, Defini-

tion 5.1] is the supremum of the functional degrees of all functions g : By — C
obtained from G by evaluating every argument but the Jth at an element 2z’ €
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Dicqr,....rp gy Bi- We recall [AM21, Thm. 5.3]: if also for all 1 < j < r we have
fj+A— Bj, then G(f1,...,fr): A— C and

fdeg(G(f17 LR fT < Z pfdegj fdeg(f])

Jj=1

Therefore
fdeg(G(f1,....f») < _ pideg;(G) fdeg(f;) Z (B;, Z/p"Z) fdeg(f;).
j=1 j=1

We now apply the above with B; = B; for all j and G = x. Since Bj; is a finite
p-group, every map from B; to 7./p"Z has finite functional degree, and thus

fdeg(xX(fr,---» fr)) <Zé (B, Z/p"Z) fdeg(f;) Zé° B;,Z/p") fdeg(f;) < 0 (A, Z/p"Z).
Jj=1 j=1

It follows that /X(f1, ..., fr) =0, completing the proof in this case.
Step 2: Since A and B are finite, we have

A=A, and B = @é(faj)p

peEP peEP j=1

and these are all really finite direct sum decompositions. If X and Y are finite
commutative groups and f € F(X,Y), then for all p € P we have f(X,) C Y,
and moreover, if we write f, for flx, : X = Y, then f = P, f, and fdeg(f) =
max, fdeg(f,) [AM21, Thm. 9.2]. Moreover we have for all j that

0°(B;, Z/p"Z) = 5((B))p, Z/p"Z).
So if S is the set of prime divisors of #A - # B, then for all p € S we have
(7) Z(fr,- o F) =TT 205 (F)p)-
peES

Applying Step 1 to {(f;)p : Ap = (Bj)p}j—;, we find that p® divides the size of
Z((f1)ps---»(fr)p), which is one of the factors in the Cartesian product represen-
tation (7) for Z(f1,..., fr), so p° | #Z(f1,..., fr)-

6.3. Proof of the Group-Theoretic Ax Effect. Let p € P, and let A and B
be finite commutative groups each of size divisible by p. Fix r,dy,...,d,,b € Z*.
We must show that there is V(b) € ZT such that for all N > V(b) and any
fi,--o, fr + AN — B with fdeg(f;) = d; for all j, we have p* | #Z(f1,..., fr).

By Theorem 6.4, we see that p® | #Z(f1,..., f.) whenever

°(B,Z/p"Z) Zfdeg £) | <oA=V, 2/p"2Z).
Since p | #A, we have an injective group homomorphism (Z/pZ)N — A[p>=]V

by Lemma 2.5¢) and Theorem 5.1, when N > b we have
N(p—1)—1=0((Z/pZ)",Z/p"Z) < o (A]p>™)",Z/p"Z).
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It follows that p® | #Z(f1,..., f-) when

0°(B,2/p'2) (S, fdeg(f;)) +1

N > max | b,
p—1

completing the proof of Theorem 6.5.

6.4. Remarks. Let ustake b = 1 in Theorem 6.4, and focus on the case of p-groups,
so that we have finite commutative p-groups A, By,..., B, and maps {f; : A —
B; }2:1- To better compare with other results, we replace A by AN for some N € Z*
(this neither gains nor loses generality), so that we have maps {f; : AN — B;}i_y.
Then we get in particular that #Z(f1,..., f.) is divisible by p if

> 8(B;, Z/pZ) fdeg(f;) < (AN, Z/pZ) — 1 = N&(A, Z/pZ) — 1
j=1
i.e., if and only if

T

> _0(B;. Z/pl) fdeg(f;) < N6(A, Z/pL).

j=1
This result is slightly more general than Theorem 1.5: one recovers that result by
taking all the groups By, ..., B, to be the same.® If we further take A = B, then
we get that the number of simultaneous zeros of fi,..., f. : AN — A is divisible
by p if Z;Zl fdeg(f;) < N. This is [AM21, Thm. 12.3], which is a group-theoretic
generalization of the Chevalley—Warning Theorem. But more than that, the proof
given by Aichinger-Moosbauer (to which our proof reduces) is remarkably close to
J. Ax’s famous ten line proof of Chevalley—Warning.

It is interesting to see what the bound of Theorem 6.4 gives in the “classical case”:
let A= (Z/pZ)* for some a € ZT, let N € ZT, and for maps
fiooo fr: AN 5 A

we put
Z(f1,.. . fr) ={z € AN | filz) = ... = fo(x) = 0}.
Then Theorem 6.4 gives that for b € ZT, we have p° | #Z(f1,..., f-) if

> 6((z/pz)*, Z/p"Z) fdeg(f;) < o(Z/pZ)*N , Z/p"Z).

j=1
We get that if b < aN, we have p* | #Z(f1,..., f.) if

N
b<a<2;_1ﬂdeg(fj)_l>+1

o< o) |

8Ait:hinger and Moosbauer’s proof of [AM21, Thm. 12.2] would yield this more general result.

if and only if
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In particular, when r = 1 our bound is

ord, (#2(f) > {a <fdegN<f) - 1) ]

When r = 1, the Ax-Katz bound was proved by Ax: working over F., it is

ord, (#2(f) > a[dejgvm - 1]

Thus when r = a = 1, this simple argument does prove Ax—Katz. When r = 1 and
a > 1, our bound is overall incomparable to Ax’s bound: it is weaker in that when
deg(f) 1 N because Ax’s placement of the ceiling function is more favorable, but
it is stronger in that the functional degree is equal to the p-weight degree of the
Chevalley-reduced representative (see [CS23a, §4]).

But as mentioned above, Ax also gave a result [Ax64, p. 260, Cor.] for any system
fi,---, fr of polynomials: putting D := 22:1 deg(f;), Ax showed

ordy (#Z(f1, ., ) 2 aﬁ‘)f - 1].

Putting D = Z;:1 fdeg(f;), our bound is

ordy (#2(frs ., f1) > {a (g - 1) }

We end this section by mentioning that Theorem 6.2 is the first result of its kind:
i.e., the first Ax—Katz type higher p-adic congruence for the size of the solution
set of a polynomial system over an arbitrary finite rng R. The cases that had
previously been addressed are precisely (i) when R is a finite field [Ax64], [Ka71],
(ii) when R is a finite commutative principal ring [MR75], [Kal2], and (iii) when
(R,+) has exponent p [CS23a).

7. THE LIFTED SUMMATION CONSTANT

Let N € Z* and let ay,...,an,b € Z=2 be such that ay | any_1 | ... | a1. We put

N
a] = [J{0.1,...,a; — 1}.
i=1
For a commutative group B and a function F : ZV — B, we put

F = Z F(z).
[a] z€la]

We define the lifted summation constant 5(@?;1 Z/a;Z,7/bZ) as the supre-
mum of all d € NU {—oo} such that for all F: ZV¥ — Z with functional degree at
most d, we have b | f[a} F.

The following result is the analogue for & of Proposition 3.7.

Lemma 7.1. We have &(@ivzl Z]a;Z,7/bZ) < Zf;l(ai -1)—-1<o0.
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Proof. Take F : ZN — Z by F(z) = [~ (,",). By [CS23a, §2.3] we have

a;—1
fdeg(F) = Zfil a;. Moreover, for © = (21,...,2xN) € [a], we have
Flo) = {1 ifx:<a1—1,...,aN—l) 7
0 otherwise
S0 f[a] F =1, which is not divisible by b. O

Lemma 7.2. We have
N N
(P z/aiz,2/07) < o(P Z/aiZ, Z./0T).
=1 =1

Proof. We suppose that f : @f\;l Z/a;Z — 7Z/bZ has functional degree at most
&(@i]\il Z)a;Z,7/VZ). Let q : ZN —» @fvzl Z/a;Z be the natural map. By [CS22,
Lemma 3.9] we have

N
fdeg(f o q) = fdeg(f) < (D Z/a:Z, Z/bZ) < o,
=1

so by [CS23a, §2.4] there is a function F : ZY — Z such that F' (mod bZ) = foq
and fdeg(F) = fdeg(f o q) = fdeg(f) < 5(@?;1 Z/a;Z,7/bZ). By definition of the
lifted summation constant we have b | [ la] F; since [a] is a set of coset representatives

for @, Z/aiZ in Z¥, this implies [ f = 0. O

Of course Lemma 7.1 follows from Proposition 3.7 and Lemma 7.2, but in the proof
of Lemma 7.2 we needed to know that ¢ is always finite, which Lemma 7.1 gives.

The analogue of Proposition 2.4 also holds for &: namely if p; < ... < p, are
the distinct primes dividing a; - --ay - b and for a finite commutative group X we
denote by X; the Sylow p;-subgroup of X, then

N N
P2 /o, 22) = min H(EDZ/a);. @/12);).

i=1

We omit the proof. So as usual we are reduced to the case of commutative p-groups.

Wilson’s proof of Theorem 1.1b) over the prime field F,, implicitly uses this lifted
summation constant. Indeed, [Wi06, Lemma 4] is equivalent to the following result:
Lemma 7.3. Let p be a prime number, and let N,b € ZT with N > b. Then

(8) a((Z/p2)N, Z/p"Z) = (N =b+1)(p— 1) — 1.

Proof. This is [CS23a, Lemma 3.1]. |

Combining Lemmas 7.3 and 7.2, we get Lemma 1.7a).
We end by showing some cases where 6 = ¢ and one important case where ¢ < o.

e Suppose a > b > 1. From [CS23b, Prop. 2.2 and Lemma 2.3] we get
5(Z/p L, Z/p"L) = p*~"F! — 2.
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Combining with our Theorem 4.2 we deduce
5(2/p°Z,2/p"L) = o(Z/p"Z,Z/p"L).

In fact our proof of Theorem 4.2 applies verbatim to &.

e It follows from [CS23b, Cor. 2.7] that

N N
s@Pz/p iz, /) = (p* —1) - 1.
=1 i=1
By Corollary 3.3, we have
N
@Z/p‘“z Z/pZ)) @Z/palz Z/pL) —1=> (p™ —-1)—1,
=1

so o = ¢ in this case as well.

e It follows from [CS23b, Cor. 2.8] that for N > b > 1 we have

9) o((Z/pZ)", 2/p"Z) = (N b+ 1)(p —1) — 1,
or in other words that equality holds in (8). However, by Theorem 5.1 we have
(10) o((Z/pZ)™  Z/p"Z) = N(p —1) — 1,

which shows that when N > b > 2 we have
5((2/p2)N, Z/p"L) < o((Z/pZ)" , Z/p"Z).
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